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1 Introduction

Let E be a spherical cone in R”. By this, we mean that E = | J,, sA for some Borel measur-
able subset A of the unit sphere "1, Let ||K||DKHL1;(W)HLZ)(MM (in brief, ||K||) denote
the smallest constant C in (1.1):

1/q lp
{/(CD o Kf(x)) "u(x) dx} < C{/(CD o f (%)) v(x) dx} (1.1)
E E
for all f € D N L%, (vdx), where p,q > 0, u(x) > 0, v(x) >0, ® € CV*(I), ® o f(x) = D(f(x)),
and Kf (x) is of the form
Kf(x):= | k(xt)f(t)dt (x€E). 1.2)
Sx

Here CV*(I) denotes the set of all nonnegative convex functions defined on an open in-
terval I in R, Dy is the space of those f such that Kf(x) is well defined for almost all x € E,
and pr(v dx) is the set of all real-valued Borel measurable f with

1/p
Ifllopy = {/E(QD o f () v(x) dx} < o0.

Moreover, S, = U0<S§M sA, S, = S, \ lx[|4, and k(x, ) > 0 is locally integrable over E x E.
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We write L (vdx) and ||f ||, instead of L%, (vdx) and ||f s, respectively, for the case
D(s) = |s|. We also write L?(E, vdx) for L?(vdx), whenever the integral region E is empha-
sized.

Clearly,

1P o Kfl,,
K|« = sup I® 0 Bflgue
7P ofllpy

where the supremum is taken over all f € Dx N L‘Z,(V dx) with || ® o f |, # 0. This number
reduces to the operator norm of K for the case ®(s) = |s|. The investigation of the value
|IK|« has a long history in the literature. In [1], the present authors introduced a gener-
alized Muckenhoupt constant A»/(p, q) and established the following Muckenhoupt-type

estimate for || K||,:

1/q w\ 1 *q*)
Kl < (pl " %) <1 " ’%) Au(p,q), (13)

where 1 < p,q < 00, n = max(p, q), and (-)* is the conjugate exponent of (-) in the sense
that 1/(-) + 1/(-)* = 1. For the particular case that

(D(S) = |S|7 k(x1 t) =1, (14)
there are two other types of estimates. They are
1Kl <p*Aps(p,q) (1.5)

and

p- 1 1/p
IKll« <Aw(p,q) = inf Aw(s,p, q)( ) . (1.52)
l<s<p p—S

These two inequalities were proved in [2] and [3], Theorem 3.1 and Lemma 7.4, for the
casel < p < g < oo (seealso [4], Theorem 2.1). We refer the readers to Section 2 for details.
In this paper, we focus on the evaluation of || K]||, for the following case of (1.1):

D(s) = ¢, k(x,t) = g(t)/G(x),  f(t) — logf(¢),

where f(¢) > 0, g(¢) > 0, and

G(x):ﬁ glt)ydt (x€E). (1.6)

Sx

The corresponding inequality to (1.1) takes the form

(/ {exp(L g(t)logf(2) dt) }qu(x) dx>1/q < C{/(f(x))pv(x) dx}l/p, 1.7)
E G(x) Jg, N E

which is known as the Pélya-Knopp-type inequality.
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In [4], Theorem 3.1, [2, 5], and [3], Theorem 7.3, the particular case g(¢) =1 of (1.7) was
considered. They obtained the following estimates by means of the formula (Ggf)(x) =
lim_, o+ [K(f€)]V¢(x):

K|l <e”Dps and K], < infe® 7 Dpg(s), (18)

where 0 < p < g < 00. The definitions of D} and D§;(s) are given in Section 3.
The purpose of this paper is two-fold. We not only extend the aforementioned sufficient
parts of [2, 4, 5], and [3] from u(x) > 0 and g(¢) =1 to u(x) > 0 and

@ D < 00, (1.9)
v(x)

, sup
xeE

min (sup ’g(x)
xeE
but we also provide a new proof of (1.8) from the viewpoint of (1.10):

