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1 Introduction
1.1 Background
The split feasibility problem (SFP) is formulated as finding u* such that

weC and Au*e€Q (oru*eCn.A"Qwhen A™ exists), (11)

where C (# ) and Q (# @) are closed convex subsets of real Hilbert spaces #H; and H,,
respectively, and A is a bounded linear operator from #; to ;. The mathematical model
of the SFP was refined from phase retrievals and the medical image reconstruction by
Censor and Elfving [1] in 1994. One effective approach to solve the SFP is algorithmic
iteration. There are several effective iterations which are listed as follows.

Existing iterations for the SFP 1. Simultaneous multiprojections (Censor and Elfving

[1]):
a1 = A7 projo (proj 4y (Ax)), k€N, (1.2)

where C C R” and @ C R” are closed convex sets, and A is an # x n matrix.
2. Gradient projections (CQ iteration) [2—6]:

w

A AT(T - pron).A.xk>, keN, (1.3)

Xk+1 = PTOj (xk -

where @ is a constant and A” denotes the transposition of A.
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3. Averaged CQ iteration [2, 7]:

il A*(T - pron).Axk>, keN, (1.4)

K1 = (1 — o) %k + o proje (xk -
' ME

where oy €]0,1[, @ is a constant and .A* is the adjoint of A.
4.Relaxed CQiteration [3, 8,9]: Letf : H; — Rand g : H; — R be two convex functions.
Define two level sets and the related subdifferentials

C:={xeHilf(x) <0} and Q:={yeH,lg(y) <0},
8f(x):{zeHllf(u)2f(x)+(u—x,z),u€7—i1}, VxeC

and
agx) = {w e Halg() =g() + (v-y,w),ve Ha}, VyeQ.

Define the relaxed CQ iteration as follows:

w

Xis1 = Proje, (xk - AR AT(T - proj Qk)Axk>, keN, (1.5)

where

Co =[x € Half ) + (& x — i) <O},
where & € 3f(x;), and

Qi = {y € Halg(Axz) + (mi,y — Axi) <0},

where 1y € dg(Axk).
5. Regularized iteration [2, 10]:

ka1 = proje (1 — axwi)ax — AT - projg) Axr), k€N, (1.6)

where {} C]0,1[ and {wy} €]0, ”J4ﬁt++ﬁtk[.
6. Self-adaptive iteration [11-13]:

KXie1 = projc(xk —w AT - pron)Axk), keN, 1.7)

il (Z-proj o) Axg >
2] A*(Z-proj o) Axg |12
7. Halpern-type iteration [2]:

where the step-size @y = in which 7 €]0,2[.

Kie1 = o + (1 — o) proje (xk — o AT - pron)Axk), keN, (1.8)

s 2
where u € C is a fixed point, {ox} C]0,1[ and @y = % in which 7 €]0,2[.
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The (two-set) split common fixed point problem (SCFP) can be formulated as finding
u’ such that

u' eFix(T) and Au' €Fix(S), 1.9)

where Fix(7") and Fix(S) stand for the fixed point sets of the operators T : H; — H; and
S:Hy — Ho.

The SCEFP is a natural extension of the SFP and of the convex feasibility problem. The
SCFP was firstly considered by Censor and Segal in [14] where S and T are directed op-
erators which include the orthogonal projections and the sub-gradient projectors.

Existing iterations for the SCFP 1. Censor and Segal’s iteration [14]:

Xpep = T(xk - ”i%fl* (T - S)Axk>, keN. (1.10)

2. Averaged iteration [15, 16]:

YV = Xk — ﬁfl*(l— S) Axy,

1.11)
X1 = (L—ap)yk + o Tyr, kel
3. Halpern-type iteration [17]:
Xpe1 = ot + (1= ak)T(xk - ||Z||ZA*(I_ S)Axk>, keN. (1.12)
4. Self-adaptive iteration [18]:
=x; — o AL - S) Axy,
Vi = xx — oA ) Ax (L13)
X1 = A= Nyk + Ty, keN,
O 2
where the step-size wy = %
5. Composite iteration [19]:
Vi = X + WA*[(I =)L + G S((1 =)L + mS) — ) Axy,
ug = a,h(xg) + (2 — axB)v, (1.14)

X1 = (U= Bur + BT (A — yi)u, + viTug), keN,

where {ai}ken, {Bitken, {Vitken, {Cklken and {ni}ken are five real number sequences in
10,1[, § €]0,1[ is a constant, & : H; — H; is a contraction and B : H; — H; is a strong
positive linear bounded operator.

