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1 Introduction and preliminaries

One of the interesting extensions of the notion of a metric space is the dislocated space,
introduced by Hitzler [1]. This notion was rediscovered by Amini-Harandi [2] and given
the name of a metric-like space.

Definition 1.1 On a nonempty set X we define a function ¢ : X x X — [0, 00) such that
forall x,7,z € X:

(01) ifo(x,y) =0 thenx=y;
(02) olx,y) =0(y,x);
(03) olx,y) <ox2)+0(zy);

and the pair (X, o) is called a dislocated (metric-like) space.

Throughout this paper, we suppose that Ny = N U {0} where N denotes the set of all
positive integers. Further, the symbols R* and R denotes the set of positive reals and the
set of non-negative reals. First, we recall some basic concepts and notations.

The concept of a b-metric was introduced by Czerwik [3] as a generalization of the met-
ric (see also Bakhtin [4] and Bourbaki [5]) to extend the celebrated Banach contraction
mapping principle. Following this initial paper of Czerwik [3], a number of researchers
in nonlinear analysis investigated the topology of the paper and proved several fixed
point theorems in the context of complete b-metric spaces (see e.g. [6—10] and references
therein).

Definition 1.2 [3] Let X be a nonempty set and s > 1 be a given real number. A mapping
d: X x X — [0,00) is said to be a b-metric if for all x, y, z € X the following conditions are
satisfied:

(bM;) d(x,y) =0 ifand only if x = y;
(bM>) d(x,y) = d(y,x);
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(bM3) d(x,2) <sl[d(x,y) + d(y,2)].

In this case, the pair (X, d) is called a b-metric space (with constant s).

In what follows, we recall the notion of b-metric-like space which is an interesting gen-
eralization of both b-metric space and metric-like space.

Definition 1.3 [11] Let X be a nonempty set and s > 1 be a given real number. A mapping
d: X x X — [0,00) is said to be b-metric-like if for all x,7,z € X the following conditions
are satisfied:

(bML,) if d(x,y) =0 then x = y;
(bML,) d(x,y) = d(y,x);
(bML3) d(x,z) <sld(x,y) +d(y,2)].

In this case, the pair (X, d) is called a b-metric-like space (with constant s).

Example 1.4 Let X = C([0, T]) be the set of all real continuous functions on the closed
interval [0, T]. Let d : X x X — R} be defined

d(f,g) = max(|f(t) -g(0)|)" +a,

for all f,g € X, a € R, and p > 1. It is easy to see that (X, d) is a complete b-metric-like
space with s = 2771, For more examples, see e.g. [11].

Remark 1.5 Let (X,d) be a b-metric-like space with constant s > 1. Then it is clear that
da*(x,y) = |2d(x,y) — d(x,x) — d(y,y)| satisfies the following:
(S1) d*(x,x) =0 forallx € X.

Definition 1.6 [11] Let (X, d) be a b-metric-like space. Then:
(1) asequence {x,} in X is called convergent to x € X if and only if
limy, s o0 d (%, %) = d(x, x);
(2) asequence {x,} in X is called Cauchy sequence if and only if limy, ;;,— o0 (%, %1r1)
exists and finite;
(3) (X,d) is complete if and only if every Cauchy sequence {x,} in X converges to x € X
so that

lim d(x,,x) =d(x,x) = lim d(x,,%,).

Proposition 1.7 [11] Let (X,d) be a b-metric-like space with constant s and let {x,} be a
sequence in X such that lim,_, o, d(x,,x) = 0. Then:

(1) x is unique.

2) %d(x,y) <limy— 00 d(xy,y) < sd(x,y) forall y € X.

Lemma 1.8 [11] Let (X,d) be a b-metric-like space with constant s and {x,} a sequence in
X such that

AKXy, Xps2) < kd(xy,%001), n=0,1,...,

where 0 < k and sk < 1. Then {x,} is a Cauchy sequence in X and lim,, ,,_, o d(x,,%,,) = 0.



Karapinar et al. Journal of Inequalities and Applications (2015) 2015:303 Page 3 of 22

Lemma 1.9 [12] Let (X, d) be a b-metric-like space with constant s and assume that {x,}

and {y,} are sequences in X converging to x and y, respectively. Then

1 1
—zd(x,y) — —d(x,x) —d(y,y) <liminfd(x,,y,) <limsupd(x,,y,)
S S n—00

n—00

< sd(x,x) + s*d(y,y) + s*d(x,y).

In particular, if d(x,y) = 0 then lim,,_, oo d(x,,y,,) = 0.
Moreover, for each z € X we have

1
-d(x,2) — d(x,x) < liminfd(x,,z) <limsupd(x,,z) < sd(x,z) + sd(x,x). (1)
S =00 n—>00

In particular, if d(x,x) = 0, then

1
-d(x,z) < liminfd(x,, z) <limsupd(x,,z) < sd(x,z).
S n—00 n—00

Notice that, in general, a b-metric-like mapping does not need to be continuous.
The notion of «-admissible and triangular o-admissible mappings were introduced by

Samet et al. [13] and Karapinar et al. [14], respectively.

Definition 1.10 Let 7: X — X be a mapping and « : X x X — [0, 00) be a function. We

say that T is an «-admissible mapping if
xwyeX, axy)>1 = olx,Ty)>1
Moreover, a self-mapping 7 is called triangular «-admissible if 7T is «¢-admissible and
x%yz€X, axz)>landa(z,y)>1 = alxy)>1.
For more details on «-admissible and triangular «-admissible mappings, see e.g. [13—17].

Very recently, Popescu [18] refined the notion of triangular «-orbital admissible as fol-

lows.

Definition 1.11 [18] Let 7': X — X be a mapping and « : X x X — [0, 00) be a function.
We say that T is «-orbital admissible if

alx,Tx)>1 = a(Tx, sz) >1.
Furthermore, T is called triangular «-orbital admissible if T is «-orbital admissible and
axy)=landa(y,Ty) >1 = ok Iy >1
As mentioned in [18] each a-admissible (respectively, triangular «-admissible) mapping

is an «-orbital admissible (respectively, triangular a-orbital admissible) mapping. In the
following example we shall show that the converse is not true.
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Example 1.12 Let X = {a,b,c,d,e,f,g, h}. We define a self-mapping T : X — X such that
Tx = x, for x = a,d and

Tx=y for (x,y) € {(b, ), (c,b),(e.f), (f e), (g h), (h,g)}.

