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loops, that is, E(G) ⊇ �. We assume that G has no parallel edges so we can identify G
with the pair (V (G),E(G)). Moreover, we may treat G as a weighted graph by assigning
to each edge the distance between its vertices. By G– we denote the conversion of the
graph G, the graph obtained from G by reversing the direction of the edges. Thus we have
E(G–) = {(x, y) ∈ X × X : (y,x) ∈ E(G)}. G̃ denotes the undirected graph obtained from G
by ignoring the direction of the edges. Actually it will be more convenient for us to treat
G̃ as a directed graph for which the set of its edges is symmetric; under this convention,
E(G̃) = E(G) ∪ E(G–). Jachymski [] proved the existence of a fixed point of the mapping
T if the contraction condition holds for those pairs of elements from X that form edges of
a graph in X provided the following condition holds:

(P) for any {xn} in X such that xn → x with (xn+,xn) ∈ E(G) for all n ≥  there exists a
subsequence {xnk } of {xn} such that (x,xnk ) ∈ E(G).

Some interesting fixed point theorems for Banach type contractions endowed with the
graph G or ordering are obtained by the authors in [–]. Samreen and Kamran []
also obtained useful results for such mappings by using the following condition, which is
weaker than (P)

(P ′) for any {f nx} in X such that f nx → y ∈ X with (f n+x, f nx) ∈ E(G) there exist a subse-
quence {f nk x} of {f nx} and n ∈ N such that (y, f nk x) ∈ E(G) for all k ≥ n.

Example . [] Let X = [, ] endowed with usual metric d(x, y) = |x – y|. Consider a
graph G consisting of V (G) := X and E(G) := {( n

n+ ,
n+
n+ ) : n ∈ N} ∪ {( x

n , x
n+ ) : n ∈ N,x ∈

[, ]} ∪ {( x
n , ) : n ∈ N,x ∈ [, ]}. Note that G does not satisfy property (P) as n

n+ → .
By defining f : X → X as fx = x

 , G satisfies property (P ′).We have f nx = x
n →  as n → ∞.

Recently, Ma et al. [] introduced the notion of C∗-valued metric spaces and extended
the Banach contraction principle for self-mappings on C∗-valued metric spaces. Before
giving the definition and result byMa et al. [] let us recall some notions from C∗-algebra
that may be found in [, ]. A ∗-algebra A is a complex algebra with conjugate linear
involution ∗ such that for any x, y ∈ A, x∗∗ = x and (xy)∗ = y∗x∗. In addition, if A is a Banach
space and for x ∈ A, ‖x∗x‖ = ‖x‖, then A is called a C∗-algebra. The set σ (x) = {λ ∈ C :
λI – x is not invertible} is called the spectrum of an element x ∈ A. An element x ∈ A is
called a positive element of A if x is self-adjoint i.e., x = x∗ and σ (x) ⊂ [,∞). The set A+

denotes the set of positive elements in A. We will write x � y iff x – y ∈ A+. Each positive
element x of a C∗-algebra has a unique positive square root. If x and y are self-conjugate
elements of a C∗-algebra and θ � x � y then ‖x‖ � ‖y‖, where θ is the zero element of the
C∗-algebra A.

Definition . [] Let X be a nonempty set. A mapping d : X × X → A is called a C∗-
valued metric on X if it satisfies the following conditions:

(i) d(x, y) � θ , for all x, y ∈ X ;
(ii) d(x, y) = θ ⇔ x = y;

(iii) d(x, y) = d(y,x), for all x, y ∈ X ;
(iv) d(x, y) � d(x, z) + d(z, y), for all x, y, z ∈ X .

The tuple (X,A,d) is called a C∗-valued metric space. Let x ∈ (X,A,d). A sequence {xn}
in (X,A,d) is said to be convergent with respect to A, if for any ε >  there exists a pos-
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itive integer N such that ‖d(xn,x)‖ ≤ ε for all n > N . A sequence {xn} is called a Cauchy
sequence with respect to A if for any ε >  there exists a positive integer N such that
‖d(xn,xm)‖ ≤ ε for all n,m > N . If every Cauchy sequence with respect to A is convergent,
then (X,A,d) is said to be a complete C∗-valued metric space.

Definition . [] Let (X,A,d) be a C∗-valued metric space. A mapping T : X → X is
said to be a C∗-valued contraction mapping on X if there exists an A ∈ A with ‖A‖ < 
such that

d(Tx,Ty) � A∗d(x, y)A, for all x, y ∈ X. ()

Theorem . [] If (X,A,d) is a C∗-algebra valued metric space and T satisfies (), then
T has a unique fixed point in X.

It is natural question to ask whether the mapping T , considered above, has a fixed point
if the contraction condition holds for those pair of elements that form edges of the graph
as defined by Jachymski []. In this paper, we give a positive answer to this question by
introducing the notion of C∗-valued G-contractions and then proving a fixed point the-
orem for such contractions. We construct some examples to elaborate the generalities of
our notion and result.

