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Abstract

In the present work, we consider the prescribed Q-curvature problem on the unit
sphere S, n > 5. Under the hypothesis that the prescribed function satisfies a flatness
condition of order 8 = n, we give a complete description of the lack of compactness
of the problem and we provide an existence result in terms of an Euler-Hopf index.
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1 Introduction and the main result

On a smooth compact manifold (M",gy) of dimension # > 5, the Paneitz operator is de-
fined by

. . n-4
U= A;Ou — divgy (@,Sg,80 + buRicy, ) du + TQ”O u,

P <

7
£o

where S;, denotes the scalar curvature of (M",go), Ric,, denotes the Ricci curvature of
(M", gp) and

(n=2)%+4 4
an= T~ 0 bn:_—x
2m-1)(n—2) n-2
; 1 n —4n* +16n-16 _,

=———— Ay S - Ricg, |*.
TP R I TP | Py R TR P PR
Such a Qg is a fourth order invariant called the Q-curvature.

The operator Py , is conformally invariant; if g = uis 2o, u > 0, is a conformal metric to
2o, then for all Y € C*°(M) we have

n+d
P2 (u) = ur i Ph(y).
In particular, taking ¥ =1, we then have

n+4

. n—4 . nu
Pgo(u) = Tqun—4. (1.1)

The present paper deals with the prescribed Q-curvature problem on the standard sphere
(S5",40), n > 5. According to equation (1.1), this problem can be expressed as follows: Let K :
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§" — R be a given smooth function, we look for solutions u on S” satisfying the nonlinear

problem involving the critical exponent

(1.2)

n o _ 4 g 25
Pgou— 5 Kun3,
u>0 onS"

On the Sobolev space H?(S"), the operator Py is coercive and has the following expression:
. _ A2
P = Pé’,’ou = Ag U= cplgti + d.u,

where ¢, = 3(n* — 2n - 4) and d,, = “2n(n* - 4).

This problem is quite delicate and had drown a lot of attention from mathematicians
because the equation stands for a critical case which generates blow-up and lack of com-
pactness, that the standard analytic machinery cannot apply. Moreover, beside the obvious
necessary condition that K be positive somewhere, there are topological obstructions of
Kazdan-Warner type to solve (1.2) (see [1]). The determination of the set of all functions
K such that problem (1.2) has a solution is still open, although intensive studies were ded-
icated to this problem trying to understand under what conditions (1.2) is solvable; see
[2—8] and the references therein.

One group of existence results for problem (1.2) has been obtained under the following

B-flatness condition:

(f)p: Assume that K : S” — R, n > 5, is a C' positive function such that for any critical
point y of K, there exists some real number 8 = B(y) such that, in some geodesic
normal coordinate system centered at y, we have

K(x)=K(0) + Y bi| |” + R),
k=1

where by = bi(y) #0,Vk =1,...,n, > ;_ by # 0, and Zyj) [VER(x)| %] = 0(1) as x
tends to zero. Here V* denotes all possible derivatives of order s and [B] is the integer
part of 8.

As far as the authors know, all the existence results dealing with Q-curvature in §” un-
der (f)p hold when B < n. The very first result has been handled by V Felli in [8] for
B €ln — 4, n[. Other important results treating B not in the range mentioned above are
the following ones: [5] for B € [n — 4, n[ and [3] for B €]1,n — 4]. Therefore, only the case
B greater than or equal to # has not been addressed until now. The present paper deals
with the case B = n. Our aim is to study the lack of compactness and provide an existence

result in terms of the Euler-Hopf index. Let

K={yeS" Vg{K(y) =0}, K*:{yelC,—Zbk>0} and
k=1

i(y) = 8{bx = bi(9),1 <k < ms.t. b < 0}.

Our first main result is the following.
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Theorem 1.1 Assume that K satisfies (f)p, with

=
Il
N

if

>,

yekt
then problem (1.2) has at least one solution.

Our method hinges on a readapted characterization of critical points at infinity tech-
niques introduced by Bahri [9] and Bahri-Coron [10] and used in the above mentioned
papers [5] and [3] for B < n. However, there is a serious problem of divergence of the in-
tegrals when B = n. To overcome this challenging problem, we perform a local analysis to
give precise estimates to the gradient of the Euler Lagrange functional associated to our
problem and identify the critical points at infinity. As we show in Corollary 3.1, we get a
new type of critical points at infinity in the space of variation which is different from those
of [5] and [3].