1.2 Problem statement
The purpose of this paper is to study the following split feasibility problem and fixed point
problem:

Find u € C NFix(7) such that Au’ € Q NFix(S). (1.15)

It is obvious that (1.15) includes SFP (1.1) and SCFP (1.9) as special cases.
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Motivated by iterations (1.3), (1.11) and (1.14), we will construct a new iteration to ap-
proach the solution of (1.15). Strong convergence results are given in the third section.

2 Several notions and lemmas
Assume that H is a real Hilbert space. (-,-) and || - || stand for its inner product and norm,
respectively. Let (# #) C C H be a closed convex set.

Definition 2.1 An operator P :C — C is said to be L-Lipschitzian if

||77u—77uT|| §£||u—uT , Vuu'eC

for some constant £ > 0.
If £ € [0,1], then P is called L-contraction. If £ =1, then P is called nonexpansive.

Definition 2.2 An operator P : C — C is said to be firmly nonexpansive if

|Pu-Pu|* < |u-u'|* = |(ZT=Pu-(@-Pu’| 1)

for all u,u’ €C.

Definition 2.3 An operator P : C — C is said to be pseudo-contractive if
(Pu-Pu',u—ut) < |u—uf|’

for all u,u’ € C.

Definition 2.4 An operator P :C — C is said to be quasi-pseudo-contractive if
|Pu—ut|” < Ju—ul |+ 1Pu—ul? (2.2)

for all u € C and u" € Fix(P).

Definition 2.5 An operator P is said to be demiclosed if Vu, — u* weakly and P(x,) — u
strongly imply that P (u*) = u.

Lemma 2.6 ([20]) Let {0,} C [0,+0o], {¢,} C10,1[ and {n,} be three real number se-
quences. Suppose that {0}, {9,} and {n,} satisfy the following three conditions:
(i) onn =@ =Vw)on + 1
(i) Y%, 9, = o0,
(i) limsup,,_, o 1, <0 0r Y o2y [1,0] < 00.
Then lim,,_, o, 0, = 0.

Lemma 2.7 ([21]) Let {p,} be a sequence of real numbers. Assume that there exists a sub-
sequence {py, } of {pn} such that p,, < pu,.1forall k > 0. For every n > Ny, define an integer
sequence {t(n)} as

v(n) = max{i < n: py, < Pl



Hamdi et al. Journal of Inequalities and Applications (2015) 2015:385 Page 5 of 17

Then t(n) — 00 as n — oo and, for all n > Ny,

max{pr(,,), Pn} < Pr(n)+1-

3 Algorithms and convergence
In this section, we first construct an iterative algorithm for solving problem (1.15) and
subsequently to prove its convergence. Now we give the assumptions on the underlying
spaces, involved operators and additional parameters, throughout.
1. Conditions on the underlying spaces:
(UC1): H; and H, are two real Hilbert spaces,
(UC2): C C H; and Q C H; are two nonempty closed convex sets.
1I. Conditions on the involved operators:
(I01): A:H; — H, is abounded linear operator with its adjoint A4*,
(IO2): B is a strongly positive bounded linear operator on H; with coefficient
o (>0),
(I03): f:C — H, is a p-contraction,
(I04): §:Q — Qisan L;-Lipschitzian quasi-pseudo-contractive operator with
L1 (>1) and 7 :C — C is an L,-Lipschitzian quasi-pseudo-contractive
operator with £, (> 1).
1. Conditions on the parameters:
(AP1): § and y are two positive constants,
(AP2): {ctn}nens {Butnens {Vutnens {Sn}nen and {n,},en are real number sequences in
10,1].
We use I to denote the set of solutions of problem (1.15), that is,

I ={z'|z" € CNFix(T), Az € QNFix(S)}.

In the sequel, we assume I # (.
Next, we construct the following iterative algorithm to solve problem (1.15).

