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Abstract
Global C0 and local C1 stability of iterative roots for monotonic functions defined on a
compact interval, as well as global C1 instability under some assumptions, are
well-known facts. In this paper, we investigate the stability of iterative roots for
piecewise monotonic functions with nonmonotonicity height equal to 1. We prove
the roots are C1 locally stable and C0 global stable with the same extension.
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1 Introduction
Given a Banach space X and r ≥ , Cr(X) is defined as the set of all Cr self-mappings on X.
An iterative root of order k ∈ N of F ∈ Cr(X) is a function f ∈ Cr(X) that satisfies

f k(x) = F(x), ∀x ∈ X, (.)

where f k denotes the kth iterate of f . Being an important problem, iterative roots is con-
nected to the research of embedding flow and topological conjugacy in dynamical systems
[, ], which is also involved in the study of functional equations [, ]. To find solutions of
equation (.) has a long history since  years ago [–]. In addition to monotonic map-
pings [, ], plenty results were obtained for the iterative roots of piecewise monotonic
functions [–].

Let I := [a, b] be an interval. A point x ∈ (a, b) is referred as a fort of continuous mapping
F : I → I when F is strictly monotonic in no neighborhood of x. Let S(F) be the set of
all forts of F . Then F is called a piecewise monotonic function if N(F) := #S(f ) is finite.
The set of all such piecewise monotonic self-mappings on I is denoted by PM(I, I). It is
well known that N(F) is nondecreasing under iteration, we define the nonmonotonicity
height H(F) of F as the smallest integer m such that N(Fm) = N(Fm+). When H(F) = ,
the problem of iterative roots is reduced to be discussed on the characteristic interval (see
[–]), denoted by K(F). Furthermore, for every continuous iterative root f of F of order
k ≥  there exists a corresponding natural number �(f ), which maps I into K(F). Such f is
called a root of �-extension (see []). The following result gives the iterative roots of those
functions with -extension.
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Lemma . (Theorem  in []) Suppose F ∈ PM(I, I) and H(F) = . Let K (F) be the charac-
teristic interval of F , [m, M] be the range of F and [m′, M′] be those of F restricted to K (F). If
equation (.) has a continuous solution f : K(F) → K(F) maps [m, M] into [m′, M′], then
there exists a continuous function

f (x) :=

{
f(x), x ∈ K(F),
F|–

K (F) ◦ f ◦ F(x), x ∈ I\K(F),
(.)

satisfies f k(x) = F(x) for all x ∈ I .

Clearly, f defined in (.) is a root of -extension and K(f ) = K(F). Conversely, it is easy
to prove that all continuous iterative roots of F of order k with -extension are in the form
of (.).

In addition to the study of the existence of iterative roots, more and more attention was
paid to their stability. A local result as regards C stability for a class of strictly monotonic
mappings with one fixed point was considered in [], as well as the global C stability with
more than one fixed point in []. Recently, the authors of [] investigated the C stability
of iterative roots for increasing functions defined on a compact interval. They proved that
those iterative roots are C locally stable but C globally unstable.

In this paper, we consider the stability of iterative roots for piecewise monotonic func-
tions with nonmonotonicity height equal to . We prove that those roots with the same
extension are locally C stable and globally C stable.

2 C1 stability
Let F ∈ PM(I, I) with H(F) =  and K(F) := [a′, b′] ⊂ I be its characteristic interval. For
each λ ∈ (, ), let

H
–(λ) :=

{
h ∈ C(I) : h

(
a′) = a′, h′(a′) = λ, h′(x) >  and h(x) < x,∀x ∈ (

a′, b′]},

H
+(λ) :=

{
h ∈ C(I) : h

(
b′) = b′, h′(b′) = λ, h′(x) >  and h(x) > x,∀x ∈ [

a′, b′)}.

For a given integer k ≥ , as discussed in [], each function F in class
⋃

λ∈(,) H
–(λ) has a

kth order C iterative root f on K(F), i.e., f k(x) = F(x) for all x ∈ K(F), which is unique and
strictly increasing.

Let the norm ‖ · ‖r be defined by

‖F‖r := sup
x∈I

∣∣F(x)
∣∣ + · · · + sup

x∈I

∣∣Fr(x)
∣∣

for all r ∈ N ∪ {} and F ∈ Cr(I). Based on the determined formula of f , C local stability
and C global instability for f were investigated in []. The following result shows the
stability for those roots.

Lemma . (Theorem . in []) Let F ∈ H
–(λ) (or H

+(λ)) with a given λ ∈ (, ) and let
(Fm) be a sequence of functions in H

–(λ) (or H
+(λ)). If

lim
m→∞‖Fm – F‖ = ,
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then

lim
m→∞‖f̃m – f̃ ‖ = , (.)

where f̃ and f̃m are unique kth order C iterative roots of F and Fm, respectively, defined on
K(F).

