Kim et al. Journal of Inequalities and Applications (2015) 2015:364 ® Journal of Inequalities and Applications
DOI10.11 86/51 3660-015-0891-1 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Dae San Kim', Taekyun Kim**" and Dmitry V Dolgy*
“Correspondence: tkkim@kw.ackr
’Department of Mathematics, Abstract
Tianjin Polytechnic University, . , ,
T:zm Cohiynic e Tnenty In this paper, the degenerate poly-Cauchy polynomials with a g parameter of the first
3Department of Mathematics, and the second kind are introduced and their properties are studied. For these
f;vga';g?vzo; University, Seoul, polynomials, some explicit formulas, recurrence relations, and connections with a few

- , . Korea . . . .
Full list of author information is previously known families of polynomials are established.

available at the end of the article

MSC: 05A19; 05A40; 11B83

Keywords: degenerate poly-Cauchy polynomials with a g parameter; umbral
calculus

1 Introduction

Throughout the paper assume that #,k € Z and 0 # g € R. The poly-Cauchy polynomials
with a q parameter of the first kind Cf,lf;(x) and of the second kind ’C'i,lf,}(x) are, respectively,
defined by

tn
: lq _ (k)
Lify (log(1 + g)/q) (1 + qt)*'? = ; C”’q(x)ﬁ’

. » PO
Lifi (- log(L + q£)/q) (1 + gt)™"1 = Z Cff;(x)a,

n>0
for all k € Z, where

Lifi =Y m (1.1)

m=>0

is the polylogarithm factorial function; see [1]. When x = 0, Cﬁ,’f,), = 5,12(0), and /C\’,Sk; =
652(0) are, respectively, called the poly-Cauchy numbers with a q parameter of the first
kind and of the second kind. Note that Lif; (x) = #.

Here the degenerate versions are introduced for the poly-Cauchy polynomials with a g

parameter.

Definition 1.1 The degenerate poly-Cauchy polynomials with a q parameter of the first
kind C,(qlf;(k,x) and of the second kind /C\’f,]f,)]()n,x) are, respectively, given by
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1 t t"
vit () g = Y ety 12)
e n!
o A+gt) -1 _x PORIN -
Lify (—T I+t = ; Cy’,q(Aqx)E' (1.3)
Forg=1, C (A %) = CP(%,x) and C' I(A x) = CO(1, %) are the degenerate poly-Cauchy

polynomials of the first kmd and of the second kind, respectively, which are studied in [2].
When x =0, Cﬁ,’f,;(k, 0) and ’C\',(f;()n, 0) are, respectively, called the degenerate poly-Cauchy
numbers with a q parameter of the first kind and of the second kind.

In [3, 4], Carlitz introduced certain degenerate versions of Bernoulli and Euler polyno-
mials. Almost half a century later these Carlitz degenerate Bernoulli polynomials were
rediscovered under the name of Korobov polynomials of the second kind by Ustinov [5],
while the degenerate version of the Bernoulli polynomials of the second kind were named
the Korobov polynomials [6, 7]. It is remarkable that in recent years various degenerate
versions of many important polynomials regained the attention of some researchers and
many interesting results of them were obtained [2, 8—13]. Thus these have become an ac-
tive area of research.

As was shown in the paper of Carlitz [3, 4], these degenerate versions have potential
importance in number theory and combinatorics. For example, the authors have made
some progress about symmetric identities involving the higher-order degenerate Euler
and g-Euler polynomials by using the fermionic p-adic integrals. In a forthcoming paper,
an investigation will be carried out as to some further results about the degenerate poly-
Cauchy polynomials with a g parameter which are of arithmetic and combinatorial nature.

The aim of this paper is to use umbral calculus techniques (see [14, 15]) in order to de-
rive some properties, recurrence relations, and identities for the degenerate poly-Cauchy
polynomials with a g parameter of the first kind and of the second kind.