Algorithm 3.1 For given x, € H; arbitrarily, define a sequence {x,} iteratively by

2y = projg Axy,

Vi = (1= 8u)zu + §uS((L = 1n)zn + 1uSz0),

In = anVf () + (£ = @, B)(x — SA*(Ax, = 1)), (3.1)
Uy = Projc Yn,

X1 = (L= Bty + BuT (1 = Yt + T 1)

forall n e N.

Theorem 3.2 Suppose thatT —Z and S -1 are demiclosed at 0. Assume that the following
conditions are satisfied:

Cl): lim,oo0t, =0and ) o) o, = 00,

1
4/1+,C%+1,

1

2
3 b
A/ 1+L%+1

C3): O<ay<PBu<by<yn<ca<

(
(C2): O<a;<lu<bi<n,<ci<
(
(

C4): 0<8<Wamda>yp.



Hamdi et al. Journal of Inequalities and Applications (2015) 2015:385 Page 6 of 17

Then the sequence {x,} generated by algorithm (3.1) converges strongly to the unique fixed
point of the contractive mapping proj.-(yf +Z — B).

Remark 3.3 In the sequel, we denote the unique fixed point of the mapping proj-(yf +
I-B)byz' ie.,z" =proj.(yf + I - B)z'.Itis clear that z' solves the variational inequality
((yf-B)z',z-—z") <0,V¥zeT.

In order to prove Theorem 3.2, we need several helpful propositions.

Proposition 3.4 ([19]) Let H be a real Hilbert space. Let U : H — H be an L-Lipschitzian
operator with L > 1. Then

Fix(((l -0+ {Z/I)L{) = Fix(b{((l -0+ {L{)) = Fix(Uf)
forall ¢ € (0, %)

Proposition 3.5 ([19]) Let H be a real Hilbert space. Let U : H — H be an L-Lipschitzian
quasi-pseudo-contractive operator. Then we have

2

’

24 (@ = n)x + nidx) —uT”2 < ||x—u*||2 + (1 =n)|x-U(Q - n)x + nlhx)

and the operator (1 — £)T + EU((1 — n)Z + nUd) is quasi-nonexpansive when 0 < £ <n <
1 .
m, that s,

(= &)+ EU(Q - n)x + ndx) —u'|| < [|a -
forall x € H and u' € Fix(U).

Proposition 3.6 In any real Hilbert space H, the following two equalities hold:

2

lcu+@=0)ut | = cllul®+ A=) |l |* - ¢ =) |u—uf

, ¢e€l0,1] (3.2)
and

||u+u*||2= ||u||2+2<u,uf)+ ||uT||2 (3.3)
forall u,u’ € H.
Proposition 3.7 ([19]) Let H be a real Hilbert space. Let U : H — H be an L-Lipschitzian
operator with £ > 1. If T —U is demiclosed at 0, then T —U((1 - ¢)Z + ¢U) is also demiclosed
at 0 when ¢ € (0, %).

Next, we prove Theorem 3.2.

Proof Let z' = proj-(yf + I — B)z'. Subsequently, we obtain z' € C N Fix(7T) and Az" €
Q NFix(S). Note that proj, is firmly nonexpansive. From (2.1), we deduce

||z,, - Az ||2 = ||pr0jQ Ax,, — projg Az ||2 < ||Axy, - A ||2 — || Ax,, — 2|12 (3.4)
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Applying Proposition 3.4 and noting conditions (C2) and (C3), we have
Fix(S((1 = )T + nxS)) = Fix(S)

and
Fix(7 (1 = y)Z + v T)) = Fix(T)

forall m e N.
By condition (C2) and Proposition 3.5, we derive

[va - A<t

= [[@ =T + £uS(A = 1)L +0uS) Jon — Az |
= |[@ = )T + £:S(A = 1)L + 1uS) |2

—[A=G)T + 6S((L = )T +1xS) JAZ |
< [z - A"

This together with (3.4) implies that
112 2
lva = Az"||” < | Ax, = Az" | = [ A, — 24> (3.5)
By condition (C3) and Proposition 3.5, we derive

|%na =2 = [[A= BT + BT (A= y)T + yuT)Jun - 2 |
= [ =BT+ BuT (1= y)T + yuT) |t
~[A =BT+ BT (1= y)T + v T)]7 |
< |un-7|. (3.6)