Moreover, we define o : X x X — R{, such that

w(xy) = 1 if(x,y) € {(a,b),(a,c),(b,b),(c,c),(b,c), (c,b), (b,d), (c,d),(d,e)},
V= 0 otherwise.

Note that T is a-orbital admissible, since «(b, Th) = a(b,c) = 1 and «(c, Tc) = a(c, b) = 1.
On the other hand, we have «a(d,e) = 1, but «(7d, Te) = «(d,f) = 0. Hence, T is not o-
admissible.

Lemma 1.13 [18] Let T : X — X be a triangular o-orbital admissible mapping. Assume
that there exists xo € X such that a(xo, Txg) > 1. Define a sequence {x,} by x,,1 = Tx,, for
each n € Ny. Then we have o/(xy,,x,,) > 1 for all m,n € N with n < m.

Lemma 1.14 Let T : X — X be a triangular «-orbital admissible mapping. Assume that
there exists xo € X such that «(Txy,xo) > 1. Define a sequence {x,} by x,.1 = Tx, for each
n € Ny. Then we have a(x,,,x,) > 1 for all m,n € N with n < m.

We characterize the notion of a-regular in the setting of a b-metric-like space.

Definition 1.15 (cf [18]) Let (X, d) be a b-metric-like space, X is said to be «-regular, if
for every sequence {x,,} in X such that «(x,, x,,1) > 1 (respectively, «(x,.1,%,) > 1) for all n
and x, — x € X as n — oo, there exists a subsequence {x,, } of {x,} such that a(x,,,x) > 1
(respectively, o (x,x,,) > 1) for all k.

In this paper, we shall prove the existence and uniqueness of a fixed point for certain
operators in the setting of b-metric-like spaces. The presented results improve, extend,
and unify a number of existing results in the literature.

2 Main result for b-metric-like spaces
In this section, we shall state and prove our main results. First, we recall the following
classes of auxiliary functions. Let W be the set of all increasing and continuous functions
¥ : [0, 00) — [0, 00) with y1({0}) = {0}. Let F; be the family of all functions f : [0, 00) —
[0, %) which satisfy the condition

1

lim B(t,) = - implies lim ¢, =0, (2)
n—o0 s n—00

for some s > 1.

Definition 2.1 Let (X,d) be a b-metric-like space with constant s > 1, and 7T: X — X be
a map. We say that T is a generalized almost -1/ -¢-Geraghty contractive type mapping
if there exist a function @ : X x X — [0,00), ¥,¢ € ¥, B8 € F;, and some L > 0 such that

a(x )Y (sd(Tx, Ty)) < B(v (M(x,9))) ¥ (M(x,9)) + Lo (N (x,9)), 3)
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for all ,y € X, where

M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), W } and (4)
N(x,y) = min{ds(x, ), d*(y, Tx), d(x, Tx), d(y, Ty)}. (5)

Remark 2.2 Since the functions belonging to F; are strictly smaller than %, for some s > 1,

the expression B(y (M(x,y))) in (3) can be estimated from above as follows:

B(¥ (M(x,y))) < % for any x,y € X.

Theorem 2.3 Let (X,d) be a complete b-metric-like space with constant s > 1 and T :
X — X be a generalized almost o-\-¢-Geraghty contractive type mapping. We suppose
also that
(i) T is triangular a-orbital admissible;
(ii) there exists xo € X such that o(xg, Txg) > 1;
(iii) T is continuous.
Then T has a fixed point, u € X with d(u,u) = 0.

Proof By (ii) there exists xy € X such that a(xy, Tx¢) > 1. Define a sequence {x,} C X by
%xn1 = Tx, for all m € Ny. As T is triangular «-orbital admissible, by Lemma 1.13 we have
a(xy,x,41) > 1 for all n € Ny. Throughout the proof, we suppose that x,, # x,,,1 for all n €
Ny. Indeed, if there exists #y such that x,, = x,,.1, then x,,, becomes the fixed point of T,
which completes the proof.

Since T is a generalized almost a-1-¢-Geraghty contractive type mapping we have

Iﬂ(‘s2d(xr1+1: xn+2)) =< a(xn’ xn+1)¢(‘92d( Txn! Txn+1))
ﬁ(lﬂ (M(xmxnﬂ)))l// (M(xm xn+1)) +L¢ (N(xm xn+1))~ (6)

IA

Thus, we have

w(szd(xnﬂixnﬂ)) < %w(M(xman)) +L¢)(N(xnrxn+l))’ ()

where N(xnr xn+1) = min{ds(xm xn+2):ds(xn+1’ xn+1): d(xmxnﬂ): d(xn+17xn+2)} =0,and

A% Xni2) + AXi1, Xps1) }

M(xm xn+1) = max { d(xm xn+1)’ d(xm xn+1)r d(xn+1: xn+2); 4s

Note that

d(xnr xn+2) + d(xwrb xn+1) < S[d(xn: xn+1) + 3d(anrlranrZ)]
4s - 4s
_ (A% %ns1) + 3A(X 15 Xni2)]
4

= max{d(xmxnﬂ), d(xn+1¢xn+2)}~
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Consequently, we have
M(xm xn+1) = max{d(xm xn+l)) d(xn+17 xn+2) } .

If M(x,,,%41) = d(%,41, %42), then from (7) we have
1
14 (Szd(xn+lrxn+2)) < ;w (d(xn+1,xn+2)) <y (d(xn+1yxn+2))'

Since ¥ is increasing, we derive that s2d(x,,,1, %,42) < d(X,.11, %..2), which is a contradiction
as s > 1. Thus, M(x,, %,41) = d(x,,, %441). Again by (7), we find

Ip(Szd(xn+l:xn+2)) < %w'(d(xm xn+1)) S 1a&(d(xrnxn-*—l))'

Hence, we get
2 . 1
$°dXp1,%ns2) < A(Xpy X01)  equivalently  d(xy.1,%442) < S_zd(xmxnﬂ)- (8)