From (1.2) and (1. 3) one can see that anq(k x) is the Sheffer sequence for the pair

g = ﬁ f@o) =

Lify

1 and that C,,q(k x) is the Sheffer sequence for the pair g(¢) =

f(t) = eq—l. Thus,
Lifk(—e—_q;;‘l) S =3

1 gt _ 1 o~ 1 —qt __ 1
Ci(ﬂl,(;()"!x) ~ < gt ’ ¢ >, C;(qk;()\-; x) ~ ( —qht ) ¢ )- (1.4)
Lifk(e q)\_l) q ’ Lifk(_e q}h—l) q

Umbral calculus has been used in numerous problems of mathematics and applied

mathematics; for example, see [2, 16—28] and references therein.

2 Explicit expressions

Let us start by presenting several explicit formulas for the degenerate poly-Cauchy poly-
nomials with a ¢ parameter, namely C,(f;()»,x) and /C\'ﬁ,]f;(k,x). To do so, recall here that Stir-
ling numbers S;(n, k) of the first kind can be defined by means of exponential generating
functions as

o1
> Sit))= = - log(1+1), 21)
I

=
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the Stirling numbers S, (#, k) of the second kind can be defined by the exponential gener-

ating functions as

k
Y s - 22)

n>k

and can be defined by means of ordinary generating functions as

n=m , m et -1
@l9)n =q" (x/q), ZSI n,m)q ~11, 7 , (2.3)

where (x), =x(x —1)(x = 2) -+ - (x — n + 1) with (x)y = 1.

Theorem 2.1 Foralln=> 0,

(k) - Nt A Ot .
C (%) = Z(Z,MZOWH S10m, )5 (€ —j,m)g" "I 1T )xf
n £—j (4
>yt

L=j m=0

A(k

=
»&

23

Sl(n 0)Sy(€ —j,m )q"-m-f)\‘f-f-"“>xi.
j=0

Proof By (1.4), one can see that

1 a1
—— W (a2 ~ (1, £ ) (2.4)
Lif,(£==1) ™ q

qi

Thus, by (2.3) and (2.2), one obtains

qrt 1 n grt 1
C® (%) = Lify (e )(xm)n =Y Si(mm)q" ™ Lify (e )xm
X m=0 q)\'
(equ 1)2
Hn—m m
—ZZSI(”"”)q 0(€ + 1)kalqt TR P

m=0 £=0

n m m

ZZS (n,m)S2(j, 0)q"~ ’”Lﬂxm
m=0 (=0 j=¢ 1 ’ JE+1)katqt

n m m

- Mg i
"2 23 (st 00 g

m=0 €=0 j={
n £ t-m x[

= < )Sl(n,z)sz (£~ j,m)g"" T 0T -
£=0 m=0 j=0 (Wl + 1)

(5 (Z) N\
= ( Z Sl(n,E)Sz(Z —j,m )qnmjkg]m)xj,
t=j m

which completes the proof of the first formula.
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The second formula follows by similar arguments from the facts that

00~ ( 1) 25)
Lifi(-<5=) a q

and (~xlq), = Y p_o(~1)"S) (n, m)g" "™ ~ (1, £2L), 0

Theorem 2.2 Foralln> 0,

Clo (%) = Z(ZZ( )Sl(n 0S,(€ - j, m)g" "I, 0))

j=0 \ £=j m=0

ffféu,x)—Z(Z > (- 1Y< )sl(n,z)szw jym)g" "I T <A,0)>xf

j=0 \ £=j m=0

Proof By (2.4) and (2.3), one has C,,q Mx) =70 Si(n, €)™ KLlfk(qu “1)x¢. By (1.1), one

obtains
“ 1 -1
Ot =3 s 0 Lif (LT e
mq A qt—
=0 9 s=eA
= q
(eqt l)m
= ZZSl(Vz 07" C) (1,0)—L—
£=0 m=0

Thus, by (2.2), one gets

C¥(h,) ZZZSl(n 083, m)q" CW_ (4, o)q]

=0 m=0 j=m
n £ L 0

=233 (S )sim sttt 6,0
=0 m=0 jom

= > <E) Si(n, )85 (€ — j, m)g" 7" CY) (1, 0)a!
J

£=0 m=0 j=0
n n L-j
¢ . n—-m—j ~(k) j
DY )i 082 - jm)g "I (3, 0) ),
j=0 \ t=j m=0 /

which completes the proof of the first formula.

