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1 Introduction and main results

Fefferman proved in [1] that if a potential V' belonging to the classical Morrey space
L™= (R") with 1 < r < n/2, then there exists a positive constant c, independent of %, such
that

/ |V(x)||u(x)|2dx§c/ |Vu(x)|2dx, ungo(R”).
R” RY

The result has been extended to many more general settings and applied to study Har-
nack’s inequality, unique continuation for nonnegative solutions and regularity of solu-
tions of elliptic equations (cf. [2—8] etc.). Especially, Schechter [7] deduced a similar in-
equality for V' € S(R”), here the space S(R”) is the classical Stummel-Kato class. Let us
recall that one says V € S(R") (1 > 3)if V € L} (R"), and for any r > 0,

loc

xeR”

oy (r) := sup /( ) |V(y)||x—y|2—n dy
B(x,r

is finite and
lim @y (r) =0,
r—0+

where B(x, r) is a ball of radius r and center x in R”. Recently, Zamboni [8] introduced a new
function space including S(R”) in terms of nonlinear Riesz potentials, and also provided

a Fefferman-Poincaré inequality extending the result in [7].
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Inspired by Zamboni [8], Definition 2.3, we introduce the following higher-order
Stummel-Kato type class S;'(R").

Definition 1.1 Let V € L!

loc

(R™) (n > 3), and let p > 1 and m be a positive integer with
1 <m < n.For r> 0, denote

1
1 1% 1\
nv(r) := sup ( / praseon ( / | (Z3|_m dz) dy) .
xeR" \JB,(x) %= Byx) 1Y — 2|

We say that V belongs to the higher-order Stummel-Kato type class S;'(R"), if

nv(r)<+oo, r>0 and liI})l nv(r) =0.
r—0*

Here | - | denotes the Euclidean norm and B, (x) = B(x,r) = {y € R" : |x — y| < r}. Sometimes
we call that ny(r) is the higher-order Stummel-Kato type modulus of V.

Remark 1.2 If m = 1, the definition above is identical with Definition 2.3 in [8]; if m = 2,
the definition above is the same as Definition 1 in [6] corresponding to the Euclidean case.

We also need the following definitions.

Definition 1.3 ([9]) Let Q be an open set in R”. For p > 1 and k a nonnegative integer, the
Sobolev space W*?(Q) consists of all distributions z on  such that D*u € L?(S2) for all
multi-index o with || < k. Furthermore, W*?(Q) is a Banach space with the norm

1/p
lleell yir () = (/Q Z |Dau|pdx> .

|| <k

Here, o = (o1,...,0,) is a multi-index of order |¢| := @; + -+ + «,. The Banach space
Wg’p(Q) is the closure of C3°(Q2) in whr(Q).

We denote Dfu := {D%u : |a| = k}, and its norm is defined by

h i S\ 12
|Du|: Z|Du| .

la|=k
For convenience, we denote by MB(x,r) (M > 0) the ball concentric with B(x, ) of radius
M times that of B(x, ).

Definition 1.4 ([10]) A domain 2 in R” is said to be a weak Boman chain domain, or a
member of F(1, M), if there exist a constant M > 1 and a family F of balls B C Q such
that
(i) Q2= UBE]-'B;
(i) Y ger x8(®) < Mxa(x), x € R
(iii) there is a ‘central ball’ By € F such that for every ball B € F, there exist a positive
integer k = k(B) and a chain {B,»}llf=O of balls for which and each B; N B}, contains a
ball D; (this ball does not need to be a member of F) with B; U B;,; C MDj;
(iv) BC MB;forallj=0,1,...,k(B).
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Let us note that if the hypothesis (ii) is replaced by

Z X8(x) < Mxq(x), xe€R” t>1isaconstant,
BeF

then Q is said to be a Boman chain domain, ¢f [11, 12]. The classes F(1,M) contain
many important types of domains in R”, for instance, balls, cubes, and John domains (cf.
[11, 13, 14]).

