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1 Introduction
Letf: I C R — R“. For any x;,x, € I and y € [0,1] if the inequality

Flyx+ Q= y)x) < y*fx) + 1 -y)f(x2)

holds, then f is called a generalized convex function on I [1]. In @ = 1, we have convex
function, convexity is defined only in geometrical terms as being the property of a function
whose graph bears tangents only under it [2].

The convexity of functions plays a significant role in many fields, for example, in biolog-
ical system, economy, optimization, and so on [3-5].

In recent years, the fractal theory has received significantly remarkable attention from
scientists and engineers. In the sense of Mandelbrot, a fractal set is one whose Hausdorff
dimension strictly exceeds the topological dimension [6, 7]. Many researchers studied the
properties of functions on fractal space and constructed many kinds of fractional calcu-
lus by using different approaches [8—12]. Particularly, in [13], Yang gave the analysis of
local fractional functions on fractal space systematically, which includes local fractional
calculus and the monotonicity of function.

Let R* be the real line numbers on fractal space. Then by using Gao-Yang-Kang’s con-
cept one can explain the definitions of the local fractional derivative and local fractional
integral as in [12-16]. Now if r{, r§ and r§ € R* (0 <« <1), then

(1) ¥ +r5 eR, rrs e R,

2) 15 =ry+1f=(n+r)*=(rn+n)%

(B) ¥+ (s +75) = (% +715) + 75,

(4) ri'ry =r3ry = (nr)* = (ran)*,

(5) ' (5r5) = (r5)rs,

(6) ri(ry +r5) = (r{rg) + (r{'75),
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(7) ¥ +0%=0"+r =rf and 1y - 1% =1% - 1y = 1{.

Let us start with some definitions as regards the local fractional calculus on R¥.

Definition 1.1 [13] Let y be a local fractional continuous function on the interval [a;, a5].
The local fractional integral of the function y(m) of order « is defined by

ly0m) = (Fra)” [y

al

= (P(+a)™ lim ley(m)w,-)“

with Ap; = i1 — s and A = max{Au;: i=1,2,...,n—1} where [u;, tis1],i=0,1,...,n—
1, o =a3 < g < -+ < y1 < Uy = ap is a partition of the interval [a1,45] and T is the
well-known Gamma function I'(m) = [, ¢ e dt.

In [17], Mo and Sui introduced the definitions of two kinds of generalized s-convex func-
tions on fractal sets as follows.

Definition 1.2
(i) A functionf: R, — R, is called a generalized s-convex (0 < s < 1) in the first sense
if

Snay + vaaz) < vif (@) + v, f (a2) 1)

for all a1,a; € R, and all y1, ¥, > 0 with y; + y5 = 1. This class of functions is
denoted by GK!.

(i) A function f: R, — R, is called a generalized s-convex (0 < s < 1) in the second
sense if (1) holds for all a1,a; € R, and all 1, y, > 0 with y; + 3, = 1. This class of
functions is denoted by GK2.

In the same paper, [17], Mo and Sui proved that all functions from GK?, for s € (0,1), are
nonnegative.

In this article, recall that gs; and gs, are the generic classes consistent for those func-
tions that are generalized s-convex in the first sense, and in the second sense, respectively.
It is well known that there are many important established inequalities for the class of
generalized convex functions, however, one of the most famous is known as the general-
ized Hermit-Hadamard inequality, or the ‘generalized Hadamard inequality’ and stated as
follows (see [1]): let f be a generalized convex function on [4;,42] C R, a; < ay, then

f<a1+a2> - (F(1+oz) 1@f(x) <f(a1) +f(a2).

f— a —
2 ay —6[1)“ 1az 24

2 Basic results for generalized s-convex functions
Lemma 2.1 Iff € GK} orf € GK2, then

Snxi + vaxa) < yf(x1) + v5°f (x2)

with y1, y, € [0,1], exclusively.
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So, we might re-write the definitions of generalized s-convexity in the first sense and the
second sense as follows.

Definition 2.1 A function f: I C R, — R is called a generalized s-convex in the first

sense if

1 o
Flrx+ (1=9°) x2) < y*flx) + (1-v*) f(x2)
forall x;,xy € Tand forall0 <y <1.