In the next section, we recall some preliminary results related to the variational structure
of the problem. In Section 3, we study the asymptotic behavior of the gradient flow lines
of the Euler-Lagrange functional and we characterize the critical points at infinity. Finally,

in Section 4, we state the proof of Theorem 1.1.

2 Variational structure and lack of compactness
Equation (1.2) has a variational structure. Indeed, there is a one to one correspondence

between the solutions of (1.2) and the critical points of

Jn Pundvy,

n-4"’

= 2n
(fon Klual 75 dlvy) "

uext,

where ©* = {u € Z,u >0} and T = {u € H*(S"), |ul® = [, Puudvy, =1}.

Since the Sobolev embedding H?(S") — L (8") is not compact, the functional J does
not satisfy the Palais-Smale condition. To characterize the sequences failing the Palais-
Smale condition, we state the following notations.

Fora e 8" and A > 0, let

n—4
A2

(1+ 221(1 - cos(d(x, @) "7

1
8(a,k)(x) =Cy a4
27

where d is the geodesic distance on (S”,gy) and ¢, is chosen so that §,,) is the family of

solutions of the problem

n+

4
Pu=ur4, wu>0o0nS".
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We define now the set of potential critical points at infinity associated to the function J.
For ¢ > 0 and p € N*, let us define

u€X/3a,...,a,€S", EV ST Y
Vip,e) =14 Ja,...,0,>0  with [lu— Y4 aidall <&,

" 8
J(m)mta*K(a;) -1l <&, Viande;<e, Vi),
% + '\’;" (1-cos d(ai,a/))]‘%.
The failure of the Palais-Smale condition can be described following the idea introduced
in [11], pp.325 and 334 as follows.

}\(v
where ¢; =[5 +
/)

Proposition 2.1 Let (ux) be a sequence in X+ such that J(uy) is bounded and 9] (ux) goes
to zero. Then there exist an integer p € N*, a sequence (r) > 0, i tends to zero, and an

extracted subsequence of uy’s, again denoted (uy), such that uy € V(p, ex).

If u is a function in V/(p, ¢), one can find an optimal representation, following the ideas
introduced in Proposition 5.2 of [9] (see also pp.348-350 of [11]). Namely, we have the

following proposition.

Proposition 2.2 For any p € N*, there is €, > 0 such that if ¢ < &, and u € V(p,¢), then

the minimization problem

)4

U= b,

i=1

min
®;>0,1;>0,a;€5"

has a unique solution (a, \,a), up to a permutation.

In particular, we can write u as follows:

where v belongs to H>(S") and it satisfies (V;), (Vj) is the following:

d8; 09;
(VQ)Z (V,W):O fOrWE{(Si,a—)‘;,a—ali,i:L...,p},

where §; = §(,,,,) and (-, -) denotes the scalar product defined on H*(S") by

(u,v) =f AgyuAgyvdvg, +c,,/ Vo 4V v dvg, +d,,/ uvdvg,.
sn s s

In the rest of the paper, we will say that v € (Vj) if v satisfies (V).
The following Morse lemma shows that the v-contributions can be neglected with re-

spect to the concentration phenomenon; see [11] (pp.326, 327 and 334).
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Proposition 2.3 There is a C'-map which for each (a;,a;, 1) is such that Y % | &8,

belonging to V (p, ) associates Vv = V(a, a, A) such that v is unique and satisfies

- p
®i8(a;p;) + V| = min by +v |-
]<121: ) ) VG(VO)[]<121: i%(a;h;) )}

Moreover, there exists a change of variables v —v — V such that

14 14
%Zﬂwwm+0=«Z}wwm+ﬂ+WW?
i=1

i=1

In order to define our deformation lemma on the level sets of J, we can work as if V' was
zero; see [4].

The next definition is extracted from [9] (see Definition 09),

Definition 2.1 A critical point at infinity of J on X* is a limit of a flow line u(s) of the

equation

R VIO)
M(O) = Uo,

such that u(s) remains in V(p, e(s)) for s > so. Here &(s) is some positive function tending

to zero when s — +00. Using Proposition 2.2, u(s) can be written as

P
u(s) = Zai(S)S(u,'(s),A,'(s)) +v(s).
i=1

Denoting &; := limy_, ;00 @;(8), ¥; := lim,_, ;o a;(s), we denote by

p
Z&ié@,o@ or (5/1;"')5’;7)00
i=1

such a critical point at infinity.