Noting that proj, is nonexpansive, we obtain
s =27 = [ projc 3, — proje 2°|| < [lyu 2" (3.7)
From (3.1), we get

|yn = 2" = Jonyf ) + (T - 0uBB) (%0 — 8A*(Ax, = v,)) - 2" |
= Jlowy (Fx) = £ (")) + u(vf (") - B2")
+(Z = e, B) (0 — 2" = SA* (A, = v)) |
<y [fxn) ~f (") | + o] vf (") - B
+1Z — Bl |2 — 2" = SA*(Axy — v,

< &y =2 +aul| vf (") - B
+ (l—ano)“x,, —Z' + 8 A% (v, —Ax,,)”. (3.8)
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Observe that

(xn - ZT: A*(Vn - Axn)) = <A(xn - Zf)’ Vn — Axn)
= <Axn - -AZT +Vy— Axn - (Vn - Axn): Vn — Axn)
= <Vn - AZT: Vi — Axn) - ”Vn - -Axn”Z' (39)

Using (3.3), we obtain

). (3.10)

(Vn - AZ#,V,, - Axn) = %(”Vn - AZT “2 + ”Vn - Axn”Z - ||Axn - AZ#
From (3.5), (3.9) and (3.10), we get

1 .
(xn _ZTr-A*(Vn _Axn)> = E(HVn - Az’ ”2 + v _~A~7Cn||2 - ||-Axn - -AZT Hz)
- ”Vn_»Axn”2

IA

(A~ A2~ — Al + I — Ay
— [ Az, — A" ) = v, = A

= 5l = Axl = S~ Axl. (3.11)
According to equality (3.3), we get

%0 = 25+ 8A* (v = Ax,) || = 20 = 2F|* + 8% A* (v — A ||
+28(x, — 2", A* (v — Axy)).

Combining the above equality and (3.11), we deduce

[0 = 2"+ 8A (W = ) |* < [0 = 2" |* + S21AN2 Vs — A
— 81120 — A2 = 811V — Ay I
= [ —2"|* + (821412 = 8) v — A
— 8|z, — Ax, || (3.12)

In view of condition (C4), we know that §%||.A|> — § < 0. From (3.12), we have

|2, — 2"+ 8A (v, = Ax,) | < %0 - 21|
Therefore,

[ — 2" + 8A* (v, — Ax,) || < [0 = 27| (3.13)
Substituting (3.13) into (3.8) we deduce

Iy =2l < oyl —2' + s |f(e) - B'| + Q-2

=[1- (o - yo)ou]||%n = 2" | + | vf () - BZ|. (3.14)
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From (3.6), (3.7) and (3.14), we get

[0 =21 = [1= (0 = yola] =" + e |f(c) - Be'|

Y - BT
= [1 — (U - yp)an] Hxn — Z} ” + (O’ — yp)anM'
o-yp
By induction, we get
Y _ Bt
“xn —ZT” S max{ ||x0 —ZT R M}
o-yp
Hence, the sequence {x,,} is bounded.
Using the firm nonexpansiveness of proj., we have
=2 = Jproicyn ="
< Iy =2"* = llproic yu = yul”
= lyn = 2" = Nt =yl (3.15)

From (3.6), (3.14) and (3.15), we deduce

[mer = 2[* < e = 2"
< |y =2"|* = st = yll?
ay

o-yp

<[1- (o - yp)au] |2 21| + |7£(2") = B ||* = lltw = 3l

It follows that

Nt = Yull? < [0 = 2||* = o0r = 27 |* + o |vf () - B2 (3.16)
o—yp

Next, we consider two possible cases: the sequence {||x, — z'|} is either monotone de-
creasing at infinity (Case 1) or not (Case 2).

Case 1. There exists ng such that the sequence {||x, — z'||},;>, is decreasing.

Case 2. For any ny, there exists an integer m > ng such that [|x,, — 2" || < %1 —2'|.