Note that a similar result also holds for F ∈ ⋃
λ∈(,) H

+(λ).
Let

PM(I,λ)– := PM(I) ∩H
–(λ), PM(I,λ)+ := PM(I) ∩H

+(λ)

(see Figures  and ), where

PM(I) =
{

F ∈ PM(I, I) : H(F) =  and K(F) =
[
a′, b′]}.

We first recall some known results. Let S(F) := {d, d, . . . , dN(F)}, satisfying a = d < d <
· · · < dN(F) < dN(F)+ = b. Furthermore, let Ii := [di, di+] denotes the closure of ith sub-
interval and Fi := F|Ii . Then I =

⋃N(F)
i= Ii and F is strictly monotone on Ii.

Figure 1 F ∈ PM1(I,λ)–.

Figure 2 F ∈ PM1(I,λ)+.
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As shown in [], for each Ii there exists a sequence (i, i, . . . , iτ–) in

{
, , . . . , N(F)

}τ– :=
{

, , . . . , N(F)
} × · · · × {

, , . . . , N(F)
}

︸ ︷︷ ︸
τ–

,

where τ ≤ min{k, N(F)} such that

Ii
f→ Ii

f→ ·· · f→ Iiτ–
f→ K(F), (.)

where I
f→ J denotes f (I) ⊂ J . Then (.) gives a correspondence τf : {, , . . . , N(F)} →

{, . . . , min{k, N(F)}} as i �→ τ , which is the number that maps Ii into the characteristic
interval K(F). In [], the natural number

�(f ) := max
i∈{,,...,N(F)}

τf (i)

is referred to as the pace of the iterative root f .
The following theorem is our main result in this section.

Theorem . Let F ∈ PM(I,λ)– (or PM(I,λ)+) with some λ ∈ (, ) and let (Fm) be a
sequence of functions in PM(I,λ)– (or PM(I,λ)+). If

lim
m→∞‖Fm – F‖ = , (.)

then

lim
m→∞‖fm – f ‖ = ,

where f and fm are kth order C iterative roots of F and Fm with -extension, respectively.

Proof Let F̃ := F|K (F) and F̃m := Fm|K (F), for convenience. It suffices to discuss the case that
F ∈ PM(I,λ)– since the proof for the case F ∈ PM(I,λ)+ is similar. We first prove the
existence of those iterative roots of F , Fm ∈ PM(I,λ)– with -extension on I . As men-
tioned before, each function F and Fm has a kth order C iterative root f̃ and f̃m on
their characteristic interval, respectively. Then f̃ (a′) = f̃m(a′) = a′ since a′ is a common
fixed point of F and Fm. Furthermore, by the definition of H

–(λ), we have f̃ (F([a, b])) ⊂
[F(a′), F(b′)], which implies that f̃ satisfies the conditions in Lemma .. Hence, f̃ can be
extended as a C iterative root f of F on the whole interval I . Similarly, for each m ∈ N

there exists a continuous iterative root fm of Fm, which can be presented by

fm(x) :=

{
f̃m(x), x ∈ K(F),
F̃–

m ◦ f̃m ◦ Fm(x), x ∈ I\K(F),
(.)

where f̃ k
m(x) = F̃m(x) for all x ∈ K(F). Then it follows from Lemma . that

lim
m→∞‖f̃m – f̃ ‖ = . (.)
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Next, we turn to prove the convergence of (fm) in I\K(F), by (.) and (.) we have

∣∣f ′
m(x) – f ′(x)

∣∣ =
∣∣∣∣ f̃ ′

m(Fm(x))F ′
m(x)

F̃ ′
m(F̃–

m (f̃m ◦ Fm(x)))
–

f̃ ′(F(x))F ′(x)
F̃ ′(F̃–(f̃ ◦ F(x)))

∣∣∣∣
≤

∣∣∣∣ f̃ ′
m(Fm(x))F ′

m(x)
F̃ ′

m(F̃–
m (f̃m ◦ Fm(x)))

–
f̃ ′
m(Fm(x))F ′

m(x)
F̃ ′(F̃–(f̃ ◦ F(x)))

∣∣∣∣
+

∣∣∣∣ f̃ ′
m(Fm(x))F ′

m(x)
F̃ ′(F̃–(f̃ ◦ F(x)))

–
f̃ ′(F(x))F ′(x)

F̃ ′(F̃–(f̃ ◦ F(x)))