Based on the class S, we establish the following higher-order Fefferman-Poincaré type
inequality with the aid of the method in [4, 8] proving the Fefferman-Poincaré type in-
equality for the case m = 1. It is interesting that the mth order derivatives arise in this

setting.

Theorem 1.5 Let Q2 be a weak Boman domain, p > 1, and m be a positive integer with
1<m<n AssumeV € S;”(R”), then for any u € WP (Q), there exists a polynomial Pg, (x)
of order less than m such that

/ |u(x)—PBO (%) ’p|V(x)’dx < cr)V(ZMrBO)/ ‘D"’u(x)‘p dx, (1.1)
Q Q

where the positive constant c is independent of u, B is the central ball of radius rg, in <,
and the constant M is in Definition 1.4.

When u is a distribution with compact support in 2, we have the following.

Theorem 1.6 Under the assumptions of Theorem 1.5, for any u € W, *(Q), there exists a
positive constant ¢ independent of u such that

/ |u(x)‘p’\/(x)‘ dx < cnv(2MrBO)/ ’D”’M(x) |p dx. (1.2)
Q Q

Remark 1.7
(i) In the special case when m =1, similar results were obtained in [4, 8]; when m = 2
and Q = B(x, ), (1.1) and (1.2) have been obtained in [6].
(i) The higher-order Fefferman-Poincaré type inequalities on stratified groups can also
be proved, because of the higher-order representation formulas proved by Lu and
Wheeden [10, 15].

In the rest of this paper, we will show some applications of the above results to regularity
of solutions to the higher-order elliptic equations with a potential. Let us consider the

equation

aq(x)D%u(x) + V(x)u(x) — ru(x) =f(x), xeR”, 1.3)
>

o] <2k

where k is a positive integer with 1 <k <n/2, V € S;"(R”) for p > 1, and the coefficients

a(x) satisfy

DY ag@)E* = Ay, EeST CR” (1.4)
|a|=2k
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and

Y ae®)| < Ay (15)

la|<2k

for all x € R” and positive constants A1, As. In addition, we assume that the leading coef-
ficients a,(x) (Joe| = 2k) are in BMO space and their semi-norms are small enough. More
precisely, we recall the following definition.

Definition 1.8 (Small BMO condition, cf. [16]) We say that the coefficients a, (x) satisfy
(8, R)-vanishing condition if for given § > 0, there exists R > 0 such that

sup sup |B,(x)|71 /}; " |2 () — (@a)p, 9| dy < 8,

0<r<R xeR”

where

@B,(x) = |Br(x)|_1/ aq(y) dy.
By(x
When k =1and V in general is not bounded, or k > 1and V € L*(R"), regularity for the
elliptic equation (1.3) has been studied by many authors, ¢f. [16—19] and so forth. Here we
are concerned with (1.3) for the case 1 < k < n/2 and a singular potential V in S;"(]R”).
Our result from (1.3) is the following.

Theorem 1.9 Let p € (1,00), k be a positive integer with 1 < k < n/2. There exist a positive
Ao = do(n, A1, Ao, p) and a small § = §(n, A1, Ay, p) > 0 such that for the coefficients a,(x)
satisfying (1.4)-(1.5) and (8, R)-vanishing condition with |«| = 2k, for V¥ € S;"(R") andf €
LP(R"), if u € WP (R") solves equation (1.3), then

> 1D u gy + 1 Vitllirany < elf o), (16)
Joe| <2k

provided ). > Lo, where the positive constant c is independent of u and f.

This paper is organized as follows. In Section 2 we first give an example showing the
class S)'(R") contains some nontrivial singular functions, and then prove Theorems 1.5
and 1.6 using the higher-order representation formulas by Lu and Wheeden in [10, 15].
The proof of Theorem 1.9 is given in Section 3 based on results in previous section and
L? estimates for the higher-order elliptic equations without potentials in [16, 18].

Dependence of constants Throughout this paper, the letter ¢ denotes a positive constant
which may vary from line to line.