Definition 2.2 A functionf: I C R, — R is called a generalized s-convex in the second

sense if

flyx+ Q=p)x) < y@fx) + Q- y)*f(x)
forall x;,x; e Tand forall0 <y <1.

Theorem 2.1 The classes GK|, GK} and the class of generalized convex functions are

equivalent when the domain is restricted to R,.
Proof Simply an issue of applying the definitions. 0
Now, some results as regards generalized s-convex functions are given.

Remark 2.1
() 16f € GK], then f(*12) < el
(ii) Iff € GK2, then f(232) < [oalytn),
(ili) For a function that is both generalized gs; and gss, there is a one-to-one
correspondence between the set of all pairs of the sort (y, n) with respect to gs; and
the set of all pairs of the sort (y, n) with respect to gs,. (So we may write each y as a

y? and each 1 as a 1] and vice versa. This happens in the light of the fact that
0<y,n=10=<s<1)

Theorem 2.2 Ifa function f € GK} and f € GK?, then

Sz + mxa) <y () + 07 (%) < 3 (1) + 03 (x2)
for some {y;,n;,i=1,2} C [0,1].
Proof 1t follows from the one-to-one correspondence proved before. To each y,, 175 such
that y» + 1y = 1, there corresponds y1, 1 where yf + ] =1 and y» > 1, n2 > m; since

{yi’ nii= 172} C [0: 1] J

Theorem 2.3 Ifa function f € GK! and f € GK? and its domain concurs with its counter-
domain, then fof € GK?.
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Proof f(yix1+ (1 -y sz) < yf(x1) + (1 - ¥7)%f (x2), then

Ff ) + (L= w) Fx2)) < () F(Fe0) + (L= 9)")“F (Flx2))
= y,"fof (x1) + B3 fof (x2). O

3 Inequalities for generalized s-convex functions
Theorem 3.1 Let g: [0,1] — R* be a function such that

gly)= @ a1 )P /m /;1 Syx+ (1 - y)xa)(dx)* (dx,)”,

where f: [a1,a;] — R* and f € GK?. Then:
(i) g€ GK2in[0,1]. Iff € GK}, then g € GK!.
(i) 2%g(0) =2%g(1) = mal azf(xl) is an upper bound for g(y).
(iii) 2°0g(y) = g(3) = o2 o2 f (2 (dx) (dxo)®, v € [0,1].

(ag—a1)2% (I (1+a))

Proof (i) Take {y1,72} C[0,1, i +y2=1, 4,5 € Dand f € GK2 then we have

gnt + »ata)

1 a a
" (@ —a)(T(1+a))? /;1 /a1 f(nty + yata)an

+ (1= (nt + v2t2))x2) (dxy)* (dxn)*

1 /ﬂ2 /‘ﬂz
= Yf(tix) + %y — t1X2)
(ﬂz—ﬂl)za(r(1+a))2 @ “ [ 1f 141 2 1X2

+ ¥y of (fax1 + %0 — tgxz)](dxl)“(dxz)"‘

e ! / ’ / " F (e + (1= 0)) () ()

(@2 —a)*(T(L+ ) Jy

os
+ V)

(ﬂz—lll)zal(r(1+ot))2./ / o+ (0= ) () (o)

=y "g(t) + y5,"g(tr),

which implies that g € GK? in [0,1].
(i) Since f (yx1 + (1 = y)xa) < y*f (x1) + (1 = ¥)*¥f (x2) we have

1 ay ra ) )
i m v/a‘l v/(;l f()/xl * (1 - V)x2)(dx1) (dxz)
1 “ “ as o a
< Gaaap ). | ey

’ m / 2 / 2(1—V)“7(x2)(dx1)“(dx2)“

1

_ .08 o (o) as
RANIET (a2 —a1)" o I f (%1) + (1 = y)

(1 =y)%)
N '+o)

T(+a) (a2 —a1)% 4 ,lzf(xz)

(a2 — a1)* o I0f (1),
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since y** < 1%, Because (1 — y)* < 1% as well, we have

o

o (o)
A< m(ﬂz — 1) I f (1)

(iii) Since f is generalized s-convex in the second sense,

Slyx+ A —y)x2) + (L= y)x1 + yx2) - (x1 + xz)
2as =f 2

forall y € [0,1] and x4, %, € [a, b].

