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1 Introduction and preliminaries
Throughout this paper, we denote R§ = [0, +00) and Ny = NU {0}, where N is the set of all
positive integers. First, we recall some basic concepts and notation.

The concept of b-metric was introduced by Czerwik [1] as a generalization of metric
(see also Bakhtin [2, 3]) to extend the celebrated Banach contraction mapping principle.
Following the initial paper of Czerwik [1], a number of researchers in nonlinear analy-
sis investigated the topology of the paper and proved several fixed point theorems in the
context of complete b-metric spaces (see [4—8] and references therein).

Definition 1.1 [1] Let X be a nonempty set, and s > 1 be a given real number. A mapping
d: X x X — [0,+00) is said to be a b-metric if for all x,y,z € X, the following conditions
are satisfied:

(by) d(x,y) =0 ifand only if x = y;
(ba) d(x,y) = d(y,x);
(bs) d(x,z) <sld(x,y) +d(y,z)].

In this case, the pair (X, d) is called a b-metric space (with constant s).

Definition 1.2 [9] Let X be a nonempty set, and s > 1 be a given real number. A map-
ping d : X x X — [0, +00) is said to be a quasi-b-metric if for all x,y,z € X, the following
conditions are satisfied:

(bm;) d(x,y) =0 ifand only if x = y;
(bmy) d(x,z) <sld(x,y) +d(y,2)].

In this case, the pair (X, d) is called a quasi-b-metric space (with constant s).
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Definition 1.3 [10] Let X be a nonempty set, and s > 1 be a given real number. A mapping
d: X x X — [0,+00) is said to be a quasi-b-metric-like if for all x,y,z € X, the following
conditions are satisfied:

(bM;) d(x,y) =0 implies x = y;
(bMy) d(x,z) < s[d(x,y) +d(y,2)].

In this case, the pair (X, d) is called a quasi-b-metric-like space (with constant s).

Example 1.4 Let X = {0,1,1} U [1,00), and let d: X x X — [0, +o0) be defined as

7273
6 ifx=y=0,
3 1fx=y=%,
2 ifx=0,y=1,
d(xy) = 1 ifx=0 —i
2 =U%ry=3
3 . 1
5 1fx:§,y:0,
|x—y| otherwise.

It is clear that (X, d) is a quasi-b-metric-like space with constant s = 9.

Definition 1.5 (see e.g. [10]) Let (X, d) be a quasi-b-metric-like space. Then:

(i)a asequence {x,} in X is called a left-Cauchy sequence if and only if for every ¢ > 0,
there exists a positive integer N = N(¢) such that d(x,, x,,) < ¢ for all n > m > N;

(i)p asequence {x,} in X is called a right-Cauchy sequence if and only if for every ¢ > 0,
there exists a positive integer N = N(¢) such that d(x,, x,,) < ¢ for all m > n > N;

(ili), a quasi-partial metric space is said to be left-complete if every left-Cauchy sequence
{x,} in X converges with respect to d to a point u € X such that

lim d(x,,u) =d(u,u) = lim d(x,,,x,) =0, wherem > n;
n—>00 n,m— 00

(iii), a quasi-partial metric space is said to be right-complete if every left-Cauchy sequence
{x,} in X converges with respect to d to a point u# € X such that

lim d(u,x,) =d(u,u) = lim d(x,,x,) =0, wherem >n.
n—>00 n,m— 00

Let (X,d) and (Y, «) be quasi-b-metric-like spaces, and let f : X — Y be a continuous
mapping. Then

lim x, =4 = lim fx, = fu.
n—0o0 n— 00

In 2012, Samet et al. [11] introduced the concept of «-admissible mappings, and in 2013,
Karapinar et al. [12] improved this notion as triangular «-admissible mappings.

Definition 1.6 [11, 12] Let o : X x X — [0, +00) be a function. A self-mapping f is called
an «-admissible mapping if

axy)>1 = oalfxfy)>1
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for all v,y € X. If, further, f satisfies the condition
axz)>1 and a(z,y)>1 = akxy)>1
for all x,7,z € X, then it is called triangular o-admissible mapping.
Very recently, Popescu [13] improved these notions as follows.