∣∣∣∣
≤

∣∣∣∣ f̃ ′
m(Fm(x))F ′

m(x)
F̃ ′

m(F̃–
m (f̃m ◦ Fm(x)))F̃ ′(F̃–(f̃ ◦ F(x)))

∣∣∣∣A(x)

+
∣∣∣∣ 
F̃ ′(F̃–(f̃ ◦ F(x)))

∣∣∣∣B(x) (.)

for every x ∈ I\K(F), where

A(x) =
∣∣F̃ ′

m
(
F̃–

m
(
f̃m ◦ Fm(x)

))
– F̃ ′(F̃–(f̃ ◦ F(x)

))∣∣
and

B(x) =
∣∣f̃ ′

m
(
Fm(x)

)
F ′

m(x) – f̃ ′(F(x)
)
F ′(x)

∣∣.
In the following, we will estimate the limit of A(x) and B(x). Since

A(x) ≤ ∣∣F̃ ′
m
(
F̃–

m
(
f̃m ◦ Fm(x)

))
– F̃ ′(F̃–

m
(
f̃m ◦ Fm(x)

))∣∣
+

∣∣F̃ ′(F̃–
m

(
f̃m ◦ Fm(x)

))
– F̃ ′(F̃–(f̃ ◦ F(x)

))∣∣
≤ ‖Fm – F‖ +

∣∣F̃ ′(F̃–
m

(
f̃m ◦ Fm(x)

))
– F̃ ′(F̃–

m
(
f̃ ◦ Fm(x)

))∣∣
+

∣∣F̃ ′(F̃–
m

(
f̃ ◦ Fm(x)

))
– F̃ ′(F̃–(f̃ ◦ Fm(x)

))∣∣
+

∣∣F̃ ′(F̃–(f̃ ◦ Fm(x)
))

– F̃ ′(F̃–(f̃ ◦ F(x)
))∣∣

≤ ‖Fm – F‖ +
∣∣F̃ ′(F̃–

m
(
f̃m ◦ Fm(x)

))
– F̃ ′(F̃–

m
(
f̃ ◦ Fm(x)

))∣∣
+

∣∣F̃ ′ ◦ F̃– ◦ F̃ ◦ F̃–
m

(
f̃ ◦ Fm(x)

)
– F̃ ′ ◦ F̃– ◦ F̃m ◦ F̃–

m
(
f̃ ◦ Fm(x)

)∣∣
+

∣∣F̃ ′(F̃–(f̃ ◦ Fm(x)
))

– F̃ ′(F̃–(f̃ ◦ F(x)
))∣∣

by (.) and the facts that F̃ ′ ◦ F̃–
m and F̃ ′ ◦ F̃– are uniformly continuous, we have A(x) → 

uniformly in I as m → ∞.
Moreover, by the definition of B(x), we obtain

B(x) ≤ ∣∣f̃ ′
m
(
Fm(x)

)
F ′

m(x) – f̃ ′
m
(
Fm(x)

)
F ′(x)

∣∣ +
∣∣f̃ ′

m
(
Fm(x)

)
F ′(x) – f̃ ′(F(x)

)
F ′(x)

∣∣
≤ ∣∣f̃ ′

m
(
Fm(x)

)∣∣∣∣F ′
m(x) – F ′(x)

∣∣ +
∣∣F ′(x)

∣∣∣∣f̃ ′
m
(
Fm(x)

)
– f̃ ′(F(x)

)∣∣
≤ ∣∣f̃ ′

m
(
Fm(x)

)∣∣‖Fm – F‖

+
∣∣F ′(x)

∣∣(∣∣f̃ ′
m
(
Fm(x)

)
– f̃ ′(Fm(x)

)∣∣ +
∣∣f̃ ′(Fm(x)

)
– f̃ ′(F(x)

)∣∣)
≤ ∣∣f̃ ′

m
(
Fm(x)

)∣∣‖Fm – F‖ +
∣∣F ′(x)

∣∣(‖f̃m – f̃ ‖ +
∣∣f̃ ′(Fm(x)

)
– f̃ ′(F(x)

)∣∣).
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Notice f̃ and f̃m are C differentiable. Then it follows from (.)-(.) that B(x) →  uni-
formly in I when m → ∞.

On the other side, note that F̃ ′(x), F̃ ′
m(x) >  for all x ∈ K(F), which implies

 < sup
x∈I

∣∣∣∣ 
F̃ ′(F̃–(f̃ (F(x))))

∣∣∣∣ < ∞

and

 ≤ sup
x∈I

∣∣∣∣ f̃ ′
m(Fm(x))F ′

m(x)
F̃ ′

m(F̃–
m (f̃m(Fm(x))))F̃ ′(F̃–(f̃ (F(x))))

∣∣∣∣ < ∞.