For the second formula, one uses (2.5) to obtain

o) . 1/ n—t - e -1 2
CH(x) = > (~1)'$1(m, £)g" " Lifie( - ral

£=0

Along the lines of the proof of the first formula, one derives
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Chg() = ZZZ( 1)81(n, 0520, m)q" Yl (3, 0) %!

=0 m=0 j=m

n £ ¢
= ZZZ(—D“’( )Sl(n 0820, m)q" " ClLL (1, 00

€=0 m=0 j=m

n t l-m

-2 S50 )sin 05ate - mia S 0,0

£=0 m=0 j=0

l—j
Z(Z -1y < )51(14 08— j,m)q" " TC, (4, ))x’}
0

t=j m=

as required. 0

Next, the transfer formula will be invoked. To do this, one observes that for any power
series g(t) = ).~ bm%, n>0,a#0,and p(x) = g(£)x", g(at)x”" = a"p(x/a). Recall that the
Bernoulli polynomials BY (x) of order s (see [29, 30]) are defined by the generating function
(F5)e" = Zn>OB ) (%) ‘n, , or equivalently,

BY() ~ ((ett‘l)s,t). 2.6)

Theorem 2.3 Foralln>1,

n [ n-j n-j-t n_1 iy B™
(k) : n—b—j-m n—j-m_ "L j
C05) Z(Z S (") sutn- e crngs (,,Hl)k)x”
j=0 \£=0 m=0
—j nj-t

() = Z(

() P
j=0 \¢ 0

(n)
% An—K—j—mqn—j—m Bén x]
(m + 1)k

I
(=]

m=

Proof By (2.4) and the fact that x” ~ (1,£), one obtains

1 (k) qt ! -1 n qt " n-1
——— i CugMx) =% o) ¥R E ) Y
Llfk(q_)») e e

By (2.6), one gets

n-1
1 - n-1 .
0.2 = sze w3 ("B

Lifi(<2=1) s

~

Thus, by (1.1) and (2.2), one has
1

.
n-1 et —1
) () = Z( . )Bé”)q‘ Lifk< 7 )x"-@

£=0

n-1 n—-€ n—{ n— n—1 ’ .y (q)&), i
()5 Jomtrat o g

=0 m=0 j=m
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n n—-t n—t-m n—1 n_+t ) ) ¢ (qk)”_l_j X
2 ( )( ' )SZ("_Z"””)B‘q<m+1)k<qx)m’d

£=0 m=0 j=0 J
-J

n n—j n—j—¢
-1 _
- ( (”g )(" .Z)sz(n—e—;;m
=0 =0 ]

m

5

(n)
% An—f—j—mqn—j—m Blin ¥, (2.7)
(m + 1)k

which completes the proof of the first formula.
By using similar arguments to the above proof, using (2.5) instead (2.4), one derives the

second formula. O

Theorem 2.4 Foralln=>1,
© n n—j n—j—-t u—1\ /n—1 . e ) (8) .
COx=> > . ;S tojimg " IBCLL0,0) )
n—j n—j—L "— e 4 . ,
e S(EF (1) oot

j=0 \¢=0 m=0

Proof By using similar arguments to the proof of Theorem 2.2 together with (2.7) (or with
the analog of (2.7) in the case of /C\f,lf;()»,x)), one obtains

n n—-{ n—

£—
n-1¢ " . —_ .
> 2 ( )( ; ) BOSy(n — £~ j,m)q" "I C) (3, 0)

=0 0 j=0
n n—j n—j—t n—1 _ ' 4
= ( < ) ( , )Sz(n —0—j,m)g" " IBYCH (4, 0))x’
j=0 \¢=0 m=0
and
n n-{ n—t-m Py
CH () YN - 1)’( . )( . )B;")sz(n-z- jymg" IR (0,00
£=0 m=0 j=0
n (T n—1\(n-¢
- ( (_1)1< . ) ( ‘ )Sz(l’l iy _j: m)qn—m—lBEn) Cfrlt(,)q()\’ 0)>x/y
=0 \¢=0 m=0 J
which completes the proof. g