Definition 1.7 [13] Let«: X x X — [0,00) be a function. If f : X — X satisfies the condi-
tion

(T alf)=1 =  offsfx) =1

for all x € X, then it is called a right-«-orbital admissible mapping. If f satisfies the condi-

tion
(T a(fsx)>=1 = off’xfx) >1

for all x € X, then it is called a left-a-orbital admissible mapping. Furthermore, if f is
both right-a-orbital admissible and left-o-orbital admissible, then f is called an «-orbital
admissible mapping.

Triangular «-admissible mappings defined by Popescu [13] impose the following defi-

nitions.

Definition 1.8 [13] Letf: X — X beaself-mapping,and « : X x X — [0, 00) be a function.
Then f is said to be triangular right-«-orbital admissible if f is right-o-orbital admissible
and

(T2) a(,y) =1 and a(,fy)=1 = oalxfy)=1

and is said to be triangular left-«-orbital admissible if f is oz-orbital admissible and
(T2)" affx,x)>1 and a@xy)>1 = alfry) >1

If T satisfies both (T2)" and (T2)”, then it is called triangular r-orbital admissible.

It is easy to conclude that each «-admissible mapping is an «-orbital admissible mapping
and each triangular o-admissible mapping is a triangular «-orbital admissible mapping.
However, the converses of the statements are false. In the following example, we see that
a mapping that is triangular a-orbital admissible need not be triangular «-admissible.

Example 1.9 Let X ={x;:i=1,...,n} for some n > 4, and d : X x X — R{ with d(x,y) =
|x — y|. We define a self-mapping f : X — X such that fx; = x; for i = 1,2, fx; = x; for i,j €
(3,4}, i #j, fxi = %1 for i € {5,...,m — 1}, and fx,, = fx5. Moreover, let « : X x X — R{ be
such that

1 lf (x)y) € {(xl) xS)» (xlr x4)) (xB» xB)) (X4, x4-)1
Ol(x:)’) = (X3,x4), (x4,x3), (xB»xZ)’ (x4»x2)}1
0 otherwise.
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Note that f is «-orbital admissible since a(xs,fxs) = a(x3,x4) = 1 and a(xa,fxs) =
(x4, %3) = 1. On the other hand, we have a(x1,%3) = a(x3,%5) = 1, but a(x1,%5) = 0. Hence,
T is not triangular «-admissible.

Definition 1.10 [13] Let (X,d) be a quasi-b-metric-like space. Then X is said to be
a-regular if for every sequence {x,} in X such that «(x,,x,,1) > 1forall #and x, > x € X
as 1 — oo, there exists a subsequence {x,,)} of {x,} such that o (x,),x) > 1 for all k.

2 Main result
The notion of (b)-comparison was introduced by Berinde [14] in order to extend the notion

of (c)-comparison.

Definition 2.1 [14] Let s > 1 be a real number. A mapping ¥ : R{ — R{ is called a
(b)-comparison function if the following conditions are fulfilled:
(1) ¢ is monotone increasing;
(2) there exist ko € N, a € (0,1), and a convergent series of nonnegative terms Y -, vk
such that sy *1(8) < askyX(¢) + v for all k > ko and ¢ € [0, 00).

The class of (b)-comparison functions will be denoted by W,. Notice that the notion of
a (b)-comparison function reduces to the concept of a (c)-comparison function if s = 1.

The following lemma will be used in the proof of our main result.

Lemma 2.2 [15,16] Let s > 1 be a real number. If  : R — R{ is a (b)-comparison func-
tion, then:

(1) the series Y o S*UX(£) converges for any t € R;

(2) the function p; : [0, 00) — [0, 00) defined by

ps(t) = Zskl/fk(t) forall t € [0,00)
=0

is increasing and continuous at 0.

Remark 2.3 It is easy to see that if y/(£) € W, then yr(¢) < ¢ for all £ > 0. In fact, if there is a
t* > 0 such that ¥ (t*) > ¢*, then we have ¥2(¢*) > ¥ (¢*) > ¢* (since ¥ is increasing). Con-
tinuing in the same manner, we get ¥"(t*) > t* > 0, n € N. This contradicts Lemma 2.2.