If we integrate on [a;,a;] X [a1,a,], we obtain
1 an ap
AT a) / / [f(yx + Q= y)x) + (A = y)xr + yx2) | (dx)* (dxn)*

= m‘/tli /ﬂl zf(xl ;x2>(dX1)“(dx2)a

=

1
26 (@ — (T (1 + )2

1 2 (x4 . Y
z (ag — ) (T (1 + ) /al -/ul f( 5 )(dx1) (dx2),

which means that

/2/ zf(wcl+(1—V)x2)(dx1)“(dxz)“

1
270 (y) zg(5>~

The proof is complete.

Assume the following functions:
(i) gr : [0,1] — R%, defined by

&)= / | / Flm s (=P F)dn) )

where f: [a1,a3] CR, — R* and f € GK}.
(i) gr: [0,1] — RY, defined by

1 @[ o a
)= ) [ Sms o) Fe s e

where f: [a1,a,] C R, — R¥ and f € GK2.

Theorem 3.2 The following holds:
() gr, and gr, are both symmetric about y = %
(i) gr, € GK2 in [0,1].

Page 5 of 16
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(iii) We have the upper bound

2°gr, (1)

- (F(fw f 2 f " f () ) F o) ) ()

for the function gr, (y).

Proof (i) gr, and gr, are both symmetric about y = % because gr, (y) = gr,(1 — ) and
gr(v) =gr(1-v).

(ii) We get
g (vt + (L= )r) = oo a))z / / (vt + (1= 1))

+ (1 — (vt + (1= y)t2)x2) ) F (1) F (32) (dx1)* (d2)"

But

(ra+ @ -p)e)x+ Q- (va+1-y)t)x
=ytx + (1= p)oxi + yxy + (1 —y)xy — yhxy — (1 - y)taxs

= y(tx + %2 — tixo) + (1 - y)(Eay + %2 — £%).
Since f € GK2,

(vt +(1-y)B)

1+a) / / (vt + A -p)t)m

+ (1 — (vt + (L= y)t2)x2) ) F (1) F (32) (1 Jex ()

o1 @ (o (o
S i / 1 / (e (0 ) )Pl )

+(1- J/)‘”%O[))2 /a1 : /;1 2f(tle + (1 = £2)22) F (1) F (32) (dx1)* (dlxo)”

(I°(
=y%gr, (t) + 1 - y)"gr, (t2),

which proves that gr, € GK2.

(iii) From the definition and the assumptions, we get

gry) = m /ﬂlz /al 2f()/xl + (1= )2 ) F(x%1)F (x2) (dx1 ) (dx)*

<y* / 2/ 2f (%1)F (1) F (%2) (1 )* (dx2)*

T +a)? Jy

FA=p)® / ’ f " e Fx)F () (dxy)* (ds )

1
(ra+ a))z @

= (7 + (=)

m / ’ / " e0) F ) ) () ()
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2¢
<—"
(T +a))?
= 2%gp, (1). O

/ / Flr)F i) F) (dy)* ()

Theorem 3.3 Let fi,f>: [a1,a2] C R, — R, a; < ay, be nonnegative, and generalized s-
convex functions in the second sense. If f; € GKSZ1 andf, € GKSZ2 on [ay, ay] for somey € [0,1]
and sy, 8, € (0,1], then

ay an 1
m / / / Silyxr + A= y)xo)fo(ya + 1= y)x2) (dy)* (dxs)” (dxy)*

_2TA+ (i +y)e) 1

F(l +(n+y2+ Do) (T + a))
1

T (T +a)?