IK|l, < inf (Ap/s,qle)llE =< 1iminf{ (Ap/e,q/s)l/e}: (1.10)
5633’) e—>0*

where 0 <p,q <00, §; ={e >0: P e CV*(I)}, and A, , are absolute constants subject to
the condition

1/q 1/p
( /E ny(x)Vu(x)dx) §AM( /E V(x)}pv(x)dx> (f > 0). (1.11)

It is clear that (1.10) is applicable to the case ®(s) = ¢°. In this case, §§ = {¢ > 0} and the
second inequality in (1.10) holds. We remark that it may not be an equality (¢f. [6]). On the
other hand, we have p/e — 0o and g/€ — 00 as ¢ — 0. This indicates that the infimum
in (1.10) can be estimated by evaluating those A, , with p, g large enough.

The limit process (1.10) differs from the scheme by means of the formula (Ggf)(x) =
lim,_, o+ [K(£€)]"¢(x). It was introduced in [6] to get different types of Pélya-Knopp in-
equalities, including the n-dimensional extensions of the Levin-Cochran-Lee-type in-
equalities and Carleson’s result. We showed that the infimum in (1.10) can easily be eval-
uated by applying the following choice of A, , for 1 < p,q < co:

lq N\ M/ q")

9 4 p

Ap,q E (_* + _> (1 + _> AM(P,CI)
4 n n

This choice is due to (1.3). We also pointed out that for some cases, the values of || K||,
obtained from (1.10) are better than the known constants in the literature. In this paper,
we consider two other choices of A,,; with 1 <p < g <00, thatis, A,, < P*Aps(p,q) and
Apg < Aw(p, q), which are general forms of (1.5) and (1.5a). We shall derive them from (1.5)
and (1.5a) and relax the conditions on u(x) and g(¢) from u(x) > 0 and g(¢) =1 to u(x) >0
and g(¢) > 0 (cf Section 2). Based on such choices, we prove that (1.8) follows from (1.10).
Moreover, (1.8) can be extended from u(x) > 0 and g(¢) = 1 to u(x) > 0 and g(¢) of the form
(1.9). This extension gives Persson-Stepanov-type and Opic-Gurka-tpye estimates of the
modular-type operator norm of the general geometric mean operator corresponding to
g(t). We remark that the particular case g(¢) = IS, can lead us to the Levin-Cochran-
Lee-type inequality (see Section 3 for details).
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2 General forms of (1.5) and (1.5a)
Letl<p <g<o00,g(t)>0, u(x) >0, and v(x) > 0. Consider the inequality:

1 1/p
(/{ Gx) ng(t)f(t)dt} x)dx) < C</(f(x) v(x)dx> (f > 0), 2.1)

where G(x) is defined by (1.6). This corresponds to the case ®(s) = |s| and k(x, £) = g(£)/G(x)
of (1.1). Inequality (2.1) reduces to the form (2.2) for the case g(t) =

q 1/q 1/p
( / { ) dt} it(x)dx) < c( / (f(x))”v(x)dx> (f > 0), (2.2)
E Sx E

where 71(x) = u(x)/G(x)?. In [4], Theorem 2.1, [2] and [3], Lemma 7.4(a), it was proved that
under the conditions u(x) > 0 and Aps(p, q) < 00, (1.5) holds, in other words, (2.2) with z(x)
replaced by u(x) is true for C = p*Aps(p, q), where

-1/p q 1/q
. 1-px* 1-px
Aps(p,q): itelg (-/Sx () dt) </§x {/Sz v(y) dy} u(t) dt) .

This result will be extended below from g(¢) =1 and u(x) > 0 to g(¢) > 0 and u(x) > 0. We
shall see its application in the proof of Theorem 3.2.