Definition 2.4 Let (X, d) be a complete quasi-b-metric-like space with a constant s > 1.
A self-mapping f : X — X is called (¢, ¥)-contractive mapping if there exist two functions
Y eW,and o : X x X — [0, 00) satisfying the following condition:

a(x,y)d(fx,fy) < ¥ (dx,y)) 2.1)
forall x,y € X.

Theorem 2.5 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be an
(o0, ¥r)-contractive mapping. Suppose also that
(i) f is a-orbital admissible;
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(ii) there exists xo € X such that a(xo, fxo) > 1 and a(fxg,x0) > 1;

(iii) f is continuous.
Then f has a fixed point u in X, and d(u,u) = 0.
Proof By (ii) there exists xy € X such that «(xo,fxo) > 1 and «a(fxg,x9) > 1. Define the it-
erative sequence {x,} in X by x,,1 = fx, for all n € Ny. Note that if there exists ny € Ny
such that x,,, = x,,,.1, then x,, becomes a fixed point, which completes the proof. Hence,

throughout the proof, we suppose that x,, # x,,; for all n € Ny. Regarding the fact that f is
«-orbital admissible, from (ii) we derive that

a(xo,x1) = alwo,fro) =1 = alfxo, fxr) = au(x1,x2) > 1.
Inductively, we get that

o(x,,%,.1) >1 forall m € Ny. (2.2)
Analogously, again by (ii) and the fact that f is «-orbital admissible we find that

a(xy,x0) = affxo,x0) =1 = alfx1,fxo) = a(x2,%1) = L.
Consequently, we observe that

o (X,41,%,) >1 forall m € Ny. (2.3)
From (2.1), by taking x = %, and y = x,,_;, we find that

d(xn+1» xn) = d(fxn:fxn—l)
< alxy, xn—l)d(fxmfxn—l)
= W(d(xmxn—l))-

In view of Remark 2.3, we get that
AXps1,%0) < VY (dp, %01)) < d(p,x01)  forallmeN. (2.4)
By analogy, again by (2.1) and by substituting x = x,,_; and y = x,,, we have

d(xnr xn+1) = d(fxn—lrfxn)
< a(xn—l: xn)d(fxn—lexn)
= W(d(xnfl,xn))'

Consequently,

d(xn)xnﬂ) = w(d(xn—lvxn)) < d(xn—lrxn) foralln e N. (25)
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From (2.4) and (2.5) we derive that
A, xp11) < Y™ (d(x0,%1)) and  d(xpe1,x0) < Y (d(x1,%0)) forallmeN.  (2.6)

By Lemma 2.2(1) and letting #n — 00 in (2.6), we have lim,_, oo d(X,;, %441) = limy,— 00 (%441,
%,) = 0.
We further prove that the sequence {x,,} is right-Cauchy and left-Cauchy. Forall #,p € N,
we have
p-1

A%, xn+p) = Zsid(xnﬂ‘—lr Xnsi) + Sp_ld(xwrp—lr xn+p)
i=1

P
< Zsiwnﬂ'—l (d(xo,xl))

i=1

= LS sy (Ao ).

By letting 1, p — 0o we get that

lim d(xn) xn+p) = 07
n,p— 00

that is, the sequence {x,} is right-Cauchy.
Analogously,

lim d(anrp»xn) =0,
n,p— 00

that is, the sequence {x,} is left-Cauchy. As a result, the sequence {x,} is a Cauchy se-
quence. Since (X, d) is complete, there exists a point # € X such that

lim d(u,x,) = lim d(x,,u) =d(u,u) = lim d(x,,x,)= lim d(x,,x,) =0. (2.7)
n—0oQ n—oQ0 n,m— 00 n,m—> 00

Since f is continuous, we have
u=lim x,,; = lim fx, = fu. g
n—00 n— 00

Example 2.6 Let (X,d) be a quasi b-metric like space defined in Example 1.4, and let the
mapping f : X — X be defined as

% ifx=0,
% ifx:é,
Je= 1 ifx=1
2 =
x+1 ifx>1.