For such a critical point at infinity there are associated stable and unstable manifolds.
These manifolds can easily be described once a Morse type reduction is performed; see
[11] (pp.356-357).

3 Characterization of the critical points at infinity

This section will be devoted to a useful expansion of the gradient of J near infinity. Such
expansions will be useful for the construction of a suitable pseudo-gradient which allows
us to describe the concentration phenomenon of the problem and identify the critical
points at infinity. In the following, we will write §; instead of §,,,), we will identify the
function K and its composition with the stereographic projection IT,; and we will also

identify a point x of S” and its image by IT,.
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3.1 Expansion of the gradient of the functional
Proposition 3.1 Forany u = Zle ;8 in V(p,¢), the following expansion hold:

(i) <8](u) Ai >:—2C2] M)ZO(] +0<Z€lj) +o(%),
i# i#j
2
where ¢y = ¢} [on -

n+4
1+y12) 2
(ii) If a; € B;;» p), ¥y, € K, and p is a positive constant small enough, we have
88,,
-6 ) oy

38; =
<a/(u> higy. > 2/(u) [(n Yo s (Z ) >
p n
+0<28l7> +O<Z ;7) +O<Z %73}_12’”('2)], (3.1)
j i

i j=1 k=1
where
n_n=3yyn-1

oz ()5 . .

T if nis odd,
SR P

= 2r+1 . .

™t H’:,,l(yf_z), L if nis even.

Proof Letu = le a8 € V(p,e),

88 88 n+4 88
<8/'(u) Y 8k,> 2](u)[< 8A > ](u)n -1 /sn Kun-a); 8—)”] (3.2)

Following [9], Sections 1 and 2, we have
06; 38,‘1'
<u,}hia_)\li>202 j;aj}\ia_)\,i +0(§8v) (33)

and

n+4 85 "*4
/Snl(un— )\a—)”: /n1<5"4)\— 2/ K (x)( a,a)nu
4 8
27 Za = /1((x)8”48A—dx+o(Zslj>

Ry j#i

n+4 38 n+éd
- /nK(S 4)\5+c2§a FK(a)hi—

b
vo Y ae =3 Kap: ey +O<Zg,»j) +O<Z %)

i j#i

n+4 86
/ 1(8”4A—+2cz](u)n42a,
- o £ o

ro(Xe)+ o(f ;) (34)

j#i j-1
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8 .
since o/ * K(a;)J (u) 74 =1+0(1),Vi=1,...,p. The stereographic projection and the change
of variables y = A;(x — ;) yield

ntd 9§ -4 0 2
/ Ko/ iaet 22225, 0 / K(®)87* (x) dx
sn 3)» 2n 3)Ll‘ R”
—4 2n d
Pt pr( L va (L) 2
2}’[ R” )‘-i )‘-i (1 + |y|2)n
Let u be a small positive constant,
d
/ p(Zva ) (L) -2 -
n A Ai) L+ y[2)
d 1
=f DK(l +a,~) (l>—y2+o(—n). (3.5)
B0 1) Ai Ai) @1+ |y?)" A

Using the fact that DK is continuous we get

DI((% + ai> =DK(a;) + o(1), as u is small enough.

i

Therefore,
d 1
o) o)
B(O,)i11) A Ai) (L+[y[?)" Aj
and thus
n+4 85 1
/ K8/ p— =o = ). (3.6)
. i Y

Collecting (3.2)-(3.6), claim (i) is valid. Now we regard claim (ii). Following the above com-

putation, it remains to expand this integral,

I= /Kamxa—‘s
\ an

n+4 83 1
=/ K87, 2% O(—n)
B(a;,p)CB(;;,2p) aA; Y

Using the fact that K satisfies (f)s and the fact that [, §; = Ai gi 0, we get

85 1

“tp)
a 4
) |Ge= 3" )‘ (3” )dx+O
k=1 B(aj.p) A
— . n 1_)\’2 _ i2 )\'n 1
) Zb / e e = A7l - A dx+0<_n)- (3.7)
Blaj,p) (1+A; e — a;|2)m+ Y
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Observe that

dx

/ e — )kl (1 = A7 1% — a;[*)A)
Blaj,p) 1+ A?|x — a;|2)m+t

dx

_f [(x — a1 - )L2|x “z|2)}\n
(ai,p) (1 + )‘2|x - al|2)n+1

+O(/ | — @i "> (a; = 3 k(0 = A7 |x — ai|*)A] C )
B(a;,p)