Case (i): s > 1. Since SLZ >0 and ssi2 = % <1, by Lemma 1.8, the sequence {x,} is Cauchy

and

lim d(x,,%,) =0. )

n,m— 00

Case (ii): s = 1. From (8), we have d(x,,1,%,,.2) < d(x,,,%,,,1) for all #n. Thus, we conclude
that

im d(x,,%,41) = 7, (10)
n— o0

for some r > 0. We shall prove that r = 0. Suppose, on the contrary, that r > 0. Note that,

for s = 1, the inequality (6) turns into

I/f (d(xn+1v xn+2)) < ,B ('ﬁ (M(xm xn+1)))w (M(xnr xn+1)) + L¢ (N(xm xn+l)); (11)
where N (x,,%,41) = 0 and M(x,,, x,41) = d(x,,, x,41) as evaluated above. Thus, (11) yields

VY (d(Xpe1,%ns2))
m = 'B(w (d(x”’xnﬂ))) <1 (12)

By taking the limit as # — oo in (12) and regarding the continuity of ¥, we get

lim 5(’# (d(xnrxn+1))) =1

n—00

Hence, we have

lim W(d(x,,,xml)) =0 andso lim d(x,,%,.1)=0.

n—00 n—00
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Consequently r = 0. In what follows, we shall prove that {x,} is a Cauchy sequence. Indeed
we will prove that limy,; ,—, 00 d(%4, %) = 0. Suppose, on the contrary, that there exist ¢ > 0
and corresponding subsequences {rn;} and {m;} of N satisfying ny > my > k for which

AWKy s Xny) > &, (13)
where ny, my are chosen as the smallest integers satisfying (13), that is,
Ay » 1) < €. (14)
By (13), (14), and the triangle inequality, we easily derive that
& < dWmy%n,) < AWKy Xy 1) + A1, %) < € + AKpy1, %) (15)
Using (15) and the squeeze theorem we get
k]i)rglo Ay %) = €. (16)

In a similar way, we can prove that limy_, oo d(%Xys , % +1) = 0, imy_, o0 d(% , Xy +1) = 0.
Regarding that T is a generalized almost «-1/ -¢-Geraghty contractive type mapping, we
have

w(d(xmkﬂr xnk+1)) = a(xmk’xnk)l//(d(Txmk, Txnk))
<B (1ﬁ (M(xmk;xnk)))w (M(xmk:xnk)) + L¢(N(xmk:xnk)); (17)

for all x,y € X, where

M(xmernk) = max{d(xmk!xnk)! d(xmk!xmk+l)1 d(xnk,xnk+1),

d(xmernkH) + d(xnk’xmkﬂ) }, (18)
4
and
N s ) = min{d® Ky » Xy 1) & For Xy 1), Ay r Xy 11)s A X s1) }-
By taking the limit as k — oo in (17) and taking (18), (10) into account, we get
Y(e) = lim B (Mo 0,))) ¥ (0): (19)

Since B is a Geraghty function, we derive that v (M(x,,, ,x,, )) — 0. Consequently, we have
A%y, %) — 0, which is a contradiction. Hence, we conclude that lim,;; ,—, oo @(%, %) = 0,
and the sequence {x,} is Cauchy for any s > 1.

By completeness of (X, d), there exists # € X such that

lim d(x,,u)= lim d(x,,x,,)=d(u,u)=0.

n—00 n,m—00
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Since T is continuous,

Tu = T( lim x) = lim T, = lim %,,; = %,
Hn— 00 n— 00 n—00

and u is a fixed point for 7T O

In what follows, we replace the condition of continuity of the operator by the condition

of a-regularity of the space.

Theorem 2.4 Let (X,d) be a complete b-metric-like space with constant s > 1 and T :
X — X be a generalized almost a-\-¢-Geraghty contractive type mapping. We suppose
also that:
(i) T is triangular a-orbital admissible;
(ii) there exists xg € X such that a(xg, Txg) > 1;
(ili) X is a-regular and d is continuous.
Then T has a fixed point, u € X with d(u,u) = 0.

Proof Following the lines of the proof of Theorem 2.3, we conclude that there exists u € X
such that

lim d(x,,u) = lim d(x,,x,)=du,u)=0.

n—00 n,m—00

Since X is a-regular, a(x,,x,41) > 1 for all n. Due to the fact that lim,,_, » x,, = u, there
exists a subsequence {x,, } of {x,,} such that o (x,,, %) > 1 for all k. To prove that u is a fixed
point for T, suppose on the contrary that d(u, Tu) > 0.

Now, by using the properties of ¥ and as 7T is a generalized almost a-1-¢-Geraghty
contractive type mapping we have

Y (d 1, Tw)) < ot ) (s (T, , Tt))

< B(¥ (M, 1)) ¥ (M (%, ) + L (N (i, 1))

Thus we have

1
Y (d(xn,,,» Tn)) < EI/f(M(xnk,u)) + L (N, 1)), (20)
where N(x,,,u) = min{d®(x,,, Tu), d* (4, Xp 1), AKXy » Xy 1), d(1, Tu)}, and note that

limy_, oo N (%, , 24) = 0. Moreover,

A%y, Tre) + d(ut, %, 4
M(xnk) M) = maX{d(xnk’M)’d(xnk!xnk+1),d(u, TM), (x x I/l);'s (l/l X, « 1)}

< max{d(x,,k, ), AKXy s Xy 1), A1, Tih),

d(xnk’ M) + d(u’ TM) + d(ur xnk) + d(xnernkH) }
4 .
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Hence

d(u, Tu)

lim M(x,,,u) < max{O,d(u, Tu),

k—00

} =d(u, Tu),
and by the definition of M(x,,, u) we have limy_, oo M(x,,,, u) = d(u, Tu).
By the continuity of ¢ and the b-metric-like 4, taking the limit as k goes to co on both

sides of (20) we have

v (d(u, Tu)) < %w (d(u, Tu)).

Thus 1 = 523&%; < %, which is a contradiction in the case s > 1. Hence d(u, Tu) = 0;

therefore Tu = u. In the case s = 1 we take the limit as k goes to oo on both sides of

Y (d (e, Tu)) < B (M, 1)) ) (M, 1))

and get limy_, oo (Y (M(x,,,%))) =1 and as B € F; so we have lim_, oo Y (M(x,,, %)) = 0.
Thus we have d(u, Tu) = 0; therefore Tu = u. O

For the uniqueness of a fixed point of a generalized a-{-¢ contractive mapping, we will
consider the following hypothesis.