Let () = £, > 0,and let « : X x X — [0,00) be defined as

1 ifx,ye{0,1,1},

a(x,y) =
(.3 0 otherwise.
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Then ¢ € W, and f is an («, ¥)-contractive mapping. Since the conditions of Theorem 2.5
are satisfied, it follows that f has a fixed point in X.

It is possible to remove the heavy condition of continuity of the self-mapping f in Theo-
rem 2.5. For this purpose, we need the following result, which is inspired from the results
in [17].

Lemma 2.7 Let (X,d) be a quasi-b-metric-like space with constant s and assume that {x,}

and {y,} are sequences in X converging to x and y, respectively. Then

1 1
—Zd(x,y) — —d(x,x) —d(y,y) <liminfd(x,,y,) <limsupd(x,,y,)
S S n—00

n—00

< sd(x,x) + s2d(y,y) + s*d(x,y).

In particular, if d(x,y) = 0, then lim,_, o d(%x4, y») = 0.
Moreover, for each z € X, we have

1
-d(x,z) — d(x,x) < liminfd(x,,z) <limsupd(x,,z) < sd(x,z) + sd(x,x). (2.8)
S n—00 n—00

Ifd(x,x) = 0, then

1
-d(x,z) < liminfd(x,, z) < limsupd(x,,z) < sd(x,z).
N n—00 n—00

Theorem 2.8 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be an
(o0, ¥)-contractive mapping. Suppose also that
(i) f is a-orbital admissible;
(ii) there exists xo € X such that a(xo, fxo) > 1 and a(fxg,x0) > 1;
(iii) X is a-regular.
Then f has a fixed point u in X, and d(u,u) = 0.

Proof By verbatim of the proof of Theorem 2.5 we find an iterative sequence {x,} that
converges to a point # € X such that (2.7) holds.
Since d(u, u) = 0, by Lemma 2.7 we have

1
—d(u, fu) < liminf d(x,.1, fir)
S n—00

< limsup d(x,41,fu)

n—00

= lim sup d(fx,,, fu)

n—00

< limsup o (x,,, u)d(fx,, fu)

n—00

<limsup ¢ (d(xn, u)).

n—00

By letting n — oo in these inequalities we derive that %d(u, fu) =0 and hence fu =u. 0O
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It is natural to consider the uniqueness of a fixed point of an (&, ¥)-contractive mapping.
We notice that we need to add an additional condition to guarantee the uniqueness.

(U) For all x,y € Fix(f), either a(x,y) > 1 or a(y,x) > 1.
Here, Fix(f) denotes the set of all fixed points of f.

Theorem 2.9 Adding condition (U) to hypotheses of Theorem 2.5 (or Theorem 2.8), we
obtain the uniqueness of a fixed point of f.

Proof Suppose that x* and y* are two distinct fixed points of f, so that d(x*,y*) > 0.
If, for example, a(x*,y*) > 1, then
dx"y") = (1)
< a(x*,y*)d(fx*,fy*)
= v(d@y"))
<d(x*,y%),

which is a contradiction. O

Definition 2.10 Let (X, d) be a complete quasi-b-metric-like space with a constant s > 1.
A self-mapping f : X — X is called a generalized («, ¥)-contractive mapping of type (4) if
there exist two functions ¢ € ¥, and « : X x X — [0, 00) satisfying the following condi-

tion:

a(x,y)d(fx,fy) < ¥ (M(x,y)) (2.9)

for all x,y € X, where

M(x,y) = max{d(x,y), d(x,fx),d(y,fy)}. (2.10)

Theorem 2.11 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be a
generalized (a, )-contractive mapping of type (A). Assume that
(i) f is a-orbital admissible;
(ii) there exists xo € X such that a(xo, fxo) > 1 and a(fxg,x0) > 1;
(ili) f is continuous.
Then f has a fixed point u in X, and d(u,u) = 0.