Therefore, in view of (.), it gives

lim
m→∞

∥∥f ′
m – f ′∥∥

 = .

We conclude limm→∞ ‖fm – f ‖ = . The proof of Theorem . is completed. �

Theorem . shows the C stability of iterative roots with -extension since the form of
roots is determined uniquely by (.). Conversely, we conclude the C instability for those
roots with different extensions. Moreover, according to the construction of iterative roots
with large extensions (see []), we find that the mode of the roots is not unique, which
leads to the C instability for those iterative roots in different modes. Similar to the proof
for the -extension in Theorem ., we have the following result for larger extensions.

Theorem . Let F ∈ PM(I,λ)– (or PM(I,λ)+) with some λ ∈ (, ) and let (Fm) be a
sequence of functions in PM(I,λ)– (or PM(I,λ)+). If

lim
m→∞‖Fm – F‖ = ,

and F , Fm has a kth order C iterative root f and fm with the same mode of extension, then

lim
m→∞‖fm – f ‖ = .

3 Hyers-Ulam stability
In this section we prove the Hyers-Ulam stability of equation (.).

Suppose F ∈ PM(I, I) and Ii is an open interval between two consecutive forts (or end-
points) of F . Recall I =

⋃N(F)
i= cl(Ii) and we let I(F) := {Ii : i = , , . . . , N(F)}.

Theorem . Let F ∈ PM(I, I) with H(F) =  be given. If the function fs ∈ PM(I, I) is Lips-
chitzian with constants m > , M >  such that

m|x – y| ≤ ∣∣fs(x) – fs(y)
∣∣ ≤ M|x – y| (.)

for every x, y ∈ K(F), and satisfies:
(A) H(fs) =  and K(fs) = K(F);
(A) f k

s (x) = F(x) for all x ∈ K(F), and fs maps K(F) onto itself homeomorphically;
(A) ‖f k

s – F‖ ≤ δ for a constant δ > ,
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then equation (.) has a solution f ∈ PM(I, I) such that

‖fs – f ‖ ≤  + M
mk δ. (.)

Proof This proof is based on the construction of iterative roots of F ∈ PM(I, I) with
H(F) = . Let

Fs(x) := f k
s (x), ∀x ∈ I. (.)

It follows from (A) that H(Fs) =  and K(F) is also the characteristic interval of Fs by the
iterating mode of fs. Thus, from the proof of Theorem . in [] and (.), each kth order
continuous iterative root fs of Fs is extended from that on K(F) by the following formula:

fs(x) = Fs|–
K (F) ◦ fs|K (F) ◦ Fs|Ii (x), ∀x ∈ Ii ∈ I(F)\{K(F)

}
. (.)

Hence, the desired function f ∈ PM(I, I) can be defined by

f (x) :=

{
fs(x), x ∈ K(F),
F|–

K (F) ◦ fs|K (F) ◦ F|Ii (x), x ∈ Ii ∈ I(F)\{K(F)}. (.)

Since Fs maps K(F) onto itself homeomorphically by (A), it means that Fs|–
K (F) ◦ fs|K (F) ◦F|Ii

is well defined. Since f k
s (x) = F(x) for all x ∈ K(F), one can check that f defined in (.) is a

solution of equation (.).
In order to prove (.), it suffices to prove

‖fs – f ‖ ≤  + M
mk δ, ∀x ∈ Ii ∈ I(F). (.)

Obviously, (.) holds for every x ∈ K(F). We next claim that, for every x ∈ Ii,

(K)
∣∣Fs|–

K (F) ◦ fs|K (F) ◦ F|Ii (x) – Fs|–
K (F) ◦ fs|K (F) ◦ Fs|Ii (x)

∣∣ ≤ M
mk δ,

(K)
∣∣F|–

K (F) ◦ fs|K (F) ◦ F|Ii (x) – Fs|–
K (F) ◦ fs|K (F) ◦ F|Ii (x)

∣∣ ≤ 
mk δ.