2 Main results
We begin this section by introducing the notion of a C∗-valued G-contraction which is
weaker than the notion of a C∗-valued contraction, Definition ..

Definition . Suppose (X,A,d) be a C∗-valued metric space endowed with the graph
G = (V (G),E(G)). A mapping T : X → X is called a C∗-valued G-contraction on X, if there
exists an A ∈ A with ‖A‖ <  such that

d(Tx,Ty) � A∗d(x, y)A, ∀(x, y) ∈ E(G). ()

Remark . By taking G = (X,X ×X), we see that a C∗-valued contraction is a C∗-valued
G-contraction.

The following example shows that the converse of the above statement is not true in
general.

Example . Consider the algebra, A = M×(R), of all  ×  matrices with the usual
operations of addition, scalar multiplication, and matrix multiplication. Note that ‖A‖ =
(
∑

i,j= |aij|)  defines a norm on A and ∗ : M×(R) → M×(R), given by A∗ = A, defines
a convolution on M×(R). Thus A becomes a C∗-algebra. For

A =

(
a a

a a

)

B =

(
b b

b b

)

∈ M×(R),

we denote

A � B if and only if (aij – bij)≤ , for all i, j = , . ()
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It is straightforward to see that � given by () is a partial order on M×(R). Define d :
R × R → A by

d(x, y) =

(
|x – y| 
 |x – y|

)

. ()

It is easy to check that d satisfies all conditions of Definition .. Therefore, (R,A,d) is
a C∗-valued metric space. Define T : R → R by Tx = x

 and consider the graph G =
(V (G),E(G)), where V (G) = R and

E(G) =
{(


n ,


n+

)

: n = , , . . .
}

∪ {
(x,x) : x ∈ R

}
. ()

Note that, for each n ∈ N,

(

T

n ,T


n+

)

=
(


n+ ,


n+

)

∈ E(G).

Also, for each x ∈ R, (Tx,Tx) = ( x
 ,

x
 ), which is again an edge in the graph G. Moreover,

by taking A =
( √




 √


)
, we have ‖A‖ < , and one can check that the contractive condition

() holds for all edges that belong to the graph G. Furthermore, the contractive condition
() is not satisfied, for example, at x = , y = . Hence T is C∗-valued G-contraction but
not a C∗-valued contraction.

The following lemma is straightforward.

Lemma . Let A be a C∗-algebra and x ∈ A such that ‖x‖ < , then

lim
m→∞

n∑

k=m

‖x‖k = . ()

The proof of () follows from the fact that
∑n

k=m ‖x‖k is a geometric series with the
common ratio ‖x‖ <  and m → ∞ implies ‖x‖m → .

Theorem . Let (X,A,d) be a C∗-valued metric space endowed with the graph G =
(V (G),E(G)). Suppose T : X → X is a C∗-valued G-contraction on X satisfying property
(P ′) and the following conditions:

(I) if (x, y) ∈ E(G) then (Tx,Ty) ∈ E(G);
(II) there exists an x◦ ∈ X such that (x◦,Tx◦) ∈ E(G).

Then T has a fixed point. Moreover, if y, z are two fixed points of T and (y, z) ∈ E(G) then
y = z.

Proof It is clear that if A = θ then T maps X into a single point, since θ � d(Tx,Ty)� θ for
all (x, y) ∈ E(G). Thus without loss of generality, we assume that A �= θ . From hypothesis
(II), we have an x◦ ∈ X such that (x◦,Tx◦) ∈ E(G), then by using assumption (I), we get
(Tx◦,Tx◦) ∈ E(G). Continuing in the same way we get a sequence {xn} such that xn+ =
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Txn = Tn+x◦ and (xn–,xn) ∈ E(G) for all n ∈ N. Let us denote d(x◦,x) by P ∈ A. From (),
we have

d(xn+,xn) � A∗d(xn,xn–)A

� (
A∗)d(xn–,xn–)A

...

� (
A∗)nd(x◦,x)An

=
(
A∗)nPAn.

For n +  > m, we get

d(xn+,xm)� d(xn+,xn) + d(xn,xn–) + · · · + d(xm+,xm)

=
n∑

k=m

(
A∗)kPAk

=
n∑

k=m

(
P


 Ak)∗(P


 Ak)

=
n∑

k=m

∣
∣P


 Ak∣∣

�
n∑

k=m

∥
∥
∣
∣P


 Ak∣∣

∥
∥

=
∥
∥P



∥
∥

n∑

k=m

∥
∥Ak∥∥.

Since ‖A‖ < , it follows fromLemma. that d(Tn+x◦,Tmx◦)→ θ asm → ∞. This shows
that (Tnx◦) is a Cauchy sequence with respect to A. Further, completeness of (X,A,d)
implies that there exists y ∈ X = V (G) such that

lim
n→∞ Tnx◦ = y.