2 Proofs of Theorems 1.5 and 1.6

Before giving the proofs of Theorems 1.5 and 1.6, we first show that the higher-order
Stummel-Kato type class SI’,”(R”) (p > 1,1 < m < n) is nonempty. Clearly, L°(R") C Sy (R™)
and, in general, the class §;'(R") involves some singular potentials. For example, the func-
tion

Vix)

= 2(x) forp>landl<m<n,
e log P B0 ) forp -
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where yp .2y is the characteristic function of B(0, e72), belongs to Sy (R™). To illustrate it,
we need to show that

1

1 2| log ||| 2" SN
nv(r) = sup (/ prme (/ g,,,m XB ,(0)(2)dz dy
xR \JB,(x) ¥~ B ly—zl ¢

satisfies

(i) nv(r)<oo, r>0;

(ii) 1ir(r)1+ ny(r)=0.

In fact, for x € R” and r > 0, one has

1

1 2| log |z]| > =
d>(x,r)::/ —‘(/ ———————— X2 (?) dz d
s 8=y by Iy =2 PO y

1
= / e~y 7 dy,
B(x,r)

and one has

|27 log ||| "

J =< i XB0,e-2)(2) dz

B(y,2r) |y -z
< f M}(gm,ﬂ)(@ dz
{z:|z]<|y—z|<2r} |)’ - Z|
|z ™" [log |||~
" /{z:z|>y—z|mB<y,2r> ly 2"
=N+

XB(0,e72) (2)dz

Using the polar coordinate transformation leads to

_ -2
i 5/ |z] ”|log|z|| mxB(O,efz)(z)dz
{z:|z|<2r}

_ -2
< / 21" log l2I| " dz
B(0,2r)NB(0,e~2)

o Sn—l

=c(n) ) T logs”

= c(n, m)(~log o)1=,

where o = min{2r, ¢72}. Since the function (- logt)~>" is decreasing in (0, 72), one in-
fers

=

/ 2" log |2l "y - 2" dz
{ely—zl<lzl<e-2}NB(y,2r)

_ -2,
/ ly -zl ™" |logly —zI| " dz
B(y,e"2)NB(y,2r)

IA
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_ / |27 [log |z]| " dz
B(0,0)

= c(n,m)(~log o) =",

Combining /; and J,, we have

1 1
qD(x, }") = C(Vl, }’I’l) / — dy
ga)(2m_l)/ =1 Jpn [

(~1lo lx—y
1 r Sn—l
<c(n,m) (Clogo) @ DIeD /0 g ds
< 1 "
<c(n,m) C loga)(zm‘l)/(”_l) .
Therefore,

nv(r) = sup ®(x, )"

xeR”

< c(n,m, p)(~log o)==V

c(n, m, p)21-2myme-D, r>e2/2,
c(n, m, p)(=log(2r))' =20V, r<e2/2,

and it proves (i) and (ii).

Now we devote ourselves to proving Theorems 1.5 and 1.6. Lu and Wheeden [10, 15]
derived various higher-order integral representation formulas on Carnot groups and ap-
plied them to prove some Sobolev type embedding theorems. Since the Euclidean space
R” is a special case of Carnot groups, the results in [10, 15] are also true in R”. Here, we
state these formulas in [10, 15] corresponding to R” and apply to prove (1.1) and (1.2).
Lemma 2.1 ({10, 15]) Let Q be a weak Boman chain domain in R" with a central ball By,

and m be a positive integer with 1 < m < n. If u € W™(Q), then there exists a polynomial
P, (x) of order less than m such that for a.e. x € Q,

)~ Pay )] < [ b= 177 D7t (1)
where the positive constant c is independent of u, x, and Q2. Moreover, if u € W3 (), then
)] <c [ r=o1"7D"uty)| . 22)
Proof of Theorem 1.5 Applying (2.1), Fubini’s theorem, and Hélder’s inequality, we obtain
| 1) = Pay v
< C/Q V)| |lx) - Py ()P </Q | D" u(y)||x -y~ dy) dx

:C/Q|Dmu(y)|</g|V(x)||u(x)—Pgo(x)l"_llx—yl’”‘”dx>dy
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o)
|V (x)]|u(x) = P, (%) [P~ Ao\
X (/Q( ; =y dx) dy)
- C(/Q D" uty)|” dyy 1