In Case 1, we assume that there exists some integer m > 0 such that {||x, — z'||} is de-
creasing for all # > m. Then lim,,_. o, ||x, — z' || exists. From (3.16), we deduce

lim ||u, —y,|| =0. (3.17)
n— 00

From (3.8), we have
=2 | < awrolnn =2 +anf(e') - B

+ (1= u0) ||y — 2" + SA* (v, — Ax,) |

o ol = 2" Il + llyf(z") - B
o

+ (l—ano)“x,, —Z' + 8 A% (v, —Ax,,)”. (3.18)

=0y
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Since {x,,} is bounded, there exists a constant M > such that

{ volx, =2l + lyf(z") - BZ'||
sup
n o

<m

By (3.18), we deduce

lyn =21 |* < awo M? + (1 = ,0) |20 — 27 + 8A* (v, — Ax,) ||
Combining (3.12) and (3.19), we obtain

R e A

< @ -oay)|n -2 " + (1 - 00 (S ILAI - 8) v, — Ax, ||

— (A= 0a,)dllz, — Axy||* + a0 M.
Hence,

0 < (1-0a,)(8 - SIIAIP) v, — Ax,lI* + (1 - 0@,)S |12, — Ax, ||

2 2
<(Q-oay,) ||x,, -zt || - ||x,,+1 -zt H + oo M2,

which implies that

lim ||v, — Ax,|| = lim ||z, — Ax,| = 0.

n—oQ n— 00
Therefore,

lim ||v, —z,]| =0.

n—oQ

Note that v, — z,, = £,[S(A = 1,)Z + 1,S)z, — z,]. Thus,

nlingo||zn =S((1 =0T + 1uS)zn| = nlin;o||Axn = S((A =0T +1uS) Ax, | = 0.

Since

[ Ax, — SAx, | < H-Axn - S((l - )L + n,,S)Axn ”
+ ||S((1 )T + nnS)AJCn - SAx, ”
= HA«xn - S((l - )T + nnS)Axn ” + L1nu || Axy, — SAx, |,

it follows that

1
| Ax, — SAx,| < T [ A%, — S((L =0T + 0, S) Axy .
— L1

This together with (3.22) implies that

nlggo ||Axn - SAxn” =0.

Page 10 of 17

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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According to (3.1), we have
170 = %ull = ety f (@n) = 8A*(Axy = Vi) — uB (s — SA*(Axy = vy)) |
< SIAllIva — Ax |l + et || vf () = B(%n = 8A*(Ax = i) |
It follows from (3.20) and (C1) that
Tim [jx, — yul| = 0. (3.24)

From (3.1) and (3.2), we have

2

[ =277 = @ = B) (s = 2) + Ba[ T (A = vt + yu T) - 2]
= (1 - ﬂn) || Uy — ZT ”2 + ﬁn H T((l - Vn)un + ynTun) - ZT ”2
~ Bl = B | T (U = )t + v T ) = . (3.25)

Applying Proposition 3.5, we get
”T((l — V)t + VnTun) ~Z' ||2
< H T ||2 +(1- yn)” Uy — T((l — Vn)lp + ynTun) ||2 (3.26)
From (3.19), (3.25) and (3.26), we deduce
”xn+l - Z# H2 = ”un - ZT ”2 - IBVI(Vn - ﬂn)” Uy — T((l - Vn)un + ynTun) H2
< a,oM? + (1 - a,0) ||xy, —Z 4 SA* (v, — Ax,) ||2

- ,Bn(yn - ,Bn)”un - T((l - Vn)un + ynTun)
= anO'MZ + ”xn -z ”2 —Bu(yn — ,Bn)”un - T((l — Vn)ln + ynTun) ”2

I

It follows that

Bu(Yn — Bu) ”un - T((l — Vn)Un + VnTun) ”2
< Hxn -7 ||2 - ||xn+1 — 7 ||2 +a,0M>.
Therefore,
Tim o, = T (0= y)utn + v Tteu) | = 0. (3.27)

Observe that

= Tunll < Hun - T((l — V)t + VnTun) ” + H T((l = Yu)Un + VnTMn) -Tu, ||
= Hun - T((l ~ Vn)n + VnTun) ” + Loyulltn = Tutu.