Actually, it follows from (.), (A), and (.) that, for every x ∈ Ii,

∣∣fs|K (F) ◦ F|Ii (x) – fs|K (F) ◦ Fs|Ii (x)
∣∣ ≤ M

∣∣F|Ii (x) – Fs|Ii (x)
∣∣ ≤ Mδ

and

∣∣fs|K (F) ◦ F|Ii (x) – fs|K (F) ◦ Fs|Ii (x)
∣∣

=
∣∣Fs ◦ Fs|–

K (F) ◦ fs|K (F) ◦ F|Ii (x) – Fs ◦ Fs|–
K (F) ◦ fs|K (F) ◦ Fs|Ii (x)

∣∣
≥ mk∣∣Fs|–

K (F) ◦ fs|K (F) ◦ F|Ii (x) – Fs|–
K (F) ◦ fs|K (F) ◦ Fs|Ii (x)

∣∣,
which gives (K).
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On the other hand, in view of (.) and (A) we have

δ ≥ ∣∣Fs ◦ F|–
K (F) ◦ fs|K (F) ◦ F|Ii (x) – F ◦ F|–

K (F) ◦ fs|K (F) ◦ F|Ii (x)
∣∣

=
∣∣Fs ◦ F|–

K (F) ◦ fs|K (F) ◦ F|Ii (x) – Fs ◦ Fs|–
K (F) ◦ fs|K (F) ◦ F|Ii (x)

∣∣
≥ mk∣∣F|–

K (F) ◦ fs|K (F) ◦ F|Ii (x) – Fs|–
K (F) ◦ fs|K (F) ◦ F|Ii (x)

∣∣
for every x ∈ I and thus (K) is proved.

Therefore, consider every x ∈ Ii, it follows from (K) and (K) that

∣∣fs(x) – f (x)
∣∣ =

∣∣F|–
K (F) ◦ fs|K (F) ◦ F|Ii (x) – Fs|–

K (F) ◦ fs|K (F) ◦ Fs|Ii (x)
∣∣

≤ ∣∣F|–
K (F) ◦ fs|K (F) ◦ F|Ii (x) – Fs|–

K (F) ◦ fs|K (F) ◦ F|Ii (x)
∣∣

+
∣∣Fs|–

K (F) ◦ fs|K (F) ◦ F|Ii (x) – Fs|–
K (F) ◦ fs|K (F) ◦ Fs|Ii (x)

∣∣
≤  + M

mk δ.

Thus (.) is proved. The proof of Theorem . is completed. �

Theorem . Let F ∈ PM(I, I) with H(F) =  be given. If the function fs ∈ PM(I, I) is Lips-
chitzian with constants m > , M >  such that

m|x – y| ≤ ∣∣fs(x) – fs(y)
∣∣ ≤ M|x – y|

for every x, y ∈ K(F), and satisfies:
(A) for each Ii ∈ I(F) there exists a positive integer τ ≤ min{k, N(F)} such that

f τ
s (Ii) ⊂ K(F) and S(f k

s ) = S(F);
(A) f k

s (x) = F(x) for all x ∈ K(F), and fs maps K(F) onto itself homeomorphically;
(A) ‖f k

s – F‖ ≤ δ for a constant δ > ,
then equation (.) has a solution f ∈ PM(I, I) such that

‖fs – f ‖ ≤  + M
mk δ.

The proof is similar to that of Theorem ..

4 Examples
Example . Consider the mapping F : [– 

 , ] → [– 
 , ], defined by

F(x) =

{
–x + 

 x + 
 x, ∀x ∈ [– 

 , ),

 x + 

 x, ∀x ∈ [, ].

Clearly, F ∈ C([– 
 , )) ∪ C([, ]) and F maps [– 

 , ] into [, ]. Thus, K(F) = [, ].
Moreover, λ = 

 and all conditions in PM(I,λ)– are satisfied on K(F). Therefore, by
Theorem . the C iterative root of F with -extension is C stable.

Example . Define the mapping F : [, ] → [, ] by

F(x) =

{
x, ∀x ∈ [, 

 ],
x – x + 

 , ∀x ∈ ( 
 , ].
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Obviously, H(F) =  and K(F) = [, 
 ]. In order to demonstrate the validity of conditions

in Theorem ., consider the function fs : [, ] → [, ]:

fs(x) =

{
x, ∀x ∈ [, 

 ],
–x + , ∀x ∈ ( 

 , ],

which is Lipschitzian with the constants m = 
 , M = 

 on K(F), such that




|x – y| ≤ ∣∣fs(x) – fs(y)
∣∣ ≤ 


|x – y|.

Moreover, one can check that conditions (A) and (A) in Theorem . are true for fs. We
further calculate that

f 
s (x) =

{
x, ∀x ∈ [, 

 ],
–x + , ∀x ∈ ( 

 , ].

Hence, it follows that

∣∣f 
s (x) – F(x)

∣∣ =
∣∣∣∣x – x –




∣∣∣∣ ≤ 


, ∀x ∈ [, ].

Therefore, by Theorem ., equation (.) has a solution f ∈ PM([, ], [, ]) such that
‖fs – f ‖ ≤ ,

, for all x ∈ [, ].
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