1+ A7 |x — a;|?)m+1

(= ik @ = 22w — ai) )\
+o(/ (@i = yi)kl" (1= A7 |x — ail) d) (3.8)
B(aj,p)

(1 + 22w — a2yt

It is easy to see that

/ e — @)kl 1(ai — y; )k (1 = A7 |x — a;]? )/\f’d _ <|(“i—yji)k|2) (3.9)
B(aj,p)

W Rl o
and
ai — v )i|"(L = A% |x — a; )" a;i -y il
/ (@i = i)kl 2( il )2 dx O<|( Vi k] ) (3.10)
Blap) @+ A7 le = a2y Py

So we have to estimate (3.8). Using the change of variables y = A;(x — a;), we have

dx

f |(xl —a; )k| (1 )L2|x al|2))\n
B(a;,p) 1+ )\2|x —ail )"+1

1-— 2
_/ lya|"( 2Iyll) dy
B(0,1;p) 1+ |)’| )n+
yil" ( 1 )
=—-— dy+ 0| =
/oxp) @+ Ry @\
1 1
R L —— R PR
)\' Aip yl Byu—1(0,4/ (2;p) _|J’1‘2 (1+|y1|2+|y|2)71 yl i
1 Aip  (ip)2=n 2 12
=—_ |yl|n<f 4r2)ndr> dy; + O(k") (3.11)

)‘:q —Aip 0 (1 + |y1|2 +

here B,_; is a ball of R" and j = (33, ..., ¥,).

Through integrations by parts, we have

1 Aip (Aip)2’|y1|2 rYI*Z
2 e ( | S A— dr) dy
M e 0 L+ [y1]?2 +r2)n

1 UERERY e fi
T2 ki dy, if n is odd,
1 mz
Al i 22 (ne1y
A (ip)2=Iy11? o
X f_/{fp 1" (fo ! 7,”2 dr)dy, ifniseven.

424 %) 2
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If n is odd, using integrations by parts

1 [he " 1 11n(1 + A?
A S U+ D) Aj 2 A

i

r

And if n is even, using the change of variables z = N
+

1 [hP (ip)2=In|? 1
Iy1]" (/ —_— dr) dn
PO 0 A+72+ n2)5
, A Gip)2=ly1 12
L[ ([ L)
Moo+ |y1|2)nT+1 0 (1+22)"7

:O(i)+n§f(zr+1)l

Aj 2,(2r) Aj
Aip n A 2 _ 2
X f L’H arctan(w> dy. (3.14)
o 1+nPT V31t nl?

/(h:0)2— 2
Observing this, using the change of variables ¢ = %,
I

1 /'\zp ly1]” ( (Aip)? |)’1|2)

= ————arctan| ———— |dn

M o @+ ) L+ Inf?
~ 1 Aip 1 (1+ |y1|2)g + |y1|n_(1+ |y1|2)g ( ()\’“0)2_ |y1|2>dy
- — 1

T arctan
—rip /14 7 L+l V1t

+ O<l>
"

1 [hie 1 (Xip)? = I ?
=— ————arctan| ——————— | dy
A Joap 1+ 2 V1+nl?
~ / Aip tarctan(t ( )
wp  (L+22) 12 _ t2
1 1 i tarctan(t 1
:—<1+O<—2>)/ Md}HO(—)
A W2 ), A+ A
_(1:0 i In(1 + A?) arctan(;) _ i /W’ In(1 +¢%) i) +0 i
A2 Al 207 ), +?) Al

In(A; 1
_ ) o(-). (3.15)
Al A
Combining (3.7)-(3.15), the result follows. O

Proposition 3.2 Let u = Zle a;8; € V(p, ), we have

deji

Y <8/(u> o 85 >=—c5](u) et M%(‘)W(Z
' i#j

)l )

doa; por

dy
where C5 = fR” W
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(ii) If a; € By, p), yj; € K, we have

L)

i 0(ai),
2 md (@i = y;,)rlai — y;)r "2 71
=2 4 4 —4 n 4 b a; Ji Ji / 1 d
I’l(l’l )C (](u)) )\i R (1 +y2)n+1 Y
[(ai — yj,)r1"> 1 1|de;
+O<# +o0 izﬁslj +0 A_f’ +0 g)»_z aaj ,

where k = 1,...,n and (a;), is the rth component if a; in some geodesic normal coordinate

system.