Thus,

ety — Tyl <

1
1— Loy, Hun - T((l ~ Yn)Uhn + VnTun) ”
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This together with (3.27) implies that
lim ||, — Tttn]| = O. (3.28)
n—0o0

Next, we show that

limsup(yf(z') - Bz',y, - 2') < 0.

n—0o0

Choose a subsequence {y,,} of {y,} such that

lim sup(yf(zf) -Bz',y, - zT) = lim (yf(z*) - Bz, y,, — ZT). (3.29)

n—00

Since the sequence {y,,} is bounded, we can choose a subsequence {y,,l./} of {y,,} such that
¥u;, — z. For the sake of convenience, we assume (without loss of generality) that y,, — z.
]

Subsequently, we derive from the above conclusions that

X = Z,

Vi = 2, (3.30)

Uy — 2

and

Ax,, —~ Az,
Ay, — Az, (3.31)
Auyy, —~ Az

Note that u,, = projc y,, € C and z,, = projg Ax,; € Q. From (3.30), we deduce z € C and
Az € Q by (3.31). By the demiclosedness of 7 —Z and S — Z, we deduce z € Fix(T) (by
(3.28)) and Az € Fix(S) (by (3.23)). To this end, we deduce z € C N Fix(7) and Az € QN
Fix(S). That is to say, z € T'.

Therefore,

limsup(yf(z") - Bz',y, - 2') = ilirgl()(yf(zf) - Bzl y,, - 2')

= lim(yf(c') - Bz',z - 2)

<0. (3.32)
From (3.1), we have

9 =27 1* = Ny (FGen) — £ (1)) + an(vf (27) - B2")
+ (T - a,,B)(x,, —z = 8 A*(Ax, — v,,)) ||2
<IZ- Ol,,BHZ ”xn - ZT - 8./4*(./496" - Vn) ”2

+ 20,y (f(en) = f(2"), 90 = 27) + 20y f (z") = Bz", 3, - 2")



Hamdi et al. Journal of Inequalities and Applications (2015) 2015:385 Page 13 of 17

< U= 0y0)? [0 = 2" | + 200y [£n) £ (&) | [ = 2
+20,(yf (") = Bz',y, - 27)

<(1-0a,0)*|x, -2 ||2 +anyplan -2 HZ +auyp|yn -2t ||2
) - B -2

It follows that
2(0 —yp)x a2
b2 1220 =1 25 =1
20, ;
1T oa, ———(yf(z") - Bz',y, - 2).
Therefore,

w2 < =2

— 2.2
< [1_ M}Ha%—z*”ﬁ AT P
1-ypa, 1-ypay,

20,

1y pa (&) =By =) (3.33)

Applying Lemma 2.6 and (3.32) to (3.33), we deduce x,, — z.
Case 2. Assume that there exists an integer 7, such that

T P

Set w, = {|l*, —z"||}. Then we have
Wpy = Dpg+1-

Define an integer sequence {t,} for all n > ny as follows:
t(n) =max{l € Nlng <! <n,w; < w1}

It is clear that 7(#) is a nondecreasing sequence satisfying
lim 7(n) = 00
"> 00

and

Wr(n) = Wr(n)+1

for all n > ny.

By a similar argument as that of Case 1, we can obtain
nlggo ”ur(n) = Yr(n) Il = nlggo ”xr(n) = YVr(n) =0

lim [|Sx;() — Axy(mll =0

n— 00
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and

lim ||tz — T the@mll = 0.

n—00

This implies that

ww(yr(n)) cr.
Thus, we obtain

lim sup(yf(zT) — Bz, Yoy — ZT) <o0.

n—00

Since wq(y) < Wr(my+1, we have from (3.33) that

2 2
wr(n) = a)‘:(n)+l

2(0 - ]/,O)Olr(n) 2 0‘2013(”) 2
5[1—70)()*'7“%(;«1)
1- Y Pz (n) 1- YOl (n)

2007 (n) N ; +
- - B »Jr(n) — .
+1_ypar(n)(yf(z) 2" Yem —2')
It follows that
w2 < 2 )(yf(zT) - Bz, yeiny — 7).

) = 2(0 - V/O) - Gzar(n

Combining (3.34) and (3.36), we have

limsup w;(,) <0,

n—0oQ

and hence

lim Wr(n) = 0.
n—00

By (3.35), we obtain

limsup @7, <limsupw? .
n—00 n— 00

This together with (3.37) implies that
lim wq ()41 = 0.
Applying Lemma 2.7 we get

0=< wy = max{wr(n)’ C()'L'(}'1)+1}-

Therefore, w, — 0. That is, x, — z. This completes the proof.