Before proceeding recall here that the Bernoulli polynomials b,(x) (see [31]) of the sec-
ond kind are defined by

le
—— (1 +2) cW( b(x)—.
log(l +t) " Z Z (<) n!

n>0 n>0
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When x = 0, b, = b,(0) are called Bernoulli numbers of the second kind. With a g param-
eter, one has

1
q(1+qt)7 -1) 1) " t"
e D1y =3 @~ = Crgl)
ogl+q 0+Y — na®) s )

When x = 0, we write C,, ; = C,,4(0). Also, it is well known (see [32]) that, for k > 1,

log(1 t
Lifk( og( +q))
q
t
q q 1
= oo ——— 2 (QA+gt)d-1)dt--- dt.
log(1+qt)/o (1 + gt)log(1 + gt) o (1+qt)log(1 + gqt) (( +4i) )
(k—1) times

By induction on &, one has

k-1 y

o (log(1 +qt) by g Cjyq(—q) bj,(-1)q"
Lif t/1+ 4k Tk 1.9 Ji ,
lk( Z j i H'i!(/1+"'+]'i+1)

J1fk =0 Jit i+ 1) =2/

for all k > 2, and

Lif, (log(l + qt)) Z 11q

j1=0

Thus, by changing variables, one obtains

)\' p—
Lif, ( (1 +q¢) 1)
qr

(+gn*-1 e ; k— ;.
i Z e qx _ 1>l1+ +k bjkq}k le,q(—Q) l_i bji(_l)qh (2 8)
JLreofk 0 1 Jet G+ 1) Jilla - i+ 1)’
for all k > 2, and
1+qt
A qt)’\ -1 - 1)/1
L1f1< 2(:) G, q P (2.9)
1=

Theorem 2.5 Let n > 0. Then

® (5 ) = om () (11+ ~+Ji)! Gug(-a) b g*
Crug(r%) = Z Z Z( D gk il +1) !

Ji+Hjk<n l=ji+---+ji m=0

k-1

by (-
X (i + -+ i)+ Agmly | | -,
2 (61 j q qn[z[]i!(]ﬁ...ﬂﬁl)

forallk > 2, and
z

CW (h,x) = ZZZ( - ’”e,’;)[ ’jquz(E )@+ Agmiq).

j1=0 =1 m=0



Kim et al. Journal of Inequalities and Applications (2015) 2015:364 Page 8 of 15

Proof By (1.2), one has C,(ff;()n,y) = (Lifk(%)(l + qt)% |#"). Thus by (2.8), one gets

® (3 vy Ga(-a) _ bid"
chom= > @ik + 1) !

Ji+e-+jk<n

k-1 :
1—[ bj,(-1)q" ei(wgkl

_1jl+"'+jk 1 t% }’I,
Xizzji!(jl+"'+ji+1) ) (1+gqt) |x>

which, by (2.2), implies

Chag9)

Ly w0 bt g b

ji+tjgsn TG D) e G 4+ 1)

X (it 4ol Y M(((1+qt))‘—l)e(1+qt)‘11|x">

1At
L=jrte 4k ¢
i k-1 i
- Giqa(-q)  byd I bj,(-1)¢
e<n q/l+m+]k]1!(]1 + 1) ]k‘ s ]i!(ll +oe i+ 1)
‘ o S2 (O 1+ k) o
X Gt ! Z Z( )(‘DK m%((l+qt)q g | )

L=j1+--+jx m=0

+Am

By using the fact that ((1 + g£)7
k=>2.
For k =1, by (1.2), one obtains

= (y + Agm|q),, the proof is completed for the case

L+qt) -1 e gt - ;
(1) = <Lif1 (%)u s a0 \x} B (o VL RO
’ q

i

which, by (2.2), implies

1) (A, %) Z Z C” qu(Z,jl) 1 +qt)t - l)e(l + qt)% |x">

P
Pl A
Ci, 2S2(¢, Y om
ZZZ( ) Zm 1.4 22 11)(( +qt);+l |xn>.
j1=0 £=j1 m=0 qllk ¢

+Am X"