(H) For all x,y € Fix(T), either a(x,y) > 1 or a(y,x) > 1.
Here, Fix(T) denotes the set of fixed points of T

Theorem 2.5 Adding condition (H) to the hypotheses of Theorem 2.3 (or Theorem 2.4), we
obtain the uniqueness of the fixed point of T

Proof Suppose that x* and y* are two fixed points of 7. Then it is obvious that M(x*,y*) =
d(x*,y*) and N(x*, y*) = 0. So, we have

V) < ¥ (2a(, 7))
a(x,y )y (sd(Tx", Ty*))
B (d(xy)))v (d(x".77))
S (6),

IA

IA

<

which is a contradiction. O

Definition 2.6 Let (X,d) be a b-metric-like space with constant s >1, T: X — X be a
map, we say that 7 is a generalized rational « -y -¢-Geraghty contractive mapping of type
(I) if there exist a function o : X x X — [0,00), ¥,¢ € ¥, B € F;, and some L > 0 such that

a(x ) (s°d(Tx, Ty)) < B(¥ (Kx,9))) ¥ (K(%,9)) + Lp(N(x,)), (21)

for all x,y € X, where N(x,y) is defined as in (5) and

(22)

]((x’y) — max{d(x,y), d(xr Tx)d(% Ty) d(x, Tx)d(y, Ty) }

1+d(x,y) T 1+ d(Tx, Ty)
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Definition 2.7 Let (X, d) be a b-metric-like space with constants > 1, T : X — X be a map,
we say that T is a generalized rational «-y-¢-Geraghty contractive of type (II) mapping
if there exist a function o : X x X — [0,00), ¥,¢ € ¥, B € F; and some L > 0 such that

axy) v (s°d(Tx, Ty)) < B(¥(Qx.2)) v (Q. ) + Lo (N (x,)), (23)

for all x,y € X, where N(x, y) is defined as in (5) and

(24)

Q) = max{d(x, ), 466 T, Ty) + o Ty) 0, T }

1+ s(d(x, Tx) + d(y, 7))

Theorem 2.8 Let (X, d) be a complete b-metric-like space with constants > 1land T : X —
X be a generalized rational a-\-p-Geraghty contractive mapping of type (1) such that:
(i) T is triangular a-orbital admissible;
(ii) there exists xo € X such that o(xg, Txg) > 1;
(iii) T is continuous.
Then T has a fixed point, u € X with d(u,u) = 0.

Proof We shall use the same techniques as in the proof of Theorem 2.3. First of all, we shall
construct a sequence {x,} C X where x,,; = Tx, for which «(x,,x,,1) > 1 and x,, # x,,,; for
all 7 € Ny.

Since T is generalized rational a-{ -¢-Geraghty contractive of type (I) we have

1p(Szd(xn+1¢xn+2)) =< a(xn) xn+l)w(52d( Txm Txm—l))
= ﬁ(lﬂ (I((xm xn+1)))¢ (1((xn: xn+1)) +L¢ (N(xm xn+1))~ (25)

Since N(x,,x,.1) = 0, the above inequality implies that

w(szd(xnﬂ’xnﬂ)) = ,3(1// (1<(xmxn+1)))w(1((xn:xn+1))r (26)

where

K(x X )—max d(x X ) d(xnrxn+l)d(xn+1’xn+2) d(xn,xn+1)d(xn+1,xn+2)
s Xnsl) = 1y Xn+1) 1+ d(xy, %01 ’ 1+ d(%p41,%042)

On the other hand, we have

A% X111)A (K415 Xn2) A% X111)A (K415 Xn2)
1+ d(xn+1: xn+2) - d(xn+1¢ xn+2)

= d(xn: xn+1)

and

A% X11)A (K415 Xn2) < A% X111)A (K415 Xn2)

=d n+lrXn+2).
1+d(xnxxn+l) - d(xrnerl) (x v 2)

Consequently, we get K (x,,, x,,1) < max{d(x,, %,41), d(%y11,%n42)}
If max{d(x,, %441), d(Xps1, Xn42)} = A(X 41, %n42), then from (26) together with Remark 2.2,
we have

1
Y (Szd(xml: xn+2)) < ; ) (d(xn+11xn+2))-
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This is a contradiction since v is increasing. Thus, we have max{d(x,, ,,41), (X141, X142)} =
d(%y,%4.1) and by the definition of K(x,,%,.1) we shall have K(x,,, %41) = (%4, %4.1). Con-
sequently, the inequality (26) turns into

Ipl(d(xn-*—lvxn+2)) S I/f(Szd(x,H,l, xn+2)) E ﬂ(lﬁ (I<(xnrxn+l)))w(d(xnrxn+l))' (27)

By Remark 2.2, we get
1
1/f (Szd(xn+1¢xn+2)) < w (d(xﬂvxn+1)) and hence, d(xn+1) xn+2) < S_Zd(x”’ xn+l)~ (28)

Case (i): s > 1. Since SLZ >0 and ssi2 = % <1, by Lemma 1.8, the sequence {x,} is Cauchy
and

lim d(x,,%,) = 0. (29)

n,m—> 00

Case (ii): s = 1. Since {d(x,,, x,,1)} is a decreasing sequence, there exists r > 0 such that

lim d(x,,%,.1) =7, (30)

n—00

for some r > 0. We shall prove that r = 0. Suppose, on the contrary, that » > 0. By letting
n— oo in (27) we find

Y (r) < lim By (K x001))) ¥ (7).

n—00

Ityields 1 = lim,,—, o B(¥ (K (x4, %441))). Since B € F1, we get ¥ (K(x,,, x441)) — 0, which im-
plies that d(x,, x,,1) — 0, that is, r = 0.