Theorem 2.1 Let1<p < g <00, u(x) >0, v(x) >0, g(t) >0, and 0 < G(x) < 0o, where G(x)
is defined by (1.6). If Aps(p, q) < 00, then (2.1) holds for C < p*Aps(p, q), where

g() P > 1 g(y) px q %
([ () 04) ([ () 0] )

Proof The case u(x) > 0 follows from [4], Theorem 2.1, or [3], Lemma 7.4(a), under the
following substitutions:

u(x) v(x)
[ —g@)f @),  ulx) — G’ v(x) —> (@)’

(2.3)

As for u(x) > 0, let u,(x) = u(x) + p.(x), where 0 < 7 <1 and p.(x) > 0 is subject to the
condition

r q r alp
L{$L<%) v(y)dy} pr(t)dtfr{/s (%) v(t)dt} . (2.4)

Such p,(x) exists. We have u,(x) > 0 on E. Moreover, the condition 1/g < 1 implies that
(a + b)Y1 < a7 + bV for all a, b > 0. Putting this together with (2.4) yields

</ {Gtt /(%)p*v@dy}quf(t)dt)uq
E(/{Gtt /(igi)p*v(y)dy}qu(t)dt)éJrr

N

p* 3
UL () roa”
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This leads us to
APS(P» 9, T) =< APS(P: CI) + Tllq <00, (2'5)

where Aps(p, g, 7) is the number obtained from Apg(p, q) by replacing u(¢) by u,(£). We
have u. (x) > u(x) on E. By the result of the case u(x) > 0, the following inequality holds for
f=0:

1 a i
( /E {% 5 g(t)f(t)dt} u(x)dx)

1 a i
< ( /E {% fs g(t)f(t)dt} e () dx)
< " Anstp, q,r>< NCRE dx)'g. 2.6)

It follows from (2.5) that liminf,_ ¢+ Aps(p, q,7) < Aps(p, q). Putting this together with
(2.6) yields the desired inequality. The proof is complete. d

Next, consider (1.5a). The number Ay (s, p,q) in (1.5a) is defined by the formula:
qp=s

= 1-px S;Tl 1-px v
Avtupg s [ o) ([ { [t o)

In [3], Lemma 7.4(b), Aw (s, p,q) is replaced by another notation A}, (s). Like (1.5), (1.5a)
can be generalized in the following way, in which g(¢) = 1 and u(x) > 0 are relaxed to g(¢) > 0

u(t) dt) .

and u(x) > 0. We shall see its application in the proof of Theorem 3.3.

Theorem 2.2 Let1<p <g<oo,u(x)>0,v(x)>0,g(t)>0,and0 < G(x) < oo, where G(x)
is defined by (1.6). If;\W(s,p, q) < oo for some 1 < s < p, then (2.1) holds for C < AW(p, q),
where

B B p—l 1/p*
Aw(p,q) = 1i<?<prW(S’p’ q)(—) (2.7)

p—=S

and

s=1

. ) g0\ v
vt - sup( [ (45) voa)
q(p-s)

g_(y)>”* d} » u(t)dt)%
X(/E\sx{/ﬁt(v()’) vO)dy Gy ) - (2.8)

Proof The case u(x) > 0 follows from [3], Lemma 7.4(b), under the substitutions (2.3). For
the case u(x) > 0, we modify the proof of Theorem 2.1 in the following way. Let 1 <s < p

and 0 < 7 < 1. Set u.(x,s) = u(x) + p; (x,s), where p.(x,s) >0 and satisfies the condition

—s) q(1-s)

* qp —q .
g()’) 4 p pr(t,S) p-1\r g(t) P =
f};\sx {/Sz (V—()’)> ") dy} (G(t))1 i<t (;) {fsx (@) v(t) dt} :
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Such p, (%, s) exists. We have u,(x,s) > 0 on x € E. Moreover,

. . -1 -1/p
Aly(s,p,q) < Awl(s,p,q) + T (‘v—) , (2.9)
)2

where A{V(s, p,q) is obtained from Awls, p,q) by making the change in (2.8): u(t) —
u(t,s). Obviously, u,(x,s) > u(x). Applying the preceding result of the case u(x) > 0 to

u.(x,s), we get

1 q 1/q
([ semal o129

1 1/q
(/{G( A t)f(t)dt} Uy x,s)dx)

_1 1/p* 1/p
o) e
Ip
(s p,q)( ) </(f x) ) v(x) dx) . (2.10)

Taking ‘infy,.," for both sides of (2.10), we get

1 1/q 5 1/p
(/{ g@)f (@) dt} (%) dx) <Ay P9 (/ (f(x))pv(x) dx) . (2.11)
G(x) Jz, E

IA

IA

Here

p—l 1/p
Aiv(pq)—mfA (sp,q)(p S) .