As Tnx◦ → y and (Tn+x,Tnx) ∈ E(G), for all n ∈ N, therefore by property (P ′) there exist
a subsequence (Tnk x◦) and n ∈ N such that (Tnk x◦, y) ∈ E(G) for all k ≥ n. It follows that

θ � d(Ty, y) � d
(
Ty,Tnk+x◦

)
+ d

(
Tnk+x◦, y

)

� A∗d(y,xnk+ )A + d(xnk+ , y) → θ as k → ∞.

Thus Ty = y. Suppose z ∈ V (G) is another fixed point of T such that (z, y) ∈ E(G); then

 ≤ ∥
∥d(z, y)

∥
∥ =

∥
∥d(Tz,Ty)

∥
∥ ≤ ∥

∥A∗d(z, y)A
∥
∥

≤ ‖A‖∥∥d(z, y)
∥
∥

<
∥
∥d(z, y)

∥
∥,
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since ‖A‖ ≤ . This is possible only if ‖d(z, y)‖ = . This implies d(z, y) = θ . Hence
z = y. �

Remark . By taking G = (X,X × X), we see that Theorem . is a special case of Theo-
rem .. Moreover, [], Theorem ., is a special case of Theorem . when A = R.

Example . Consider the algebra, A = M×(R), of all  ×  matrices with usual op-
erations of addition, scalar multiplication, and matrix multiplication. Note that ‖A‖ =
(
∑

i,j= |aij|)  defines a norm on A and ∗ : M×(R) → M×(R), given by A∗ = A, defines
a convolution on M×(R). Thus A becomes a C∗-algebra. For

A =

(
a a

a a

)

B =

(
b b

b b

)

∈ M×(R),

we denote

A � B if and only if (aij – bij)≤ , for all i, j = , . ()

It is straightforward to see that � given by () is a partial order on M×(R). Define d :
R × R → A by

d(x, y) =

(
|x – y| 
 |x – y|

)

. ()

It is easy to check that d satisfies all conditions of Definition .. Therefore, (R,A,d) is a
C∗-valued metric space. Define T : R → R by Tx = x

c , where c >  is a fixed real number,
and consider the graph G = (V (G),E(G)), where V (G) = R and

E(G) =
{(


cn ,


cn+

)

: n = , , . . .
}

∪
{(


cn , 

)

: n = , , . . .
}

∪ {
(x,x) : x ∈ R

}
. ()

Note that, for each n ∈ N,

(

T

cn ,T


cn+

)

=
(


cn+ ,


cn+

)

∈ E(G), and
(

T

cn ,T

)

=
(


cn+ , 

)

∈ E(G).

Also, for each x ∈ R, (Tx,Tx) = ( x
c ,

x
c ), which is again an edge in the graphG. Moreover, by

taking A =
( √

c 

 √
c

)
, we have ‖A‖ < , and taking x = 

c one can check that all conditions of

Theorem . are satisfied and  is fixed point of T . Note that Theorem . is not applicable
here, since the contractive condition () does not hold, for example, at x = , y = .

3 Conclusion
Let E be a real Banach space. A cone P in E defines a partial ordering in E as follows: let
x, y ∈ E; we denote x � y if y – x ∈ P. Using this partial ordering Huang and Zhang []
introduced the notion of a cone metric space. A cone metric on a nonempty set X is a
mapping dc : X × X → E satisfying: (i) dc(x, y) >  for all x, y ∈ X and dc(x, y) =  if and only
if x = y; (ii) dc(x, y) = dc(y,x) for all x, y ∈ X; (iii) dc(x, z)≤ dc(x, y) + dc(y, z) for all x, y, z ∈ X.
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In fact this notion is not new and was initially defined by Kantorovich [] as a K-metric
space [, ]. Huang and Zhang [] called a mapping f : X → X a cone contraction if it
satisfies the following condition:

dc(fx, fy) ≤ kdc(x, y) ∀x, y ∈ X for some k ∈ (, ). ()

Then they generalized the Banach contraction principle in the context of cone metric
spaces [], Theorem . Note that dc(x, y) is an element of the Banach space E and the
right hand side of () is defined, since E is a real Banach space. The set of positive ele-
ments in a C∗-algebra forms a positive cone in the C∗-algebra but the underlying vector
space is not a real vector space, in general. Therefore, the notion of a C∗-valued metric
space seems to be more general than the notion of a cone metric space. For example if we
consider the set A of all  ×  matrices having entries from complex numbers, then A is
a vector space over the field of complex numbers. Also, A is a C∗-algebra with Euclidean
norm. A mapping T : X → X is said to be a C∗-valued contraction mapping on X, by Ma
et al. (Definition .), if there exists an A in a C∗-algebra A with ‖A‖ <  such that

d(Tx,Ty) � A∗d(x, y)A, for all x, y ∈ X. ()

Observe that the right hand side of () is defined because A is an algebra, not necessar-
ily real. Also, observe that it is not necessary that one can define an involution ‘∗’ on a
normed space. Thus it seems to be difficult that the inequality () can be reduced to the
inequality (). Further note that the proof of the main result by Ma et al. [] depends
on the machinery of C∗ algebras. Thus we conclude that the main results of Ma et al. and
ours may not follow from the corresponding results of cone metric spaces.
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