In what follows, we shall prove that {x,} is a Cauchy sequence. Indeed we will prove that
limy,; ;00 A%, %) = 0. Suppose, on the contrary, that there exist ¢ > 0 and corresponding
subsequences {n;} and {m;} of N satisfying ny > my > k for which

AWKy Xny) > €, (31)
where ny, my are chosen as the smallest integers satisfying (31), that is,
AWKy s K1) < €. (32)

By (31), (32), and the triangle inequality, we easily derive that

& < AKXy Xn) < AKXy Xp—1) + AXp -1, %)

<&+ dXp1,%). (33)
Using (33) and the squeeze theorem we get

lim d (%, %, ) = €. (34)

k—o00
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Regarding that T is generalized rational a-y-¢-Geraghty contractive mapping of
type (I), we have

w(d(xmkﬂr xnk+1)) = a(xmernk)w(d(Txmk’ Txnk))

< BV (K G 0)) )W (K W%, )) + L (N o 6)), (35)
for all x,y € X, where

d(xmk’ xmk+1)d(xnk’ xnkJrl)
L+ d(&pnyr X, )

’

1<(xmk; xnk) = max{d(xmk: xnk);

d(xmk)xkarl)d(xnk)xnkJrl) } (36)
1+ d(xmk+1¢xnk+1)
and
N(xmk: xnk) = min{ds(xmk:xnkﬂ): ds(xnermk+1): d(xmk: xmk+l): d(xnk:xnkﬂ) }
It is clear that
klim K (%, %n) =€ and klim Ny %) = 0.
By taking the limit as k — oo in (35) and taking (36), (30) into account, we get
¥(e) < lim By (K@ xn,))) lim v (K Gy 2,))
< Jim B (K ,))) ¥ e): (37)

Since B is a Geraghty function, we derive that ¥ (K (x,,,,%,,)) — 0. Consequently, we have
A%y, %) — 0, which is a contradiction. Hence lim,;; ,—. oo d(%y, %) = 0, and the sequence
{x,,} is Cauchy for any s > 1.

By completeness of (X, d), there exists # € X such that

lim d(x,,u) =d(u,u) = lim d(x,,x,)=0.

n—00 n,m—00

Now, if T is continuous, then
Tuu = T( lim x) - lim T, = lim %p1 = #,
n—00 n—00 n—0o0
and u is a fixed point for T. O

Theorem 2.9 Let (X, d) be a complete b-metric-like space with constants > 1and T : X —
X be a generalized rational a-\-p-Geraghty contractive of mapping type (1) such that:
(i) T is triangular a-orbital admissible;
(ii) there exists xy € X such that a(xy, Txo) > 1;
(ili) X is a-regular and d is continuous.
Then T has a fixed point, u € X with d(u,u) = 0.
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Proof Verbatim of the proof of Theorem 2.8, we conclude that the iterative sequence {x,}
is Cauchy and converges to u € X. Since X is a-regular, then, as in the proof of Theo-

rem 2.4, there exists a subsequence {x,, } of {x,} such that

(1, i) < (K i) + L (N ), (38)

d(xnkvxnkﬂ)d(uxTM) d(xnkvxnkﬂ)d(MvTu)
where K (x,,, #) = max{d(x,,, u), Tedlong 0 Lol s1,T0 }.

Hence limg_ o K (%, #) = 0 and as in the proof of Theorem 2.4 limy_, oo N (%, , u) = 0.

Thus taking the limit as k — oo on both sides of (38) and keeping in mind that ¢ and d
are continuous we have ¥ (d(u, Tu)) < 0. Hence d(u, Tu) = 0; therefore Tu = u. O

Theorem 2.10 Adding condition (H) to the hypotheses of Theorem 2.8 (or Theorem 2.9),
we obtain uniqueness of the fixed point of T

Proof As in the proof of Theorem 2.5, we suppose that x* and y* are two fixed points of T.
Then, clearly, we have K(x*,y*) = d(x*,y*) and N(x*,y*) = 0. So, we have
¥ (d@"y")) = v(sd(Tx, Ty))
(') (2a(T¥', T5'))
=B (d("y")) v (d(="y"))
<y(dly))

IA

which is a contradiction. O

Theorem 2.11 Let (X,d) be a complete b-metric-like space with constant s > 1 and T :
X — X be a generalized rational a-v-¢-Geraghty contractive mapping of type (1I) such
that:
(i) T is triangular a-orbital admissible;
(ii) there exists xo € X such that o(xg, Txg) > 1;
(iii) T is continuous.
Then T has a fixed point, u € X with d(u,u) = 0.

Proof Verbatim of the lines in the proof of Theorem 2.3, we construct a sequence {x,} C X
where x,,,1 = T, for which a(x,, x,,1) > 1 and x,, # x,,; for all n € Ny. Moreover, by using
the fact that T is a generalized rational «-1/-¢-Geraghty contractive mapping of type (II)
and the property of iy we have

Y (S A1, %042)) < (0 %)V (S (T, Toinsn))
=< ,3 (W (Q(xn) xn+l))) ’ﬁ (Q(xm xn+1)) + L¢ (N(xm xn+1)) . (39)
By using the same arguments as in the proof of Theorem 2.3, we derive that

w(szd(xml:xnﬂ)) < EW(Q(xn:erl))’ (40)
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where

d(xnrxn+l)d(xn+lrxn+2) + ds(xn;xn+2)ds(xn+lrxn+l) }

nAn = d mAn+l)s
QU #e1) max{ G nr) 1+ s[d(x, %41) + A1, %42)]

Since d (%, Xni2) < S[d (% Xyi1) + A(Xp1,%042)], We have

A% %11)A Xy Xe2)

d wrXn+l) =
(x ¥ 1) 1+d(xn;xn+2)

d(xnr xn+1)d(xnr xn+2)
T 1+ 8[d(x K1) + A1 %002)]

Hence, we get Q(x,, %,141) = d(%p, %41).-

By using (40) we get ¥ (s2d(Xys1,%n:2)) < W (d(%y,%441)). Since ¥ is increasing we
have d(x,.1,%,42) < s%d(xn,xnﬂ). If s > 1 then, as in the proof of Theorem 2.3, by using
Lemma 1.8, we conclude that {x,} is a Cauchy sequence and limy, oo d(*y, %) = 0. If
s =1, by verbatim of the proof of Theorem 2.3, we deduce that {x,} is a Cauchy sequence.

Since (X,d) is complete, there exists u € X such that 0 = lim,,,,— 0 d(xy, X)) =
lim,,_, o0 d(x,,, 1) = d(us, ). Now, since T is continuous, Tu = T(lim,,_, o0 %;;) = lim,,_, oo TX,, =
lim,,, oo X541 = # and u is a fixed point for T. a

Theorem 2.12 Let (X,d) be a complete b-metric-like space with constant s > 1 and T :
X — X be a generalized rational o-y-p-Geraghty contractive mapping of type (1) such
that:
(i) T is triangular o-orbital admissible;
(ii) there exists xq € X such that a(xg, Txo) > 1;
(ili) X is a-regular and d is continuous.
Then T has a fixed point, u € X with d(u,u) = 0.