From (2.9), we obtain A¥, v < AW(p q) + V4. Taking T — 0* for both sides of (2.11),
we get the desired inequality. This completes the proof. d

3 Extensions and new proofs of (1.8)

To derive the extensions of (1.8), we need the following lemma.

Lemma 3.1 Let 0 < p <00, v(x) >0, g(t) >0, and 0 < G(x) < oo, where G(x) is defined by
(1.6). If sup,.p{g(x)/v(x)} < 00, then, for all t € E,

(i (55" 09) ~[on(cty [ao (o))}

Proof Let o > sup,{g(x)/v(x)}. Without loss of generality, we may assume o > 1. We first
consider the case that fs g0y |10g(v(y))| dy < 0. Let

B 1 g(y) €/(p—e) -
W= /S(V—(y)) g0y (0<e<pl)

Page 6 of 16
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We have

€/(p—€)
ﬁ <%) g dy < a/PIG(t) < 00,
St

so K(e) is well defined and has a finite value. For € € [0,p/2) and 0 < T < min(p/2 — €, €), it
follows from the mean value theorem that

he+t)=hle) 1 [ 1[(gW) p—_ g =
G S,TKV(y)) (55) }g@)dy
_p [ 1 gﬂ)““‘”‘” ( g<y>
geo) e o) G Gy 52

where € := €y(y) lies between € and € + 7. We know that

e (5) o5 <52 e ()

e LME, dy).

By (3.2) and the Lebesgue dominated convergence theorem, 4 is differentiable on [0, p/2).
In addition,

o he+t)-hle)  p g\ g0)
Kle) = lim —— ~ -9’60 S(V_O’)> g@’(l v(y>

Thus,

. 1 g()’) €/(p—e) 1/e
e [ (57) o)

. logh(e) —logh(0)
= lim ————=—~

e—0% €

a CHO) 1 gy
= de OOgh(e))L:o T n0) ~ pGQ) 5 (y)( 0/)) v

We get the de51red result for the case fs gy log( )| dy < 0o. Next, consider the case
J5, 80l log )| dy = oo. This implies

(D)o

where Q) = {y € S, : g(»)/v(y) <1} and Q, = {y € S; : g(y)/v(y) > 1}. We have

/ng(y

Combining this with (3.3), we find that fQ gy |10g( )| dy = 0o. This leads us to

/g@)(loggg))dﬁ /g(y) log<g((yy))’dy+/ <) 10g<g8))‘dy:_oo

gv)

Q

log <g83> ‘ dy, (3.3)

10g<g((yy) ) ‘ dy < (loga)G(t) < oo.
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We shall show

1 €/(p—€) 1/e
Jl%( G s(f(()’y)> g(y)dy) -

If so, the desired equality follows. Let 0 < € < p/2 and y € S,. By the mean value theorem,

we get

(g_(y))f’@*)_l ep (g(y))eo/@ﬂ)( g(y))
v(y) (P —-€0)? \v(y) w(y)

for some ¢; € (0,€). This implies

1 €/(p—¢€)
G0 (g(y) > g0 dy
St

v()
1. (2 1 @)eo/@ﬂ) ( gW)) )
-1+ (h 5 o) o) G4
By Fatou’s lemma, we get
1 g(y €o/(p—€0) g(y)
imint 5 [ o () c0oe(5G3)| @
1 ) €o/(p—<o) g)
ZpG(t) §t{hfr3°* (M)) } v) bg(V—(y))’dy
1 gv)
- s <oz @))‘dy >
Like (3.3), decompose the integral fs ) as the sum fQ )+f92(~~~).For the Q, term,
we have
p 1 (gy)\ gv)
) Qz(p—eo)z(v—(y)) w09 o505 )