Page 14 of 17
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(3.36)

(3.37)
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4 Applications
The following results can be deduced directly from Algorithm 3.1 and Theorem 3.2.

Algorithm 4.1 For given xy € H, arbitrarily, define a sequence {x,} iteratively by

Zy = proj g Axy,

Vi = (1= 8u)zu + EuS((L = n)zn + 1uSz0),

Vn = (1= ) (@, — SA*(Axy, — v)), (4.1)
Un = PIOj¢ Yn»

Xne1 = (L= Bty + BuT (L= Yt + T 1)

forall n e N.

Corollary4.2 SupposethatT -1 and S —T are demiclosed at 0. Assume that the following
conditions are satisfied:

(Cl): lim, o0, =0and ) e o, =00,

. 1
(C2): 0<“1<§n<b1<ﬂn<cl<—m+1:
. 1
(C3): 0<42<,3n<b2<yn<62<\/m+1:

(C4): 0<8< W.

Then the sequence {x,} generated by algorithm (4.1) converges strongly to the minimum
norm solution u®* € T.

Algorithm 4.3 For given x, € H, arbitrarily, define a sequence {x,} iteratively by
%1 = Proje ey f(s) + (Z = auBB) (%, = 8A" (A, — projg Axy)) | (4.2)
forallmeN.

Corollary 4.4 Assume that the following conditions are satisfied:

(C1): limy—ooaty, =0andy .o o, =00,

(C4): 0<8<Wandc>y,o.

Then the sequence {x,} generated by algorithm (4.2) converges strongly to u € I'y (the set of
the solutions of (1.1)) provided I'1 # 0.

Algorithm 4.5 For given x( € H; arbitrarily, define a sequence {x,} iteratively by
%ne1 = proje [(1 — o) (0 — 8A*(Ax, — proj o Axy)) | (4.3)
forall m e N.

Corollary 4.6 Assume that the following conditions are satisfied:

(Cl): lim, o0, =0andy o) oy =00,

2 1
(C4): 0<é< AR



Hamdi et al. Journal of Inequalities and Applications (2015) 2015:385 Page 16 of 17

Then the sequence {x,} generated by algorithm (4.3) converges strongly to the minimum
norm solution u® € I'y provided T'y # (.

Algorithm 4.7 For given xy € H, arbitrarily, define a sequence {x,} iteratively by

ve=(1- gn)Axn +2,S((1- nn)Axn + nnSAxn)¢
Yn = anyf(xn) + (I — a,B)(xy — SA*(Ax, — Vi), (4.4)
X1 = (1 - ﬂn)yn + B, T(1- Vn)yn + ]/nTyn)

forall n e N.

Corollary 4.8 SupposethatT -1 and S —T are demiclosed at 0. Assume that the following
conditions are satisfied:
Cl): limyoo0t, =0and ) - a, =00,
) 1
C2): O<a1<iu<bi<n,<c< N

(
(C2

) 1
(C3): 0<a2<ﬂ,,<b2<yn<cz<m,
(C4): 0<8<Wanda>y,o.

Then the sequence {x,} generated by algorithm (4.4) converges strongly to u € I'y (the set of
the solutions of (1.9)) provided I'y # ().

Algorithm 4.9 For given xy € H; arbitrarily, define a sequence {x,} iteratively by

Vo = (1= 8 Axy + £,S(A - n) Axy + 1,8 Axy),
Yn = (1 - an)(xn - ‘S-A*(Axn - Vn))’ (45)
K1 = (1 - ﬁn)yn + B, T((1- Vn)yn + J/nTyn)

forall n e N.

Corollary 4.10 Suppose that T —Z and S — I are demiclosed at 0. Assume that the fol-
lowing conditions are satisfied:

(C1): im0ty = 0 and Y 52y &y = 00,

. N S
(C2): 0<a1<§n<b1<ﬂn<cl<m+l’
‘ 1
(C3): 0<a2<ﬁn<b2<yn<cz<m+l’

(C4): 0<8< —

I1AJ2
Then the sequence {x,} generated by algorithm (4.5) converges strongly to the minimum
norm solution u® € T'y provided T'y # 0.
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