Proof By following the proof of Theorem 2.11 line by line, we see that {x,} converges to
u € X. Due to the fact that X is «-regular and by following the lines of the proof of Theo-
rem 2.4 there exists a subsequence {x,, } of {x,} such that

U (@t T)) < S (Qtng, ) + L (N (o 1), (41)

N

where

Q(x u) _ max{d(x I/l) d(xnernk+l)d(ur TM) + ds(xnk’ Tu)ds(u, xnk+1) }
Hfr - npr ’

1+ s[d(xy s %np41) + d(u, Tu)]

Note that limy_, o Q(xy,, %) = 0 and lim_, oo N (%, ,#) = 0. Thus taking the limit as n —
oo on both sides of (41) and keeping in mind that ¥ and d are continuous we have
¥ (d(u, Tu)) = 0, and so d(u, Tu) = 0. Thus u = Tu. a

Theorem 2.13 Let (X, d) be a complete b-metric-like space with constant s > 1 and T :
X — X be a mapping. Suppose that there exist a function o : X x X — [0,00), ¢ € Y,
B € F; such that

alx, )Y (s°d(Tx, Ty)) < B(¥ (d(x,9))) v (d(x, ), (42)
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forall x,y € X. Suppose also that:
(i) T is triangular a-orbital admissible;
(ii) there exists xo € X such that o(xg, Txg) > 1;
(iii) T is continuous.
Then T has a fixed point, u € X with d(u,u) = 0.

Proof By (ii) there exists xy € X such that a(xg, Tx¢) > 1. Define a sequence {x,} C X by
%xu41 = Tx, for all m € Ny. As T is triangular «-orbital admissible, by Lemma 1.13 we have
(%, %,,.1) > 1 for all n € Ny. Notice that if there exists a natural number 7y such that
Xy = %ny+1, then the proof is complete. To avoid this trivial case, from now on, we assume
that x,, # x,,;1 for all n € Nj.

Since T satisfies (42) we have

¢(52d(xn+1;xn+2)) = O5(3‘:;1) xn+l)w(52d(Txm Txn+1))
<8 (I/f (d(xm xn+1))) 1 (d(xm xn+1)) .

Thus, we have

1p(Szd(xrﬁbxn+2)) < %w(d(xmxnﬂ)) < w(d(xmxnﬂ))' (43)

Since V¥ is increasing, we have d(x,,1,%,42) < S%d(x,,,xml).

Case (i): If s > 1, then, since le >0 and ssi2 = % <1, by Lemma 1.8, {x,} is a Cauchy se-
quence and limy, ;o0 d(%, %) = 0.

Case (ii): If s = 1, then as d(x,41,%442) < d(x,,%,.1), there exists » > 0 such that
lim,,—, oo (X, %441) = 1. If r > 0 then taking the limit as # — oo on both sides of

Y (A1 %ni2)) < B(W (A% %001)) ) ¥ (A Xn11))
we get lim,,_, o B(¥ (d(x,,%441))) =1 and as B is a Geraghty function, we derive that

Jim A%, %p41) = 0. (44)
That is, r = 0. In what follows we shall prove that {x,} is a Cauchy sequence. Indeed we
will prove that lim,, ,,—, oo d(x,,, x,,,) = 0. Suppose, on the contrary, that there exist ¢ > 0 and
corresponding subsequences {rn} and {m} of N satisfying n > my > k for which

AWKy s %Xny) > &, (45)
where ny, my are chosen as the smallest integers satisfying (45), that is,

AKXy s K1) < €. (46)

By (45), (46), and the triangle inequality, we easily derive that

& < AWKy %n) < AKXy s Xnp—1) + AWKy 1, %) < € + AKp—1, %) (47)
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Using (47) and the squeeze theorem we get

klirgo (xmernk) =¢. (4'8)

As T satisfies (42), we have

w(d(xmkﬂr xnk+1)) = a(xmk’xnk)l//(d(Txmk, Txnk))
< B (A %)) )V (A Emg» %,)).- (49)

Taking the limit as k — oo for (49) we get limy_, oo (v (d(%y;, %, ))) = 1. Thus
klim AKXy %) = 0.

Therefore, {x,} is a Cauchy sequence for s > 1. By completeness of (X, d), there exists u € X
such that 0 = lim,, ;,,— oo (%, %) = lim,,_, oo d(x,, 1) = d(u, ).

Since T is continuous, Tu = T(lim,,_, o0 X,,) = lim,,_, oo TX, = lim,_, oo %,4,1 = # and u is a
fixed point for T. O

Theorem 2.14 Let (X,d) be a complete b-metric-like space with constant s > 1 and T :
X — X be a mapping. Suppose that there exist a function a : X x X — [0,00), ¥ € ¥, and
B € F; such that

(e, )V (s*d(Tx, Ty)) < B(¥ (dx,)) ¥ (d(x, ), (50)

forall x,y € X. Suppose also that:
(i) T is triangular o-orbital admissible;
(ii) there exists xg € X such that a(xy, Txg) > 1;
(ili) X is a-regular and d is continuous.
Then T has a fixed point, u € X with d(u,u) = 0.

Theorem 2.15 Adding condition (H) to the hypotheses of Theorem 2.13 (or Theorem 2.14),
we obtain the uniqueness of the fixed point of T.

Remark 2.16 Notice that we get several corollaries by replacing the auxiliary functions
¥ and B in a proper way. In particular, by taking v (¢) = ¢t we find the extended version of

several existing results.

3 Expected consequences
In this section, we shall consider some immediate consequences of our main results.
The following result is obtained by letting L = 0 in Theorem 2.3 or 2.4.

Corollary 3.1 Let (X, d) be a complete b-metric-like space with constants > land T : X —
X be a mapping. Suppose that there exist o : X x X — [0,00), ¥ € ¥, 8 € F; such that

Of(x»)’)llf(szd(Tx: Ty)) = ﬂ(lﬂ (M(x»y)))ilf(M(x»)’)), (51)
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forall x,y € X, where

(%, Ty) + d(y, Tx) } (52)

M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), d P

Suppose also that:
(i) T is triangular a-orbital admissible;
(ii) there exists xg € X such that o(xg, Txg) > 1;
(iti) T is continuous or (iil)’ X is a-regular and d is continuous.
Then T has a fixed point.