—a) / fi(n)fo (1) (doxer)*
Bulas — a1)**[T1(a,b) + To(a, b)),
where
1

B = fo y L= y)*2 (dy)®,

Ti(ay, a2) = filar)fa(a) + fi(az)fa(as),
and

Ty(ar, a2) = fila)fa(as) + filaz)fa(ar).
Proof Since fi € GK? and f, € GK? on [y, a,],

Sy + Q= y)xg) < y@ifix) + (L- y)* fi(xa),

Lra+ Q=y)a) <y*2hH) + 1-y)*2f(x),

for all y € [0,1]. Since f; and f; are nonnegative,

Silyx+ @A =y)x)fo (v + (1= y)x2)
<y A () (1) + (1 7)) VL () ()

+y @ A= y)* i) () + 21— y)* fi(x2)fa (1)

Integrating both sides of the above inequality over [0, 1], we obtain

/fl yar+ (L= y)xa)fo(yar + (1 - y)x2)(dy)®

m
- 1"(1 fl(xl)fz(xl)/ a(si+s2) dy)*
1 1
mﬁ(xZ)fﬁ(xz)\/o (1 _ y)a(51+sz)(dy)a

1 1
mﬁ(xl)ﬁ(xz)/o yozsl (1 _ y)otsz (d)/)a
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1 1
mﬁ(’cz)ﬁ(’ﬁ) f Yo (1 - y)* i (dy)”

T(1+ (s + s2) T+ (s, + sp)ex)
T+ (st + 52+ Der )ﬁ(’cl)fZ("1

Balite1)fao(x2) + fix2)fo (x1)].

Cd+(sp+82+ 1)a)ﬁ(x2)fZ(x2)

" Tl+a)

If we integrate both sides of the above inequalities on [a;,a3] X [a;,45], we obtain

m / / / il + =)o)y + (L= )s) (dy) (dxo) (dxn)*

I+ (51 +82)x) 1
T+ (51482 + Do) (A +a))?

. ] “ / azfl(xzwxz)(dxz)“(dxl)“}

[ f / s (o) (de)* (dr)*

[ / / i) o) (o) ()

(F(l + a))3
. / / ﬁ(xz)ﬁ(xl)(dxz)%dxl)“]
'+ (s1 + s2)x) 1

(a2 — @)

T T+ (5145 + Da) (DA +a))?

x [ f ) ) + f azfl(xz)fz(xz)(dxz)a]

m |:/ flxl)(dxl /fzxz (dx2)"

+/ fl(xz)(dxz)“/ fz(xl)(dxl)“].

Page 8 of 16

By using the right half of the generalized Hadamard inequality on the right side of the

above inequality, we have

ﬁ / [ / iy + L=yl (v + (L= ) Ay (dan)* ()

2°T (1 + (s1 + 82)@) 1
T LA+ (sp 482+ 1Da) (TA+a))?
1
"1+ o)

(a2 - ar)® f Fie)fs () (d)”

Balaz — a1)** [ T1(a1, a2) + To(ar, a2) |-

The proof is complete.

Remark 3.1
(i) If e =1, in Theorem 3.3, then

(s + 1) (sy +1)

1
/3=/0 YL ) ay) =
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and

a) ar 1
/ / /0 flyxr+ Q= y)x2)fo (v + (L= y)x) (dy ) (dxr) (daxs)

2
<
TS 48y + 1
[(s;+1)(sy +1)
2F(Sl + 8y + 2)

(a2 - ) / " s )

(a2 — a1)*[Ty(ar, a2) + To(ar,a2)].

(i) fa =1,and s; =sp =1, then % = é. Also,

(o o (st + 1) (s2 +1)
/3-/0 yil-y) (dV)—m

which implies that

ap ar 1
/ / /0 iy + (L= y)m) oy + (L= y)s) (dy)(dxn) ()
< %(ﬂz —a) / e ) dy
+ %(ﬂz - a)*[Ti(ay, a2) + Ts(ar,a2)].

Theorem 3.4 Let fi,f>: [a1,a;] C R, — R*, a; < ay, be nonnegative and generalized s-
convex functions in the second sense. If f; € GKSZ1 andf, € GKSZ2 on [ay, a,] for some y € [0,1]
and s1, 8, € (0,1], then

1 as 1 b b
(1 +a))? /ﬂl /0 ﬁ()/x1 +(1- V)%)fz(yﬁ +(1- V)ﬂ; )(dy)“(dxl)“

I+ (s1 +89)x) 1 a2 .,
ST+ +5+ Do) TA+a) “ Sia)fa(er)(d1)

1 I'(1+ (s1 + $2)) 1
T e Tt a) [zar(l T i +a) Ta +a)’3"}

x (az — a1)* [ Ty(ar, a2) + Ta(ar, a2) ],
where By, Ti(ay, az), and Ty(ay, ay) are defined in Theorem 3.3.