By using the fact that ((1 + gt)4 )} = (¥ + Agm|q),,, the proof is completed for the case
k=1. O

By similar arguments to the proof of Theorem 2.5 for the degenerate poly-Cauchy poly-

nomials with a g parameter of the first kind, one has the following result.
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Theorem 2.6 Let n > 0. Then

n 4 4 . . i
o) _ e () G i) Ga(-q) gt
Catom)= 3. D DV G D)

JiteHjk <n l=j1+--+jx m=0
k-1

X Sy(Cji+ -+ ) gm —xlq)n | |
i=2

b],(_l)q]l
JlGL+ - +ji+ 1)

forallk > 2, and

n n L 4
~ G .
Chna=>"%" Z(—l)“"(L)@ LS, (8,1) (hgm = x1q) -
L S CONN
j1=0 £=j; m=0
3 Recurrences
Note that the sequences of polynomials Cﬁ,]f,}(k,x) and a,]f,;()»,x) are Sheffer sequences.

Thus they satisfy the Sheffer identity

n

n
COha+y)=>" (}) 6 2) 519

j=0

o~ " n\ ~

S04 =Y (}.)c},@(x,x)(—ymu_,-.
j=0

Next, one shows several recurrences for the sequence of poly-Cauchy polynomials with a
q parameter of the first kind and of the second kind.

Theorem 3.1 Foralln>1,

C,(ff;()n,x +q)= Cfl’;)l()»,x) + ngC®

= = (k
O ), ChGLx—q) = R4, x) + ngClr

n—l,q()" x).

Proof Note that f(£)S,(x) = nS,_1(x) for any S,(x) ~ (g(¢),f(¢)) (see [14, 15]). Hence, by
(1.4), one has

et -1

et 1 ~
CEIIZ()"; x) = }’lC}(f_)Lq()\,, x)’ T C;(,,]’(;()\r x) = ncflk_)l,q()\! x);
which implies

C,i’f;()n,x +q) = Cff;()»,x) + nqC(k)

= = =k
O x), COGLx—q) = CY0,x) + ngCly (3,),

as required. 0

Theorem 3.2 Forn >0,

n m+l m+l-¢ (m+1)

Colhg ) = xC 05 =)= 33 3 ~LLHg5i0m,m)
m=0 £=0 j=0

A1
X Sp(m+1—, e)d;f;(x)B,(’M),

qr
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m+

)\] n— ZHSl(Vl, m)

n m+l m+l-
n+1q(}‘ x)——xC ()" x+4) ZZ Z
m=0 ¢=0 j=0

S0 —x+ (A -1)q
X Sy(m+1 - ],Z)de,q()\)B,(T :

where d(3) = Clo(1,0) - C{V(3,0) and d{)(x) = C{)(2,0) - Ci P (3, 0).
Proof Recall that

Lifk_l (x) - Lifk (x)
x )

(Life(x)) = (3.1)

and Sy,1(x) = (x —
of (1.4), one obtalns

t) )f’ S, (x) for any S, (x) ~ (g(¢),f(¢)) (see [14, 15]). Thus, in the case

s ®
(%) =xCY) (0, x - q) - q@cff;(x,x),

n+1q

where g(¢) = . Note that g t) = (log(g(1))) = —(log Lifk(eq;;’l))’, which leads to

f (qut )

I40) 1 (e (Y L (1)) A
7&1” 1 1 —Li k a1
g@t)  Lify (£ gr gh et —1

Thus,

0]

1
CP %) = —(Ax - Ax-
20 Crig(X %) t( k /<1)L1

(k)
=Y Crg(h %),
qhr

(1) A (h-1)gt
where Ay — Ay = ’\qtfq[ " Lif (eq : -1y _ }‘qtfqt ST £ 1(eq _1) has order at least one (the
order of a non-zero power series f(£) is the smallest mteger k for which the coeffi-
cient of £X in f(¢) does not vanish). So, by the fact that W ,Slf,;(k,x) = (x|q)n =
Lif (=—/F—