Proof Arguing as in the proof of Proposition 3.1, Proposition 3.2 is proved under the fol-

lowing estimates. If @; € B(y;,, p), we have

ntd ] 38
/ K8
n )\, 8(6{)
4135

n
= bk/ |Ge— )| 87" —
; a g )"i a(ai)r

B(aj,p)

n+d 1 83
+/ (K(x) — K(y:))8;~"
Blaip)* hi 0(a),

9 21
= 57°)d
/w ' g 07 d

z ;4 fB - (K() -~ K) - ! (2 G 57°5) dx
—(n- 4) b /B(W) ](x - J’ji)r| o );2(;; 6;)|r o A dx
—(n- AL)C(')’ZT”4 v[s(ai . (K(x) - K(yi)) 1+ )}:2(|x — Z)|r2)n+1 A dx
=—(n —4)c(;27n4 b, e |(x Vi)r | o Az(z 6;)|2)n+1 "dx + O(A;+1> (3.16)

Now, we have

Ailx —a;),
X — ;. Mdx
/B:(a,-,p) |( y]l)ri (1 + )‘-2 |x a; |2)n+1 l

Ailx —ay), o
= a; —y; dx
/B@,p)“‘ ol (U A2n—a Py
Ailx — a;)? "

+ a;, —vVi;. a: —Vi. /
ﬁ B(ai'p)( i y]z)r|( i y]z)r| (1+)Ll2|x—ﬂi|2)n+l i

2 n-2 Ai(x — ap),
+0 / (x—a)r|” |(ai — 3;,)r Al dx)
( B(al',p)| | | g | (1 + )\?|x - ﬂi|2)n+1

Ai(x — a;)y
0 —a), A dx
+ (/I;(ai,p)|(x 61) | (1 + )\'2|x a; |2)n+1 ‘ )
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(ai = yi)rl(ai = yj)r "> yi
=n )”, / n+l y

[(a; _yji)r|n_2 1
+ O(i}\z +0 )\(1+1 . O

For the whole next construction, we make use of the following notation.

Let u =Y " a8, € V(p,e), for simplicity, if a; is close to a critical point y;,, we will
assume that the critical point is zero, so we will exchange a; with (a; — y;,). Now, let i €
{1,...,p} and let M; be a positive large constant. We will say that

iel lf)\.llﬂl| <M
and we will say that

iely 1f)»,|6ll| > M;.

For each i € {1,...,p}, we define the following vector fields:

06;
Zl(u) = Oli)nia—)% (317)
and
1 88 (a,
= —a; E by 51gn 2aid) (3.18)

)» da

where (a;) is the kth component of a; in some geodesic normal coordinate system.
It is clear that X; is bounded. Let k; be an index such that

(@), | = max |(@)]. (3.19)

. s M
It is easy to see that if i € L, then A;[(a;)x,| > T}?

3.2 Critical points at infinity

This subsection is devoted to the characterization of the critical points at infinity in
V(p,e), p > 1. First, we will prove that there is no critical points at infinity in V(p,¢),
p > 2, this result is obtained through the construction of a suitable pseudo-gradient VNVl
for which the Palais-Smale condition is satisfied along the decreasing flow lines. Second,
we will study the left case. By the construction of a pseudo-gradient W, we will give the
characterization of the critical points at infinity in V/(1, ¢). Now we introduce the following

main result.

Theorem 3.1 For p > 2, there exists a pseudo-gradient W, in V(p, ¢) so that the following
holds.
There exists a constant ¢ > 0 independent of u ="  ;8; € V(p, ) so that

) ~ 111()») ? (a:)
i) (37(w), Wi(w) < —c Z Z ) ),

i=1 A -1 j#i
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(ii) <8](u +7), Wi(u) + m(\%(u))>

? p
- —C(Z ln)(;»i) . Z Vli('“i) . Z 8”)'

i=1 t i=1 J#i

Furthermore |W1| is bounded and the \;'s decrease along the flow lines of Wi.