Proof Since fi € GK? and f, € GK? on [y, a,],

fl(yxl +(1-pn2 ;“2> <y*filx) + Q- J/)”Slfl<¥>,
fz(”l Sk ;az) <y fola) + (L y)“%(d1 ;@),

for all x; € [a1,a2] and all y € [0,1]. Because f; and f; are nonnegative, we have
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ar t+a ar t+a
filva+ -y ==22 ) yar + (- ) ===
2 2
< ya(s1+52)ﬁ(xl)f2(xl) ¥ (1 _ y)ot(s1+52)fi<ﬂl ;612)/2<6l1 ‘2"612)

a) + ay
2

a + dy

+y¥(1- J/)“”fl(xl)fz( ) +y*2(1-y)*fh ( )fZ(xl

Integrating both sides of the above inequality over [0, 1], we obtain

F(“a)/ﬁ(wcw (1- y)“1+“2>f<yx1+(1 y) ”“"’)(dy)“

i) / 61152) gy )

—ru

1 a +dy a) +ap alsy+s2) o
+F(1+a)ﬁ< > )f2< )/(1 Y) (dy)

1
fl(»’ﬁ)fz( 1+ﬂ2>/(; yEU(L = 9)*2 (dy )

1 ai +as ! asy asy a
F(M[)ﬁ( S Vo [ - yiay

T+ (s1+59))
TTA (s 8+ 1)a)f1(x1)f2(x1)

1+ (51 +82)x) ap + dy aj + dap
F(1+(s1+52+1)a)fl( 2 )f2< 2 )
+ ﬁﬁa[fl(ﬂcl)fzczl ;@) +f1<g1 ;az)fz(xl)]~

If we integrate both sides of the above inequalities on [a;, a;], we obtain

ay 1
(F(l-li-a))Z/ /0ﬁ()’x1+(1—y)ﬂ1+az)/<yxl+(1 ) 1+a2)(dy)a(dx1)a

L1+ (s1+82)x) 1 “2
TTA+(G1+s2+ Do) TA+a) Jy,

(1 + (s1 + 82)x) 1 (@ ) a + as a + as
FA+(s1+s2+1Da) T1+a) -l ﬁ( >f2< 2 )

+—(r(11a))2ﬁa|:2<al+u2> / Filw)(dm)” +f( 1 “2) / fz(xl)(dxl):|

1+ (s1 +82)ax) .
= s ey | A )

(L + (51 + 82)ax) 1 (@ —a )aﬁ(al) +fi(a2) folar) + folaz)
TA+G+sy+)a)T(1+a) > 2u 2

Silar) + fia2) folan) +f2(f12)i|

S(en)fa (1) (dx)”

1 o o
+ Ta+a)? (a2 — a1)" Ba |:2 5 e

'+ (s1 + s2)x)
F(1+(sl+s2+1)a) 1"(1+ o)

/ Fi)fs ) (dx)
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(1 + (s1 + $2)ax) 1
* 49T A+ (s1+ 82+ Do) T(1 + )
1
T 21 +a)?

(ar - a)*[Th(ar, a2) + Tr(ay, as)

(a2 - dl)aﬂa[Tl(ﬂl;“Z) + Tz(ﬂl,ﬂz)}

Then

as 1
7(”11“))2/ /0fl<yx1+(1‘)/)m;az)jz(yxﬁ(l_y)m;az)(dy)"’(dm)“

L+ (s1 +82)a) 1 a2 .,
“Tl+c+s2+))aT1+a) “ Sitafa()(dx)

1 I'(1+ (s1 + $2)) 1
T e Tt a) [2&1‘(1 T st F(1+a)'3"]

x (az — a1)* [ Ty(ar, a2) + Ta(ar, a2) .
The proof is complete. O

Remark 3.2 If o =1, then

an 1
[ [ (rmra-n® 2 )a(rm s 0-n"52 Janan

= ey ), A
1 1 [(sp+1I(sy +1)
+ 3 |:2(S1 T5 1) T(s1+5+1) ](ﬂz —ﬂl)[Tl(ﬂbdz) + Tz(ﬂl,dz)}