Yo o Si(m,m)g""x" (see (2.3)), one has

&)
e qug 5 Caon) = Z&(n,m)q" n (Ax = Ac)”
m=0
Si(
= Z 105 7) g (Ag = Ag)a™
m+1

On the other hand, by (2.2), one gets

q)\. et
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qt m+l m+1

Z D Cig( 00520, g~ (] L) g

=0 j=¢

Aqte
- ekqt

m+1 m+1 gt
k .o (m+ 1\ Agtel B
= Z Z Cé,;()\«, 0)52(11 e)q/ £ ( . ) me+l ]

=0 j=t J
m+1 m+1

1 . A—-1
=2 Clh 05,0, 04" e<m ¥ )(M)’””"Bm+1—j<x4+( )q)
=0 jt j qr

m+1 m+1-¢

-y Z <m,+1>)v 1 (3,0)85(m + 1, 0)B; (M>
=0

j=0 qk

Hence,

where d(k) ()\.) = ék; (A,0) - Cg; D(A, 0), which completes the proof of the first recurrence.

By applylng the above proof to the case of poly-Cauchy polynomials with a g parameter
of the second kind together with using (1.4) for /Cﬁ,lf;(k,x) instead of Cﬁ,lf,;(k,x), one can
obtain the second recurrence. O

In the next result one finds the expressions for - d C,, q(k x) and C,, q(k x).

Theorem 3.3 Foralln >0,

© e AT, d ~u R Y
COMx) =ny mc&q(x,x), d—c (o) = -nl Y —.c&q(x,x).
=0

dx
Proof 1t is well known that d%S,,(x) =37 (D {F@)1x"4) S, (x), where S,,(x) ~ (g(8),£(2)
andf(t) is the compositional inverse of f(¢) (see [14, 15]). In the present cases, see (1.4),
one has eitherf(t) =1 log(l +qt) orf_ (r) = -1 log(l +qt). Note that (1 log(l +qt)|x" ) =

(- = 1= 0L Thus, £CH0,x) = n Y00 ST CG,) and 4290, -
—n'z nne 101,\ (A,x), as required. O

In the next theorem one uses the Korobov numbers Recall that the Korobov numbers
K, (1) of the first kind are given by ano Ky,()»)% = (see [6, 7]).

1+t)‘ 1

Theorem 3.4 Foralln>1,
(A x) = xC( 14 x =)

= Zq” ’”( )Kn m()(CX ()\ x+(A-1)q)-C (A x+(A-1)q)),

Page 11 of 15
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/C\Sf;()»,x) =—xC,’ 1q(k x+q)

; —Zq" (2w E 0 0~ ) - €l - - D),

Proof Here only the proof of the first recurrence will be provided. Let Ly = Lify (—L— 1+qt ).
By (1 2), we have Cf,kq(k y) = (Li(1 + qt) |x") = A + B, where A = <Lkdt(1 + qt) "= ) and
B= Lk(1+qt) |x"1). The term A is given by A = Lk(1+qt) |x 1y = C lq()“ y—q).
By (3.1), the term B is given by

xn—l>

Lk))x”>.

Note that the order of Ly_; — Ly is at least one. Thus,

Aqt +0-1g L1 — L
- #A(l+qt)y 7t L1 — Lk
Q+qgt)* -1 t

1 rqt
Sl e S
n\(1+qgt) -1

B l rqt -1)q e l rqt k

- n<(1+qt)’\—1(1 L > n<(1+qt)A ey L >
1 Agt “ "

- Z<(l+qﬁ ;(CU‘ D (hy+ (=D)g) = €, (b + (o= D)) x”>

Aqt

:_Z< ) Y(ny+(-1)q)-C® ) (y+ (- l)q))<7(l+qt))\

X",
-1

Thus, by expressing the Korobov numbers of the first kind, one obtains

n

B=-> (;) (Chng’ by + 0. =D)g) = C (3 + (= 1)q) ) Koo (D)g" ™.
m=0

Hence,

C;E{,(;()"y) = }’Cf,k_)l,q()»,y = Q)