Proof As in the proof of Theorem 2.5, we construct an iterative sequence x,,,; = fx,, n €
Ny, where the existence of xy € X is guaranteed by (ii). By the same reason as in the proof
of Theorem 2.5, we may assume that x,, # x,,.,; for all # € Ny, and we can conclude that

(X, %,01) >1 and  a(x,.1,%,) >1 forall m € N. (2.11)

From (2.9) we have

d(xn: xn+l) = d(fxn—l;fxn)
E o[(xn—l, xn)d(fxn—l;fxn)

<y (M(xn—lrxn))
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for all n € N, where

M(xy-1,%,) = max{d(xn—b %) d(xmfxn), d(xn—l:fxnfl)}

= max{d(xn—lr xn)’ d(xm xn+1)}'
If M(x,_1,%,) = d(x,,, %,41), then since we assumed that x,, # x,,,1,
A%y, %p41) < 1;[/(('i(xrz;xwrl)) < dXpy Xne1),

which is a contradiction. It allows us to conclude that M(x,_1,%,) = d(x,-1,%,), n € N.
Thus,

A, %ni1) < Y (d@n_1,%)) < d(xp-1,%,) forallneN
and
Adx, Xp41) < W"(d(xo,xl)) forall m e N. (2.12)
Analogously, letting x = x, and y = x,,_; in (2.9), we get

d(xnﬂrxn) = d(fxmfxn—l)
< (X(x,,, xn—l)d(fxmfxn—l)
= 1;[/(1\4(x;'1’xr1—1)) (2.13)

for all n € N, where

M(xn: xn—l) = max { d(xnr xn—l)r d(xmfxn)’ d(xn—l,fxn—l) }

= max{d (%, X5-1), dXn, %11), A (X1, %) }.

For the estimation of d(x,.1,%,), we will consider three different cases.
Case 1. If M(x,,, x,-1) = d(x,-1,%,), then, by (2.13),

A1, %) < Y (A1, %)) (2.14)
Case 2. If M(x,;,%,,-1) = d(%,,%,,41), then
(X1, %) < w(d(xmxrwl))'
By Remark 2.3 we find that
A1, %n) <V (dXns xni1)) < ¥ (d(x0,31)).
Case 3. Otherwise, M(x,,%,_1) = d(x,,%,_1) and

d(xn+1rxn) = w(d(xn:xn—l))- (215)
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Observing (2.14) and (2.15), it follows that, for any n € N,

d(%ns1,%,) < max{y" (d(xo, 1)), " (d(x1,%0)) }- (2.16)
Obviously, in all considered cases, we deduce that

lim d(xyﬁ-l:xn) = lim d(xn’erI) =0.

n—00

Since ¥ is an increasing function, let
v= max{d(xo,xl), d(xl,xo)}.

Consequently, we have that d(x,.1,%,) < ¢¥"(v) and d(x,, x,.1) < ¥"(v). By applying (bM,)
for any n,p € N it follows that

p-1
i -1
d(xnrxnﬂa) = Zsld(xn+i—lrxn+i) +5s° d(xn+p—1;xn+p)
i=1

p
=< Z S'd(Kpric1) Xnei)

i=1
p . .

< Zsz,(/lnﬂ—l(v)
i=1

1 &, ,
_ anﬂ—lwnﬂ—l (V)

Sn—l
i=1

Therefore, lim,, p—, oo (¥4, %.p) = 0 and, likewise, lim,, p_, oo (X1, %) = 0. Since, X is com-
plete, there exists u € X such that lim,,_, o, x;, = # and

lim d(u,x,) = lim d(x,, ) = d(u, u) = 0. (2.17)
n— 00 n— 00

Furthermore, f is a continuous mapping, and hence u = lim,,_, oo, = limy,—, o0 X1 = fut.

O
Theorem 2.12 Adding condition (U) to hypotheses of Theorem 2.11, we obtain the unique-
ness of a fixed point of T.

Proof Suppose that fx* = x* and fy* = y*. Then
d(x*,y*) — d(fx*;fy*)
< a(x"y) Y (dlE"57))
=¥ (M%)
=¥ (d("y)),

so that d(x*,y*) = 0 = x* = y*. d
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In the following example, we show the existence of a function satisfying conditions of
Theorem 2.11 but not satisfying conditions of Theorem 2.5.

Example 2.13 Let (X,d) be a quasi-b-metric-like space described in Example 1.4, and
f: X — X the mapping

3 ifx=0,

0 ifx=1

_ ’ 3’
fr= 1 ifx=1
2 2’

x+1 ifx>1.

w1 EEDE10.9.0.0.6,0.6G.5.G. D)
’ 0 otherwise.