Adding condition (H) to the hypothesis of Corollary 3.1, we guarantee the uniqueness
of the fixed point.

Again by letting L = 0 in Theorem 2.5 and Theorem 2.10 we get two more corollaries as
Corollary 3.1. We skip the details regarding the volume of the paper.

Corollary 3.2 Let (X, d) be a complete b-metric-like space with constant s >1, T : X — X
be a map and o : X x X — [0,00) be a function. Suppose that T satisfies at least one of the
following conditions:

(@) alx,y)d(Tx, Ty) < 55M(x,);

(b) alx,)d(Tx, ) < 75 K(x,9);
where M(x,y), K(x,y) are defined as in (4), (22). Suppose also that:

(i) T is triangular a-orbital admissible;
(ii) there exists xo € X such that o(xg, Txg) > 1;
(iii) T is continuous or (iii)’ X is a-regular and d is continuous.

Then T has a unique fixed point u € X with d(u,u) = 0.

Proof Itis sufficient to take L = 0, ¢ (¢) = £, and B(¢) = % in Theorem 2.5 and Theorem 2.10
(and thus, Theorem 2.3 or Theorem 2.4, Theorem 2.8 or Theorem 2.9, respectively). [

Adding condition (H) to the hypothesis of Corollary 3.2, we guarantee the uniqueness
of the fixed point.

Corollary 3.3 Let (X, d) be a complete b-metric-like space with constant s >1, T : X — X
be a map, and o : X x X — [0, 00) be a function. Suppose that T satisfies at least one of the
following conditions:

(©) alxy)d(Tx, Ty) < 55Qx,),
where M(x,y), K(x,y), Q(x,y) are defined as in (24). Suppose also that:

(i) T is triangular a-orbital admissible;

(ii) there exists xg € X such that a(xg, Txg) > 1;

(iii) T is continuous or (iii)’ X is a-regular and d is continuous.
Then T has a fixed point u € X with d(u,u) = 0.

Proof Ttis sufficient to take L = 0, ¢ (¢) = ¢, and B(¢) = i in Theorem 2.11 or Theorem 2.12,
respectively. O
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3.1 For standard b-metric-like spaces
If we set a(x,y) =1 for all x,¥ € X in Theorem 2.5, then we derive the following results.

Corollary 3.4 Let (X,d) be a complete b-metric-like space with constant s > 1 such that d
is continuous and T : X — X be a mapping. Suppose that there exist y,¢ € V¥, B € F, and

some L > 0 such that
v ($d(Tx, Ty)) < B(¥ (M(x,9))) ¥ (M(x,9)) + L (N(x,)), (53)

forall x,y € X, where

M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), w } and (54)
N(x,y) = min{ds(x, Ty), d*(y, Tx), d(x, Tx), d(y, Ty)}. (55)

Then T has a unique fixed point u € X with d(u,u) = 0.
If we set (x,y) = 1 for all v,y € X in Theorem 2.10, then we derive the following results.

Corollary 3.5 Let (X, d) be a complete b-metric-like space with constant s > 1 such that d
is continuous and T : X — X be a mapping. Suppose that there exist y,¢ € V¥, B € F, and
some L > 0 such that

¥ (s°d(Tx, T) < B(v (K(x,9)))¥ (K(x,9)) + Lp(N(x,9)), (56)

forall x,y € X, where

B d(x, Tx)d(y, Ty) d(x, Tx)d(y, Ty)
K(x,y) = max{d(x,y), Lidy) | 1+d(TeTy) } d (57)
N(x,y) = min{ds(x, Ty), d*(y, Tx), d(x, Tx), d(y, Ty)}. (58)

Then T has a unique fixed point u € X with d(u,u) = 0.
If we set a(x,y) = 1 for all x,y € X in Theorem 2.11, then we derive the following results.

Corollary 3.6 Let (X,d) be a complete b-metric-like space with constant s > 1 such that d
is continuous and T : X — X be a mapping. Suppose that there exist y,¢ € ¥, B € F, and
some L > 0 such that

¥ (sd(Tx, Ty)) < B(¥(Q(x,2)) ¥ (Qx. ) + Lo (N (x,)), (59)

forall x,y € X, where

d(x, Te)d(y, Ty) + d*(x, Ty)d* (y, T>
Q(x,y)=max{d(x,y)» - ;C)Jrs((yd(j)T-;) +(Z'(yy2fy))(y x)} ¢ 00
N(x,y) = min{d’(x, Ty), d"(y, Tx), d(x, Tx), d(y, Ty) }. ©V

Then T has a fixed point u € X with d(u,u) = 0.
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If take L = 0 in Corollaries 3.4-3.6, we get three more consequences. Regarding the vol-
ume of the paper, we skip the details.

Corollary 3.7 Let (X, d) be a complete b-metric-like space with constant s > 1 such that d
is continuous and T : X — X be mapping. Suppose that there exist v € V and 8 € F; such
that

V¥ (s*d(Tx, Ty)) < B(¥ (d(x,9))) ¥ (d(x.), (62)
forallx,y € X. Then T has a unique fixed point u € X with d(u,u) = 0.

Proof It follows from Theorem 2.15 by a(x,y) =1 for all x,y € X. 0

3.2 For b-metric-like spaces endowed with a partial order
In this section, from our main results, we shall derive easily various fixed point results on

a b-metric-like space endowed with a partial order. We, first, recall some notions.

Definition 3.8 Let (X, <) be a partially ordered set and 7 : X — X be a given mapping.
We say that T is nondecreasing with respect to < if

xyeX, x=xy = Tx=xTy.

Definition 3.9 Let (X, <) be a partially ordered set. A sequence {x,} C X is said to be
nondecreasing (respectively, nonincreasing) with respect to < if x,, < x,,1 (respectively,

X141 < %, for all n).

Definition 3.10 Let (X, <) be a partially ordered set and d be a b-metric-like on X. We say
that (X, <,d) is regular if for every nondecreasing (respectively, nonincreasing) sequence
{x.} C X such that x, — x € X as n — 00, there exists a subsequence {x,, } of {x,} such
that x,, < x (respectively, x,, > x) for all k.