4aloa 4aloa
Sl / g0 dy < 2208

which implies

4 1 g(y))“’“”‘“) ( g(y)) -
inag fomar () (i) oo

From (3.4) and the fact that lim._,¢(1 + €9)"¢ = ¢ for any 6 € R, we get

1 €/(p—¢€) 1/e
lim sup<% : (g_(y)) g0 dy) < limsup(l + €0)V¢ = ¢’
t

e—0* V()/) e—>0*

for any 6 < 0. Letting & — —oo, we get the desired result. d

Page 8 of 16
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Lemma 3.1 may be false for the case that sup,.rg(x)/v(x) = co. A counterexample
is given as follows. Consider n =1, £ =1, g(¢) = 1, and v(x) = > -, e X () +

](x). We have

11
m3’m

1
m

XB\U iz (i = 25075

1 g(y) €/(p—e) 1 o0 1 e
/ (—> g(Y)dy=/ v(y)</ ) dyZZ—geﬁ =00 (0<e<pl2)
0 0 oy m

v(y)
and
W) e 1 w1
fg(y)(log (y))dy—/o logv—(y)dy—;ﬁ<oo.

From these, we know that (3.1) is false for this example.

Now, we go back to the investigation of the first part of (1.8). Set

oy ([ e [ e (10257 )} (t)dt)l,

ng (= Ssup

where G(x) is defined by (1.6). The case g(t) =1 of Dps reduces to D¢ mentioned in (1.8).
We shall establish the following result, which extends the first inequality in (1.8) from
u(x) > 0 and g(t) = 1 to u(x) > 0 and those g(£) subject to the condition (1.9). This extension
gives the Persson-Stepanov-type estimate of the modular-type operator norm of the gen-
eral geometric mean operator corresponding to g(¢). In particular, g(¢) can be of the form
g(t) = ISt An elementary calculation of this case will lead us to the Levin-Cochran-Lee-
type inequality. We leave such a calculation to the readers. Our result partially generalizes
the sufficient parts of [4], Theorem 3.1, [2], and [3], Theorem 7.3(a).

Theorem 3.2 Let 0 <p <g<o0,u(x)>0,v(x)>0,g(¢) >0,and 0 < G(x) < 0o, where G(x)
is defined by (1.6). If (1.9) is true and Dps < 00, then (1.7) holds for C < e Dpg.

Proof Let ®(s) = ¢°, k(x,t) = g(t)/G(x), and f(¢) —> logf(¢). The proof is the same as to
prove that ||K], < e? Dpg. We first assume that sup,.g1g(x)/v(x)} < oo. Consider the case
that u is bounded on €, and u(x) = 0 on E\ ,, wherer > 1and Q, = {x € E: 1/r < ||x|| < r}.
By (1.10)-(1.11) and Theorem 2.1, we know that

1K, < lim (i)gf((p/e)*ixps(p/e,q/e))“i (3.5)

provided that the term (- - - )¢ in (3.5) is finite for all sufficiently small € > 0. By an elemen-
tary calculation, we obtain lim._, o+ ((p/€)*)¢ = lim,_, o+ (p%e)”E = e!’?. On the other hand,

let 0 < € < p. Then p/e > 1 and g/€ > 1. Moreover, we have (p/€)* = p/(p — €), so

g\ (gONTO (g0
<@> () = <@> V() = <m) g().
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It follows from the definition of Aps(p/e, g/€) that

€/(p—e) -1/,
(zzlps(p/e,q/e))l/6 = sup(/~ (@) o(t) dt) 3
Sx

xeE V(t)

1 g\ ale 1/g
X (/gx{% §[<V_()’)) g()/)d)’} u(t)dt) . (3.6)

We have assumed that u(x) = 0 on E \ ,. Moreover, for ¢ € S,, we have

L[ ()" g0\ 1
G st(v—(y)> g0y = {SUP<V_(3'))} {@ s,g(y)dy}

yeSx
B g—(y)) }E/(p—e)
‘{i§<vw) '