Then (2.1) does not hold, for example, for x = 0 and y = 3, but (2.9) holds, f has a unique

1
3
fixed point u = %, and d(u,u) = 0.

Definition 2.14 Let (X, d) be a complete quasi-b-metric-like space with a constant s > 1.
A self-mapping f : X — X is called a generalized (¢, ¥)-contractive mapping of type (B) if
there exist two functions ¢ € ¥, and o : X x X — [0, 00) satisfying the following condi-

tion:

a(x,y)d(fx, fy) < ¥ (N(x,)) (2.18)

for all v,y € X, where

N(x,y) = max{d(x,y), (2.19)

d(x,fx) + d(y, fy)
— 5 [

The following theorem can be deduced from the inequality N(x,y) < M(x,y) for all x, y,
together with the monotonicity of .

Theorem 2.15 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be a
generalized (o, )-contractive mapping of type (B). Assume that
(i) f is «-orbital admissible;
(ii) there exists xy € X such that a(xo, fxo) > 1 and a(fxg,x0) > 1;
(ili) f is continuous.
Then f has a fixed point u in X, and d(u,u) = 0.

Definition 2.16 Let (X, d) be a complete quasi-b-metric-like space with a constant s > 1.
A self-mapping f : X — X is called a generalized (¢, {)-contractive mapping of type (C) if
there exist two functions ¥ € ¥, and o : X x X — [0, 00) satisfying the following condi-

tion:

sa(x,y)d(fx, fy) < ¥ (M(x,y)) (2.20)
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for all ,y € X, where

M(x,y) = max{d(x,y),d(x,fx),d(y.fy)}. (2.21)

The following theorem is easily observed from Theorem 2.11 since inequality (2.9) can

be easily derived from inequality (2.20).

Theorem 2.17 Let (X, d) be a complete quasi-b-metric-like space, and let f : X — X be a
generalized (o, ¥ )-contractive mapping of type (C). Assume that
(i) f is «-orbital admissible;
(ii) there exists xo € X such that a(xo,fxo) > 1 and a(fxg,x¢) > 1;
(iii) f is continuous.
Then f has a fixed point u in X, and d(u,u) = 0.

In the next theorems, we establish a fixed point result for a generalized («,v)-

contractive mapping of type (C) without any continuity assumption on the mapping f.

Theorem 2.18 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be a
generalized (o, )-contractive mapping of type (C). Suppose that
(i) f is a-orbital admissible;
(ii) there exists xo € X such that a(xo, fxo) > 1 and a(fxg,x¢) > 1;
(ili) X is a-regular.
Then f has a fixed point u in X, and d(u,u) = 0.

Proof As in the proof of Theorem 2.5, we consider an iterative sequence {x,}, and we
obtain the existence of # € X such that (2.17) holds. By Lemma 2.7 we get

d(u, fu) < sliminfd(x,,1,fu)

< slimsupd(x,.1,fu)
n— 00

< slimsup a(x,, u)d(fx,, fu)

n—00

< limsup v (M (x,,, u)),

n—0o0

where
M (%, 1) = max{d(x,_1, u), d(xn-1, %), d(us, fur) }.

According to (2.17) and the fact that lim,,_, oo d(x,-1,%,) = 0, it remains to discuss only
the case M(x,, u) = d(u, fu) because otherwise it follows d(u, fu) = 0 = u = fu.

Notice that, under this assumption, d(u, fu) < ¥ (d(u, fu)) also implies d(u, fu) = 0 since
¥ (t) <t for any t > 0. Hence, u is a fixed point of the mapping f. O

Theorem 2.19 Adding condition (U) to hypotheses of Theorem 2.17 (or Theorem 2.18), we
obtain the uniqueness of a fixed point of T.
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Example 2.20 Let (X, d) be a quasi b-metric like space defined in Example 1.4, and let the
mapping f : X — X be defined as

1 ifx =0,

| e
Jo= 1 ife=1
2 27

x+1 ifx>1.

Let (t) = 5, £ > 0,and & : X x X — [0,00) be defined as

if (x,9) € {5, 3): (
if (x,y) €{0, 3, 3}
otherwise.