We have the following result.

Corollary 3.11 Let (X, X) be a partially ordered set (which does not contain an infinite
totally unordered subset) and d be a b-metric-like on X with constant s > 1 such that (X, d)
is complete. Let T : X — X be a nondecreasing mapping with respect to <. Suppose that
there exist W € V, B € F; such that

Y (sd(Tx, Ty)) < B(¥ (M(x,9))) ¥ (M(x,)), (63)

forall x,y € X with x > y or y > x where M(x,y) is defined as in (4). Suppose also that the
following conditions hold:

(i) there exists xg € X such that xo < Txo;

(ii) T is continuous or (ii) (X, <,d) is regular and d is continuous.
Then T has a fixed point u € X with d(u,u) = 0.
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Proof Define the mapping « : X x X — [0, 00) by

x,7) 1 ifx=<yorx>y,
a(x,y) =
J 0 otherwise.

Clearly, T satisfies (51), that is,

a(x )Y (sd(Tx, Ty)) < B(v (M(x,9))) ¥ (M(x, ),

for all x, ¥ € X. From condition (i), we have «a(xg, Tx¢) > 1. Moreover, for all x,y € X, from
the monotone property of T, we have

alx,y)>1 = wx>yorx<y = Tx>TyorTx<Ty = o(Tx,Ty)>1

Hence, the self-mapping T is «-admissible. Similarly, we can prove that T is triangular «-
admissible and so triangular «-orbital admissible. Now, if T is continuous, the existence
of a fixed point follows from Corollary 3.1. Suppose now that (X, <,d) is regular. Let {x,}
be a sequence in X such that o(x,,x,,1) > 1 for all n and x, — x € X as n — oco. From the
regularity hypothesis and as X does not contain an infinite totally unordered subset, there
exists a subsequence {x,, } of {x,} such that x,, <x orx <x,, for all k. This implies from
the definition of « that a(x,,,x) > 1 for all k. In this case, the existence of a fixed point
follows again from Corollary 3.1. O

In an analogous way, we derive the following results from Theorem 2.8 and Theo-
rem 2.11, respectively.

Corollary 3.12 Let (X, X) be a partially ordered set (which does not contain an infinite
totally unordered subset) and d be a b-metric-like on X with constant s > 1 such that (X, d)
is complete. Let T : X — X be a nondecreasing mapping with respect to <. Suppose that
there exist € V, B € F; such that

¥ ($d(Tx, Ty)) < B(¥ (K(x,9))) ¥ (K(x,)), (64)

forall x,y € X with x = y or y > x where M(x,y) is defined as in (22). Suppose also that the
following conditions hold:

(i) there exists xg € X such that xq < Txo;

(i) T is continuous or (ii) (X, X,d) is regular and d is continuous.
Then T has a fixed point u € X with d(u,u) = 0.

Corollary 3.13 Let (X, X) be a partially ordered set (which does not contain an infinite
totally unordered subset) and d be a b-metric-like on X with constant s > 1 such that (X, d)
is complete. Let T : X — X be a nondecreasing mapping with respect to <. Suppose that
there exist v € V, B € F; such that

¥ (s*d(Tx, Ty)) < B(¥ (Qx.2))) ¥ (Qx. ), (65)

forall x,y € X with x = y or y > x where M(x,y) is defined as in (24). Suppose also that the
following conditions hold:



Karapinar et al. Journal of Inequalities and Applications (2015) 2015:303 Page 21 of 22

(i) there exists xg € X such that xq < Txo;
(i) T is continuous or (ii) (X, X,d) is regular and d is continuous.
Then T has a fixed point u € X with d(u,u) = 0.

Corollary 3.14 Let (X, X) be a partially ordered set (which does not contain an infinite
totally unordered subset) and d be b-metric-like on X with constant s > 1 such that (X, d)
is complete. Let T : X — X be a nondecreasing mapping with respect to <. Suppose that
there exist € WV, B € F; such that

v ($d(Tx, Ty)) < B(¥ (d(x,9))) ¥ (d(x, ), (66)

forall x,y € X with x = y or y > x. Suppose also that the following conditions hold:
(i) there exists xg € X such that xo < Txo;
(ii) T is continuous or (ii) (X, <,d) is regular and d is continuous.

Then T has a fixed point u € X with d(u,u) = 0.

Example 3.15 Let X = [0, 00) define d : X x X — [0,00) by d(x,7) = |x — y|>. Then (X,d)
is complete b-metric (so b-metric-like) space with constant s = 2. Define T : X — X and
a(x,y): X x X — [0, 00) as follows:

2 ifxe(1,00),

- {g ifx € [0,1],

and

1 ifx,ye0,1],
alx,y) = .
0 otherwise.
It is clear that T is triangular or-orbital admissible and we have «(0, 70) > 1. Moreover, X
is a-regular and d is continuous.
Let y(¢) = ¢, B(t) = % then clearly ¢ € W and B € F,. Moreover, T satisfies (50) for the
following reason: if x, y € [0,1], then

2 Y
g_z) _ -y B(v (d(x,9))) ¥ (d(x, ).

a(x,y)lp(zzd(Tx, Ty)) =22 (4 ) )

Otherwise,

(@) (2%d(Tx, Ty)) = 0 < B(¥ (d(x,9))) ¥ (d(x, ).
Therefore, by Theorem 2.14, T has a fixed point x = 0.

Example 3.16 Let X = {0,1,2} define d: X x X — [0,00) by d(x,y) = (max{x,)’})%. Then
(X, d) is complete b-metric-like space with constant s = 2371 = 27 such that d is continu-
ous. Define T: X — X by T = {(0,0),(1,0),(2,0)}.

Let ¥ (¢) = t, B(t) = L-e* or B(t) = ——, then clearly ¥y € ¥ and B € ]-'2%. Note that
22 22 4+t

K(0,1) =1, K(0,2) = K(1,2) = 2%, and clearly T satisfies (56) with L = 0 Therefore, by
Corollary 3.5, T has a fixed point x = 0.
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4 Conclusion

It is clear that we can list several more results by replacing the b-metric-like space, with

some other abstract space, such as a b-metric space, a metric space, a metric-like space,

a partial metric space, and so on.
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