These imply

- €/(p—e) -1/p
(Aps(ple,qle))" < (/B (%) 2(0) dt)

1/(p—¢) 1/
X {sug(%) } (/Q u(t) dt> ! < 00, (3.7)
JE r

where B,, ={x € E: ||x|| < p}. The above argument guarantees the validity of (3.5). Now,
we try to estimate the limit infimum given in (3.5). It suffices to show that

lim (i)nf(Apg(p/e, q/€))" < Dps. (3.8)
e—0t

Clearly, the term (fix(' --))7Y7 in (3.6) becomes bigger whenever x with |x|| > r is replaced
by rx/||x||. Moreover, the term (fix{' -y () dt)V in (3.6) is zero for ||x|| < 1/r and it
keeps the same value for the change: x with ||x|| > » — rx/||x||. Hence, the term ‘sup, ;" in
(3.6) can be replaced by ‘sup, ¢, ' By the Heine-Borel theorem, we can choose 0 < €,, < p/2,
o, > 0, and xg, x,, € &, such that €,, — 0, &,, — 0, x,, — %o, and the following inequality
holds for all m:

(APS(P/Gm, q/em)) Hem

&)em/(p—sm) >—1/p
<([ ()" Teon

L g_(y) €m!(p—€m) }qlem )I/q
x ( fsm { ) §,<V(y)) gdyr  u)dt) +ap. (3.9)
We have
eml(p—€m)
X3, ) (%) g(t)‘ < Xg(ﬂ{sug(%) + l}g(t) eIV E,dt) (m=1,2,..).
ye
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By the Lebesgue dominated convergence theorem, we infer that

' g(t) €ml(p—€m) -1/p
m(f(56) won)

eml(p—€m) -1/,
- < /S r}iinoo{ <%> }g(t) dt) " (G) ™. (3.10)

Similarly, the hypotheses on u(¢) and g(¢)/v(¢) imply

eml(p—€m) qlem
5,0l [(52)" "] uw)

g(y)>}q/(p€m{ 1 }q/em
<X, “4325( V) G J S0Y) O

24/,
< XB,(t){sup <g8;> + 1} quu(t) e LME, dt).
yeE

Applying the Lebesgue dominated convergence theorem again, it follows from Lemma 3.1
that

1 eml (p=em) dlem "
WIEHOO(/S {% s (%) g(y)dy} u(t)dt)
_ 1 gy )Gm/(PEm) }q/em )1/q
B ([5 mlgrio{e(t) St<v(y gdyt  u(t)de

([ o (aig f 0 (i )0) | o) o

Putting (3.9)-(3.11) together yields (3.8). This finishes the proof for those u and v with
the restrictions stated above. Now, we come back to the proof of the case u > 0 and
sup,c1g(x)/v(x)} < co. Let u,(x) = min{u(x), 7} x5, (x), where r =1,2,.... By the preceding

result,

1 q l/q
(/E{exp(%/g g(t)logf(t)dt)} u,(x) dx)

1/p
< el/l"f)pg(r)(f (f(x))pv(x) dx) (f>0), (3.12)
E

where

- 1 gy 7
s o s (29)) )

We have u,(t) < u(t), so Dps(r) < Dps. Replacing Dps(r) in (3.12) by Dps first and then
applying the monotone convergence theorem to (3.12), we get the desired inequality for

this case.
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Next, we deal with the case sup, .y g(x) < co. Let v¢(x) = v(x) + 1/¢, where £ =1,2,....
Then sup, . {g(x)/v¢(x)} < oo for each £. By the preceding result,

1 q 1/q
(/{e p( g(t)logf(t)dt)} u(x) dx>
E Gx) Js,

. 1/p
< el/PDf)S </ (f(x))pve(x) dx> (f >0), (3.13)
E
where
s o (] forli [ sorea( 225 ) o)
Dpg ilelg(G(x))}, fs =P 5 Szg(y) o L6) ut)de) .