11
272
x{

)
Ol(x:y)= Ox%r%}\{(%r%)x(%7%)}:

S o =

Then ¢ € U, and f is a generalized («, ¥)-contractive mapping of type (C). Since the
conditions of Theorem 2.18 are satisfied, it follows that f has a fixed point in X.

Definition 2.21 Let (X, d) be a complete quasi-b-metric-like space with a constant s > 1.
A self-mapping f : X — X is called a generalized («, 1)-contractive mapping of type (D) if
there exist two functions ¢ € ¥, and « : X x X — [0, 00) satisfying the following condi-
tion:

a(x,y)d(fx,fy) < ¥ (L(x,)) (2.22)

for all x,y € X, where

o (2.23)

L(x,y) = max{d(x,y), w }
Theorem 2.22 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be a
generalized (o, )-contractive mapping of type (D). Suppose that
(i) f is triangular a-orbital admissible;
(ii) there exists xo € X such that a(xo,fxo) > 1 and a(fxo,x0) > 1;
(iii) X is a-regular.

Then f has a fixed point in X, that is, there exists u € X such that fu = u and d(u,u) = 0.

Proof As in the proof of Theorem 2.11, we consider an iterative sequence {x,} and obtain
the existence of u € X such that (2.17) holds. By Lemma 2.7 we get

1
-d(u,fu) < liminf d(x,1,fu)
S n—0oQ

< limsup d(x,,1,fu)

< limsup o (x,,, w)d(fx,, fur)

n—00

< limsup (N(x,,, u)),

n—00

where

N(x,,u) = max{d(xn_l, u), Ay, %) + (ot fut) }

2s
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If N(x,,u) = d(x,-1,u), then we conclude the result due to (2.17). Taking lim,_, o d(x,1,

x,) = 0 into account, we deduce that lim,,_, oo N(x,,, 1) = %. Notice that, under this as-
sumption, %d(u,fu) < Ip(d(z—{“)) also implies d(u, fu) = 0 since ¥ (¢) < ¢ for any ¢ > 0. Hence,

u is a fixed point of the mapping f. O

Theorem 2.23 Adding condition (U) to hypotheses of Theorem 2.15 (and respectively, The-
orem 2.22), we obtain the uniqueness of a fixed point of T

3 Consequences

In this section, we will list some consequences of our main results.

3.1 For standard quasi-b-metric-like
Corollary 3.1 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be a
mapping such that

d(fx,fy) < ¥ (max{d(x,y), d(x, fx), d(y.f7)}) (3.1)

for all x,y € X, where € V. If f is continuous, then f has a fixed point u in X, and
d(u,u) = 0.

Proof The proof of Corollary 3.1 follows from Theorem 2.12 by taking o(x,y) = 1 for all
x,y € X, so (ii) is satisfied for any x¢ € X, f is obviously an «-orbital admissible, and (U)
holds. Inequality (3.1) allows us to conclude that f is a generalized («, ¥ )-contractive map-
ping of type (A). g

Corollary 3.2 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be a

continuous mapping such that

(3.2)

d(fx.fy) < v (max{d(x, y), w })

forall x,y € X, where € Vy,. Then  has a fixed point u in X, and d(u,u) = 0.

Proof The proof of Corollary 3.2 follows from Theorem 2.15 by taking «(x,y) =1 for all
x,7 € X since then (2.18) follows from (3.2). a

Notice that the continuity condition of f in Corollary 3.1 can be removed by adding an

extra term s.

Corollary 3.3 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be a
mapping such that

d(fx, fy) < sy (max{d(x,y), d(x.fx),d(y.f»)}) (3.3)
forall x,y € X, where y € Vy,. Then f has a fixed point u in X such that d(u,u) = 0.

Proof The proof of Corollary 3.3 follows from Theorem 2.18 by taking «(x,y) =1 for all
%,y € X. Then f is an a-orbital admissible mapping, and both inequalities in (ii) hold for
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any % € X. Notice that since «(x, y) = 1, any constructive sequence turns to be regular, and
thus X is «-regular. O

Corollary 3.4 Let (X,d) be a complete quasi-b-metric-like space, and let f : X — X be a
mapping such that

d(fx,fy) < ¥ (d(x,y)) (3.4)
forall x,y € X, where y € Vy,. Then f has a fixed point u in X such that d(u,u) = 0.