Observing

/Q V)| |4x) — Py () =y dix

V()] » V@I )’”pl
S(fmz D ) </|” Pl )

and noting Q2 C MBy from (iv) of Definition 1.4, we deduce

g |V(2)] 2 |V ()]
/(p-1) - P
Iz < ‘/Q (‘/Q PETET dz) (/s; |u(x) PBO(x)| T dx) dy

= /;2 |u(x)_p30(x)|p|\/(x)|

1 V@l \P1
dz\ dy)d
X(/Q o — y"=" (/Q lz—y|"™™ Z) y) *

< /Q |u(x) — Ppy (x)|° |V ()]

1
1 Vi p-1
X (/ praeon (/ | (Z3|_m dz)p dy) dx
MBy 1% =Y MBy 12—

< /Q |u(x) — Ppy (x) |° |V ()]

1
1 |4 p-1
X(/ W(/ %dzy dy>dx
Bx2Mrg,) %= Bx2Mrg,) |2 =)

< (nv(2Mrg,)) 7! / |u(x) — Py, ()| |V ()| dx.

Thus,
fg |u(x) — Pg,(x) |p|V(x)| dx

< c(nv(2Mra,) 3’( f () PBO(x)|p|V(x)|dx)T< f |D”’u(y)|pdy> .
It implies (1.1). 0

Proof of Theorem 1.6 By using (2.2) and repeating the argument for (1.1), it immediately
get (1.2). O
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3 Proof of Theorem 1.9
The following L? estimates for the higher-order elliptic equations without potentials are
well known, cf’ [16, 18].

Lemma 3.1 Counsider the equation

Z ag(x)Du—-Au=f inR". (3.1)

o] <2k

Let p > 1. There exist a positive Lo = Lo(n, A1, Ao, p) and a small § = §(n, A1, Ao, p) > 0 so
that for the coefficients a,(x) satisfying (1.4)-(1.5) and (8, R)-vanishing condition for |a| =
2k, and for f € LP(R"), if u € W**#(R") solves equation (3.1), then

> |D*u] ey < €llf o, 3.2)
o] <2k

provided ). > Lo, where the positive constant c is independent of u and f.

Proof of Theorem 1.9 Let rg be a positive constant which will be chosen later. By the theo-
rem of the partition of unity (e.g., ¢f. [17] or [20], p.66), there is a sequence of nonnegative

functions {¢;}7° in R” such that
[e¢]
0<@) <L @ eC¥(Blaur) Y ¢il)=1, xeR"
i=1

and the family of balls B(z;,7y) has the finite overlapping property. One may obviously
note g;u € W??(R") and supp(g;izr) C B(zi,79) and the fact that the ball is a special
weak Boman domain. Hence (1.2) also holds for ¢;u € ng’p(B(zi,ro)). Since f € L#(R")
and ngzk aq(x)D*u € LP(R") from the boundedness of a,(x), it follows from (1.3) that
Vu € LP(R"). Thus,

p
dx

> (Vo)

|Vul? dx = /
R” R" |5
< CZ/ |V(giw)| dx
i B(z,r0)
|
(zi>r0)

< CUVP(2VO)Z/I;
p
Scnvp(Zro)Z/B( )(Z ID“(wiu)I) dx
i ZoT0) N |=2k

< cnyr(2r9) E f E \D*u’ dx
. Bi
1

(2i,70) Jor| <2k

D (gu) |p dx

§cnvp(2r0)/ Z ‘D“u‘pdx. (3.3)
Rn

lo] <2k



Zhang and Niu Journal of Inequalities and Applications (2015) 2015:390 Page 9 of 9

By Lemma 3.1 and (3.3), we have

D 2] P | 1 ey

Jo| <2k
< c(If = Vet oy + Vit ooy )
< c(If lpny + 1 Vetll o eny)

<clfllzen) +C’IVP(2”0)’1’ Z ”DauHU’(R")'
|a|<2k

Choosing o > 0 such that cny»(279)'? <1/2, (1.6) is obtained. O
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