We have v,(x) > v(x), so 135)5 < Dps. This says that (3.13) can be replaced by (3.14):

1 q 1/q
(/E{exp(@ /ng(t) logf(t) dt)} u(x) dx)

. 1/p
< eDpg </ (f(x))pv(g(x) dx> (f >0). (3.14)
E

We shall claim that v,(x) in (3.14) can be replaced by v(x). Without loss of generality, we
may assume fE(f(x))pv(x) dx < 0. Set

@) = xg, ) min(f (%), r) + xp g, @A) (r=1,2,..),
where Bp is defined before and /4 : E — (0, 00) is chosen so that
hx) < min(f(x),l) and /(h(x))pvl(x) dx < 0.
E

Replacing f in (3.14) by f;, we get

1 q l/q
(/E{exp<% /S.xg(t) logf:(¢) dt)} u(x) dx)

. 1/p
< eDpg <f(f,(x))pv(g(x) dx) . (3.15)
E

For each r, we have

/(fr(x))pvl(x)dx:ﬁ (min(f(x),r))pvl(x)dx+/ i (h(x))pvl(x)dx
E B,

E\B,

p p
< (@) [ s [ i< oo
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and |f,(x)[Pve(x) < (f,(x))Pv1(x) for £ =1,2,.... Applying the Lebesgue dominated conver-
gence theorem to the right hand side of (3.15), we get

1 q 1/q
(L{exp(a : g(t)logf,(t)dt)} u(x)dx)

1/
< """ Dps ( / (@) v(x) dx) ' (3.16)
E

By definition, f,(x) 1 f(x) as r — co. Applying the monotone convergence theorem to both
sides of (3.16), the right hand side tends to

. 1/p
e"? Dpg (/ (f(x))pv(x) dx) (as r — o0)
E

and the left hand side has the limit

1 q 1/q
(/E{exp<%rl_i>rgo ng(t) logf:(¢) dt)} u(x) dx) . (3.17)

Let x € E. Since ff?x g(t)logf(2) dt is well defined, the following equality makes sense:

ﬁ ¢(0)logf (1)t = f a(0)(10gf (1) di - f ¢(0)(10gf ()" dt,
Sx Sx Sx

where §* = max(&,0) and £~ = min(-£, 0). Consider r > max(||x||, 1). By the monotone con-

vergence theorem,

ﬁ gt)logf,(t)dt = / g(¢) log{min(f(t), r)} dt
Sx Sx

= / g(®)min((logf(#))",logr) dt—/g g(®)(logf (2)) dt

Sx

— [ e@iogf)" di- [ g0liogs ) dr= [ gorosryar
Sx Sx Sx

Inserting this limit in (3.17) yields the desired inequality. This finishes the proof. d

Theorem 3.2 gives a new proof of [3], Theorem 7.3(a). In the following, we shall display
another example to show how (1.10) works well for the estimate of Opic-Gurka type. Set

Dog(s) := sup(G(x))%1

xeE

7 exp( 200\ | ;
X (/E\Sx(G(t)) {eXp(G(t) Stg(y) <log V(y)) dy)} u(t) dt) ’

where G(x) is defined by (1.6). The number D, (s) in (1.8) is just the case g(£) = 1 of Dog(s).
In the following, we shall extend the second inequality in (1.8) from u(x) > 0 and g(¢) =1 to
u(x) > 0 and those g(¢) subject to the condition (1.9). This extension gives the Opic-Gurka-
type estimate of the modular-type operator norm of the general geometric mean operator
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corresponding to g(¢). In particular, g(¢) can be of the form g(¢) = S, "1, which leads us
to the Levin-Cochran-Lee-type inequality. Our result partially generalizes the sufficient
parts of [5] and [3], Theorem 7.3(b).