+ % > g (Z)K,,_m(x)(c S Dy +(=1)g) - CH (Ly+ (A -1)q)),

m=0

as required. d

4 Connections with families of polynomials

Now, a few examples are presented on the connections with known families of polyno-
mials. To do that, one uses the following fact from [14, 15]: For s,(x) ~ (g(¢),f(¢)) and
ru(x) ~ (h(2), £(2)), let s,,(x) = > _o cuirk(x). Then we have

) (e(F0) |«

1
n 4.1
k= < ¢F(®) > (D
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Let us start with the connection to Bernoulli polynomials BY (x) of order s. In the next
result, one expresses the degenerate poly-Cauchy polynomials with a g parameter in terms
of Bernoulli polynomials of order s.

As analogs of (1.2) and (1.3), one defines the numbers (qu and C%) g S (2Ulrg) 7 1) 1+qt)q Dys =

) log(1+qt)
o Chty s and (A Dy - 57 T L
Theorem 4.1 Foralln >0,
n n n-t
CH (h,x) = Z(ZZ (Z) (”], Z) s e, mCh0,0CY, m) BY (x),
m=0 \L=m j=0

n n n-t
Ch(r,) = Z((_l)m <Z> ("J, E) 816, m)CLy (1,0)Cy [_,q)Bﬁz)(x).
t=m j=0

m=0 =m j=

Proof Due to the similarity between the degenerate poly-Cauchy polynomials with a ¢
parameter of the first kind and of the second kind, only the proof details of the first identity
will be provided, where the proof details of the second one are omitted. Let Cgf;(k,x) =
> o cn,mBﬁfq)(x). Then by (1.4), (4.1) and (2.6), one obtains

gq@+gt)s -1D)\° . (A+qt) -1\ /1 "
(St 1 () () )

which, by (2.1) and (1.2), implies
( > S, <(q<<1 + 1)1 1))5 ((1 + 1)’ = l)xn_@>
1€ log(1 + gt) k qr
_ 1 a((L+ g7 -1) 05, 0) Lt
= ( >q Si(¢, m)<( Tog(L + 40) > ’ZC’(I ()»,O)j!x >

a1+ g1 -1)\°
2 0()( ' )qw Gy 0. °)<( loe(1 + 40 )

which implies ¢, = > 7y_, > e( )(”][)qe S (e, m)C(k (*»,0)C®

MN

§|H

xn(31>’

n—t—j,q» S required. O

Using similar techniques to the proof of the previous theorem, one can express the de-
generate poly-Cauchy polynomials in terms of other families, for instance, Frobenius-
Euler polynomials (the proof is left to the interested reader). Note that the Frobenius-
Euler polynomials H, 2 (x|w) of order s are defined by the generating function (:[T’;)Se“ =

>0 H,(,S)(xm) 7 (1 #1), or equivalently, H, S)(xm) ~ ((e “ 5, t) (see [29, 30, 33, 34]).

Theorem 4.2 Foralln> 0,

n n o n-t s (1) (n=t\(S\ l-m
s ] ; q
Z<(lf“ms %w,m)(i|q)n_e_,»c;§>(x,0))
12

(k) _
C, q(k, x) =

m=0 =m j=0 i=0

x H (x| ),
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X 10, m)(~ilq)u-r-Che (1, 0) | HS (x| ).

As another example, one can express our degenerate poly-Cauchy polynomials in terms
of the rising factorials (x|q)" = x(x + g) - - - (x + (m — 1)g), as follows. Using the fact that
(xlg)™ ~ (1, #) with (1.2), (1.3), and (4.1), one obtains the following result.

Theorem 4.3 Foralln >0,

n

n
CY(h,) = Z (m) C, g s —qm)(x19) ™,

m=0

n
m

0 = 100 (Bt 0050
m=0
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