Proof We divide V(p, ¢) in two different regions. Let
p
Vilp,e) = :u = Zai& € V(p,e)s.t.a; € By, p),yy; € K, yVie {1,...,p}}
i=1
and
»
Va(p, €) = {u =Y adieVipe)stAie(l,... pla ¢ UB(y,p)}.
i=1 yekl

Pseudo-gradient in V1(p,¢). We order the A;’s for the sake of simplicity, we can assume

that ,; <--- < A,. For each i, 1 <i < p, we have, by Proposition 3.1,

. 9 » n i
(0760, 2'Zi(w)) < ¢ ) 2% ail B C(Z bk) lnx(; )

j#i -
OGr) ifiel,
+ Ly 2
okl ifieL,

and using Proposition 3.2, we get

1 ip .
(@)l | OGR) ifiely,
1. x0) = 0 L) - = d e
— Ai O(—%—) ifiel,.
Jj#i A
Thus,
p .
<3](M), Z(lei - 2121)(M)>
i=1
i 0gy 2 (ai)e "  In(2))
5cZ2)\ia)\;+mlO(Zslj)—c. T-FO Z I .
j#i i i=1 i=1 L
Observe now that, for i < j, we have
. 88,“ : 881“
20— + 22— < —cey. (3.20)
i I

]

Let Wy = Zf;z(lei -2iZ), taking m1; positive small enough and using (3.20), we find that

14

. n-1 p )
(0] (), Wo(w)) < _C<Z‘9’7+Z I(a,)fjl ) . O(Z ln}(;,))

i# i=2 i=2
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Observe that in V;(p, ¢) we have under the (f)g condition
|VK(a)] ~ Z |bel| (@ (3.21)

\VK(al [

this yields <c——. We then have

P P
(0 (), Wo) < —c (Z @ + Ze,«;) + O(Z ln)(j;i)). (3.22)

i=2 i
Observe that, Vj = 2,...,p, we have

i

= o(eyy), (3.23)

thus we get

p
(0] (), Wo) < —c (Z Z VK Zai,). (3.24)

i=2 ‘ i=2 l i

We must add the index 1.
If A1 ~ Ay, then we can make M appear in the above estimates; in this case let

Wi = Wo + mi Xy,
we obtain
Z In(h) & [VK(a)|
(a](u)x Wl(”)) =—c ;jsij + ; )\’;’l Zl t

If A1 <« Aq, we use the vector field Z defined by

n
- (Z bk) Z. (3.25)
k=1
We then have

(07(0), X () + Za(w)) < —c(% . W) R o(}; gﬂ).

In this case let
Wl = Wo + ml(Xl + Zl)

We then have

p

0, Wﬁs—c(Z In(A,) Z VK(a)| Z%‘)'

i=1 A =1 Ai ij
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Pseudo-gradient in V,(p,e). We order the A;’s in an increasing order, without loss of
generality, we suppose that A; < ... < A,. Let i; be such that for any i < i;, we have 4; €
By, p), 91, € K and a;, ¢ Uye,C B(y, p). Let us define

uy = Z 0(,‘81'.
i<iy
Observe that u#; € V1(i; — 1, ¢). We have then the following estimate:

(8](0), Wh(un)) < -C(Z lnk(ﬁi) £y 'Wiﬂ £ 3 ei,-) " o( 3 s,»,»).

i<y i i<iy ‘ i#,i,j<ii i<ip,j=i1

Now, we define the following vector field:

1 98(a;25) VK(
Wy = —alal 2L o § iz,
Ay da; |VK all)l

>0
Using Propositions 3.1 and 3.2 and the fact that |[VK(a;)| > ¢ > 0, we derive
c 1
(87 (), Wy (u)) < - o(Z g,-,»> — ) e+ O(Z ;).
a i i>i1,ji i>ip Tt
Taking ¢’ positive large enough, we find

p »
(7). W](@) < —c (Z ln}E);i) N Z |VI§('611')| N Z 8;‘;’).