Theorem 3.5 Let fi,f>: [a1,a2] C R, — R?, a; < ay, be nonnegative and generalized s-
convex functions in the second sense. If fi € GKSQ1 andf, € GKS22 on [ay,ay] for somey € [0,1]
and sy, 8, € (0,1], then

ap 1
e A G (e R

(1 + (s1+ 82)) 1 “
TTA+(G1+s2+ Do) TA+a) Jy,

1 T'(1+ (s1 + s2)x) 1
" 2¢T(1 + @) [ZD‘F(I +(s1 48 + D) * F(1+a)ﬂ°’:|

Si()fo(x2) (dxr)”

x (a2 — a1)*[ Ti(ar, a2) + Ta(ar, a2)],
where By, Ti(ay, az) and T, (ay, a,) are defined in Theorem 3.3.
Proof The proof of this theorem can easily be given like in Theorem 3.3. O

Theorem 3.6 Letfi,fs: [a1,a:] C R, — R%, a; < ay, be nonnegative, and generalized con-

vex functions. If fi and f, are generalized convex on [ay, ay] for some y € [0,1], then
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A+ o) f fﬁ( A% . a- y)xz)f(

_T+20) 1
TTA+30) T(1+a) J,
1 [ '+ 2a)
+
2¢T(1+ )

21— V)xz)(dy)"(dxz)“

fl(xz)fz(xz)(dxz)“

2¢T(1 + 3a) " r(11+ a)ﬂa](“z - a)*[Ti(ar, a2) + Talar, a2)),

where Ti(ay, ay) and T (ay,a;) are defined in Theorem 3.3, but

r'l+a) T'(1+2a)
Fd+2¢) I(1+3a)

1
B = /0 Y (L= ) (dy)* =

Proof Since fi and f; are generalized convex on [a1, a;],

ﬁ( “4r®ia- V)xz) < y“ﬁ(%) + (1) filx),

fz()/dl;—az r-yi) <y (M5 ) £ - hie)

for all x, € [ay,a,], y € [0,1]. Since f; and f; are nonnegative,

ay +ay a) +ay
fl(y +(1- y)xz)fz (V

<y (“l : “Z)fZ(m ;”) + (L= y)* filxa)fale2)

+J/“(1—y)“f1<ﬂl+ )fz(xz)ﬂ/(l y)%(x»ﬁ(“”“z).

+(1- V)xz)

2

Integrating both sides of the above inequality over [0, 1], we obtain

a) + ay a +ady 1 2w o
F(1+a>ﬁ< 2 )12< 3 [, 7

1 1 ,
i) /0 (L= 1)(dy)”

1 a +a Lo o
Frra(S e [ ey

1
! ﬁ(xz)fz(‘” ”’2) /O Y (1= ) (dy)*

+ S —
rd+a) 2
A +2a) (a1 +a a +a I(1+2a)
) F(1+?>ot)f1< 2 %( 2 >+ F(1+3a)f1(x2)f2(xz)

a2 (5]
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If we integrate both sides of the above inequalities on [a;, a;], we obtain

ay 1
(F(l-li-a))Z/ /Ofl<y611;612 +(1—)/)x2>/2<y6l1;612 +(1_V)x2)(dj/)°‘(dx2)°‘
F(l+20[) 1 o a +dy a) + ap
= T30 Tra) al)fl( )f2< 2 )

FS : iZ) rl+a / fl(xz)fz(x2)(dx2)a

+—(F(11a))2ﬂa[f1(m+a2> f fz(xz)(dxz)“+f(l “2> / fl(xz)(dxz)"‘:|

_P@+20) 1 . )afl (a1) + fi(a) fola) + folaz)
- r(1+2a)r(1+ ) 2 2

(1 +2a) )
"TA+30) T +a /a1 filx2)fa(x2)(dx2)

1 ) +fila) @) + fo(an)
+(r(1+oz>)2’3“[2 2 2 ](

r1+2) 1 a ]
" T +3a) T(1+a) /a1 Ji(x2)fa (x2) (dx2) +

as —ap)”

1 (1 +20)
20T (1 + ) [2&1“(1 +3a)

+ ﬁﬂa](ﬂ2 - ﬂl)a[Tl(dl,tlz) + TZ(al,llz)].