Proof The proof of Corollary 3.4 follows from Theorem 2.8 by taking «(x,y) =1 for all
%,y € X and observing that X is «-regular and that (i) and (ii) hold. O

3.2 For standard quasi-b-metric-like spaces with a partial order
In this section, we deduce various fixed point results on a quasi-b-metric-like space en-
dowed with a partial order. We, first, recollect some basic notions and notation.

Definition 3.5 Let (X, X) be a partially ordered set, and f : X — X be a given mapping.
We say that f is nondecreasing with respect to < if for all x,y € X,

x=<y = fx=xfy

Definition 3.6 Let (X, <) be a partially ordered set. A sequence {x,} C X is said to be non-
decreasing (respectively, nonincreasing) with respect to < ifx,, < x,,,1, n € N (respectively,

Xps1 < %, 1 €N).

Definition 3.7 Let (X, <) be a partially ordered set, and d be a b-metric-like on X. We say
that (X, <,d) is regular if for every nondecreasing (respectively, nonincreasing) sequence
{x} € X such that x, — x € X as n — 00, there exists a subsequence {x,, } of {x,} such
that x,, <x (respectively, ¥ < x,, ) for all k.

We have the following result.

Corollary 3.8 Let (X, <) be a partially ordered set (which does not contain an infinite
totally unordered subset), and d be a b-metric-like on X with constant s > 1 such that (X, d)
iscomplete. Letf : X — X be a nondecreasing mapping with respect to <. Suppose that there
exists r € Wy, such that

d(fx,fy) < ¥ (M(x,)) (3.5)

forall x,y € X with x <y ory < x, where M(x,y) is defined as in (2.10). Suppose also that
the following conditions hold:

(i) there exists xo € X such that xo < fxo and fxo < xo;
(i) f is continuous or
(i) (X, x,d) is regular, and d is continuous.

Then f has a fixed point u € X with d(u,u) = 0. Moreover, if for all x,y € X, there exists
z € X such that x < z and y < z, then f has a unique fixed point.
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Proof Define the mapping « : X x X — [0, 00) by

x,7) 1 ifx<yorx>y,
alx,y) =
Y 0 otherwise.

Clearly, f satisfies (2.20), that is,

a(x,y)sd(fx, fy) < ¥ (M(x,))

for all x,y € X. From condition (i) we have xy < fxo and fxo < xo. Moreover, for all x,y € X,
from the monotone property of f we have

axy)>1 = x>y or
xxy = fxzfy or

=y = alfxf) =L

Hence, the self-mapping f is «-admissible. Similarly, we can prove that f is triangular
a-admissible and so triangular «-orbital admissible. Now, if f is continuous, then the ex-
istence of a fixed point follows from Theorem 2.17.

Suppose that (X, <, d) is regular. Let {x,} be a sequence in X such that «(x,, x,,1) > 1 for
all # and x, — x € X as n — oo. By the regularity hypothesis, since X does not contain an
infinite totally unordered subset, there exists a subsequence {x,, } of {x,} such thatx,, <ux
or x < x,, forall k.

This implies from the definition of & that a(x,,,x) > 1 for all k. In this case, the existence
of a fixed point follows again from Theorem 2.18. O

Corollary 3.9 Let (X, <) be a partially ordered set (which does not contain an infinite
totally unordered subset), and d be a b-metric-like on X with constant s > 1 such that (X, d)
iscomplete. Letf : X — X be a nondecreasing mapping with respect to <. Suppose that there
exists y € Wy, such that

d(fx,fy) < ¥ (d(x,y)) (3.6)

forall x,y € X with x >y or y > x. Suppose also that the following conditions hold:
(i) there exists xg € X such that xy < fxo and fxo < xo;
(ii) f is continuous.
Then T has a fixed point u € X with d(u,u) = 0. Moreover, if for all x,y € X, there exists

z € X such that x < z and y < z, we have the uniqueness of a fixed point.
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