=y =iy ! iziji

Now, let W := W/ + m; W1 where m; is a small positive constant. We then have

)4
(37060, W) < < (Z In(x,) Z VK (a))| ZEU>'

i=1 A i=1 Ai i

Now, we define the pseudo-gradient \771 as a convex combination of W; and W; The con-
struction of W is completed, it satisfies claim (i) of Theorem 3.1.

From the construction, VNVl is bounded. Observe also that the ;s decrease along the flow
lines of \771.

Now, we argue as in [11], Appendix 2, claim (ii) holds under claim (i) and the following
lemma which proves that the norm of ||7/|? is small with respect to the absolute value of
the upper bound of claim (i).

Lemma 3.1 Let u = Zil a;8; + ag(w + h) € V(p,e,w) and let v be defined as in Proposi-
tion 2.3. We have the following estimates: there exists ¢ > 0 independent of u such that the
following holds:

n+4
1 .
”V” = CZI: ! |VI<(“ )|] +cC Zk#r Skr (IOg 8k_4) 2" lfVl >12,
>k Enr(logeg) ifn<12.

Proof Arguing as in the proof of Lemma 3.1 of [5], the proof of Lemma 3.1 follows. [
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This concludes the proof of Theorem 3.1. O

Theorem 3.2 There exists a pseudo-gradient Ws in V(1,¢€) so that the following holds.
There is a positive constant ¢ > 0 independent of u = 0184, € V(1,¢) such that

() (870s), W) < (w . M)
Al M

.. o v ~ In(1)  |VK(a)|
(ii) <8](M+V)»W2(u)+m(W2(u))>§—C< )\;1 +T)

Furthermore |\772| is bounded and the only case where A is not bounded is where a; €
B(y,p),y e K.

Proof Let u = o184, € V(1,¢).
Case 1: If a; € B(y, p), y € K, we define

W2 =21 +X1,

here X is defined by (3.18) and 7 by (3.25). Using (2.1), and Propositions 3.1 and 3.2, we
have

2
" 1 n-1
(07(), W(10) < —c3 (Z bk) ni;l) . |<a1)kkll|

k=1

o(L) if1el,
1 a1 (3.26)
o7y i1 e L,
1

Using (3.21), we derive

(3.27)

(1), W00 < -C(M , M)

Y, W
Case2:1fa; ¢ Uye,c B(y, p), we define

— 1084, VK(a)
270N a4 |VK(ay)|

Using Proposition 3.2 and the fact that |[VK(a;)| > ¢ > 0, we derive

(87 (), Wa(w) < —c<M + M)

Al M

The required pseudo-gradient \772 will be defined by convex combination of W, and W,.
O

Corollary 3.1 The only critical point at infinity of ] in V(1,¢) corresponds to

1
n— 8 ,00)7 yGICJr;
Kp)s

such a critical point has an index equal to n — i(y).
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Proof Observe from Theorem 3.2 that the Palais-Smale condition is satisfied along each
flow line of W, until the concentration points of the flow do not enter some neighbor-
hood of y such that y € K*; we observe that sup A has to increase and go to +oo as well as
infA. Thus we obtain a critical point at infinity. In this region arguing as in the proof of
Proposition 3.1 of [4], we can find the change of variable

(a,)) — (@, 1) = (a,X)

such that

oS,

J(@du +V) = Y(a,@, ) = ——————
(S,am-2K(a)) =

[1 + 0(1)].

Since K satisfy the (f)g condition, then the index of such a critical point at infinity is equal
to 1 — i(y). The result of Corollary 3.1 follows. O

4 Proof of Theorem 1.1
We argue by contradiction. Assume that / has no critical points at £*. By Corollary 3.1,
the only critical points at infinity of the associated variational problem are

1
. 8y, )s yEIC+.
Kp)z

The indices of such critical points at infinity are

i(¥)oo := 11— (9).

For each (y)o, we denote by W°(y) its unstable manifold. By using a deformation
lemma, see [10], we have

* retracts by deformation on U W (¥)oo- (4.1)
yelCt

It is well known that if M is a finite cw complex in dimension k, its Euler-Poincaré char-
acteristic denoted x (M) is given by

k
X(M) =Y " (=1)n(), (4.2)
j=0

where n(j) is the number of cells of dimension j in M (see [12]). We apply this to both sides
of (4.1), we obtain

1=x(Z%) = ) (-1,

yelCt

Such an equality contradicts the assumption of Theorem 1.1.
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