The proof is complete. O

Remark 3.3 If o =1, then

a 1
/ fo ﬁ(y%ﬂl—y)xz)/z(y“l;"z +<1—y>x2)(dy>(dx2)

= % / zﬁ(xZ)fz(xZ)(de) * é(@ - a1)[ Ti(ar, a2) + Tolay, as) ).

4 Applications

Example 4.1 Let aj,a; € Ry, a; <ay, and a; —a; <1, then

2% 2% F(1+20l) 2
{ [F(1+a)<r(1+3a))
of TA+a) T'1+2a) r'l+a) 2 )
+2 (F(1+2a) B F(1+301)><]"(1+2a)) ]}K (a1,a5)
2¢ ra+2a))\’
+{I‘(1+a)(r‘(1+3a)>
Jf Tl+a) TA+22)\/ TA+a)\?] .,
+ 4 <F(1+205) - F(l+3a)>(]“(1+2a)> }G (a1,a5)

<o (1 +2a) (a3 - ai’a) 2%
- <F(1+a)F(1+3oz)) (ay —a)™ (F(1+ot))3

ﬁDtAz(aly ﬂ2),
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where

1
B = /0 Y (1= ) (dy)*,

o o
al +a
1 2
A(dlrﬂZ) = o ) ai, a) Z 0;
o o l
Glay,az) = (aa3)?, ai,a,>0,
and
al® +al\?
1((611,[12) = Ja ’ ai, dy = 0.

Page 14 of 16

Proof If fi € GK? and f, € GKZ, on [ay,a,] for some y € [0,1] and 51,5, € (0,1], then, by
Theorem 3.3, if fi,f>: [0,1] — [0%,1%], fi(x) = x**1, fo(x) = x**2, where x € [a1,a3], 51 = $2 =

1 and ay — a; <1, then

ay an 1
m / / /0 (1 + (L= y)2) ™ (dy )" ()" ()

JT+20) 1
I'd+3a) (1 +a)) a

1
T (T (1 +a)?

=

(a —a)za” 2¢ (1“(1+20!))2
A T(1+a) \I(1+3a)

az
sar-a [

Ba [a%"’ +ax + 2“51‘1"01;‘](612 —a)*

l+2a) TI'(l+3a)

Y r+a) T'(Q+2a) '+ a)
[ i|<F(1+2a

20 I +2a)\> 4 r'(l+a)
+[F(1+a)<F(1+3a)> ¥ [F(1+2a)_I’(1+3a)

; r'd+2a) 2 ol 3
< (vt v 3m) @ (@

1
T2 +a)

=

o loal 2% (TQ+22))?
(@2~ ) {2 |:l"(1+a)<F(1+3a)>

!

2
3 Boaz - ﬂ1)za (aS‘ + ﬂ?)

o r+a) T'(1+2a) 'd+ow)
[ :|(F(1+20l)

I'1+2¢) TI'(1+3a)

20 I'(1+2a))\>
’ [F(1+a)(r‘(l+3a)>

2
) ]Kz(ﬂlyﬂz)

42 'l+a) TI'(d+2a) 'l+a)
|: ](F(1+2a)

Fd+2e) TI(1+3a)

2
) ]Gz(al: aZ)}
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’ F(1+2a) ’ af 3a 3a
= <m) (a2 —a1) (az —aj )

2(!

* mﬂa (a3 — a1) ™ A%(ay, ay).

The proof is complete. 0

Remark 4.1 If ¢ =1, then

22 14 2(a-a? 1

KX ay,a0) + —GHay,a) < = | 22 ) + ~AX(ay,

36 (a1, a5) 36 (a1,a2) < 9 <a2 —a 3 (a1,a2)
=

22K% (a1, a2) + 14G?(ay, ay) < 8(@% +aay + af) +124%(ay, an),

where

a) +ay

A(ﬂlraZ) = D)

, d1,az > 0,is the arithmetic mean,

1 . .
G(ay, a2) = (maz)2, ay,ap > 0,is the geometric mean, and

2 2
ay +a;

I<(“17 52) = ( D)

2
) , a1, ay > 0,is the quadratic mean.
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