Theorem 3.3 Let 0 < p < g < 00, u(x) > 0, v(x) >0, g(t) > 0, and 0 < G(x) < oo, where
G(x) is defined by (1.6). If (1.9) is true and Dogls) < oo for some s > 1, then (1.7) holds for
C = infs>1 e(s_l)/pbOG(s)~

Proof Let ®(s) = €, k(x,t) = g(t)/G(x), and f(¢£) —> logf(¢). The proof is similar to The-
orem 3.2. We shall show that || K||, < infs; e D”Dog(s). To observe the proof of Theo-
rem 3.2, we find that it suffices to prove this inequality for the case: u is bounded on ,,
u(x) =0 on E\ €,, and sup,.{gx)/v(x)} < oo, where Q, is defined in the proof of Theo-
rem 3.2. It follows from (1.10)-(1.11) and Theorem 2.2 that

K|l < inf (Ay(ple,qle))"
O<e<p

p—e 1/e-1/p ~ Ve
= inf{ inf < ) (Aw(s,ple,ql€)) }

O<e<p | 1<s<ple \ p — €S
_ 1/e-1/p 5
< inf{liminf( p-e ) (Aw(s,ple,qle))" } (3.18)
s>1 | e—>0t \ p—€S

For s > 1, we have 1im€_>0+(1f_;:s)”€‘”ﬁ = el=D/P_ e shall prove

liminf(Ayw (s, ple, g/e))" < Dogls).

e—>07*

If so, the desired inequality follows from (3.18). Let 0 < € < p/s. We have

- ve g6\ 7 7
e’ - ([ (3G) s
q(p—es)

g@)lﬁ } 7% M(t) dt )l/q
) <‘/E\Sx {/;[ <v(y) gv)dy G ) (3.19)

The term ‘(fgx(~~~))%1’ in (3.19) increases in |x||. On the other hand, the term

‘(fE\gx{' . }q(p’“)/(fp)%)”q’ in (3.19) is zero for |x|| > r and it keeps the same value

for the change: x with ||x|| < 1/r —> (1/r)x/|lx||. These imply that the term ‘sup, ;" in (3.19)

can be replaced by ‘sup,.g ' By the Heine-Borel theorem, we can choose 0 < €, < p/s,
a,, > 0, and xg,%,, € Q, such that €,;, — 0, a,, = 0, x,, — 0, and the following inequality
holds for all m:

1/em

(Avw (s, plem qlem))

é@)p”‘m )Spf
f(ém(wn s

€m q(p-€ms)
DN T gprar] T e )
- (/I;\Sxm {/s[ <V()’) gv)dy (G(¢))a/em + U (3.20)
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For the first integral in (3.20), we have

1

. g\ 7m 7
g (f(55)" swar)
. (t)\ 7 a o
=( /Sxo V}g{;{(%) }g(t)dt> = (G(x0)) 7 . (3.21)

As for the second integral, it follows from Lemma 3.1 that

q(p—€ms)

O 00)
%(v(y) s0)dy (G(e))lem

) 50) () s00)

—(Gw)” {e"p ( G stg(y)< gg)) y)} B oo 322

Moreover, for m large enough,
q(p—€ms)

€mp t
e[ (20) a00) ™ o

{sup<fg)) ¥ 1} Xo, (G *Pu(t) € LM (E,db).

xeE

Integrating the left hand side of (3.22) with respect to u(t) dt first and then applying the
Lebesgue dominated convergence theorem, we obtain

—€ms)

€m ‘1(17
. g(y))pfm ) anr u(t)dt )”‘f
1 &) d O
mi“lo(/s\sxm (/gt(v(y) g0)dy (Gle)Ton

q(p—€ms)

— . 1 g()/) Piiznm emp 1/q

) (fﬁ\sxo mlgnoo{ (G(O)dlem ( /S (V—(y)) g0) dy) }u(t) dt)

= 1 1 g0 i

= ( /E - (G(t))qs/p{exp< GO /S tg(y)<1 (y)> y)} (t)dt) : (3.23)

Putting (3.20), (3.21), and (3.23) together yields the desired inequality. This finishes the
proof. d

For other estimates of Hardy-type inequalities, we may use a similar limit process to
Theorems 3.2 and 3.3 to get the corresponding Pdlya-Knopp inequalities.
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