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Abstract

In this paper, we show that if Ay, A;, A3, A4 are positive real numbers, at least one of
the ratios A;/A; (1 <i<j <4)isirrational, then the inequality

[M1x7 + A3 + Asx + duxg — p - 3| < 3 has infinite solutions with natural numbers x;,
X5, X3, X4 and prime p.

MSC: 11D75; 11P55
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1 Introduction

Diophantine inequalities with integer or prime variables have been considered by many
scholars. The present paper investigates one diophantine inequality with integer and
prime variables. Using the Davenport-Heilbronn method, we establish our result as fol-

lows.

Theorem 1.1 Let A1, Ay, A3, Ay be positive real numbers, at least one of the ratios A;/};

(1 <i<j<4)isirrational. Then the inequality

11 1
Ale + Azxg + )Lgxg + A4xi -p- 3 < 3

has infinite solutions with natural numbers x,, x,, X3, x4 and prime p.

2 Notation and outline of the proof

Throughout, we use p to denote a prime number and x; to denote a natural number. We
denote by § a sufficiently small positive number and by ¢ an arbitrarily small positive num-
ber. Constants, both explicit and implicit, in Landau or Vinogradov symbols may depend
on Aq, Ay, A3, As. We write e(x) = exp(2mix). We use [x] to denote the integer part of real
variable x. We take X to be the basic parameter, a large real integer. Since at least one of
the ratios A;/}; (1 <i<j < 4) is irrational, without loss of generality we may assume that
A1/Ag is irrational. For the other cases, the only difference is in the following intermediate
region, and we may deal with the same method in Section 4.

Since A1/, is irrational, then there are infinitely many pairs of integers g, a with |A;/1y —
alql <q72,(a,q) =1,q>0and a # 0. We choose g to be large in terms of A1, A3, A3, A4 and
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make the following definitions:
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Nx=X?  L=logN, [N"®]=¢q, t=N"'",
Q= (MM + N, P=N®,  T=NS.
Let v be a positive real number, we define
sinrva 2
Kv(a)zv( ) , a0, K,(0) = v,
TVa
F(a) = Z e(otxz), F(x) = Z e(ozxg), F(a) = Z e(ozx4),
fsx=X 1=x<x3 1<x=X3
Fyla) = Z e(otxs), Gla) = Z(logp)e(ocp),
2 N (2.1)
1<x<X5
2 1
b X3 X2
file) = / e(ax?)dx,  fola) = / e(ax®)dx,  fila)= / e(ax®) dx,
1 1 1
2
X5 N
fala) = / e(ax’) dx, gla) = f e(ax) dx.
1 1
It follows from (2.1) that
K, (a) < min(v, v_1|a|_2), (2.2)
+00
/ e(ay)K, (o) do = max(O, 1-ypt |y|). (2.3)

00

From (2.3) it is clear that

+00 4 1
] =: / HFi(Aia)G(—a)e(—Ea>I(%(a)doc

RS |
Z 1

\)le%+)\2x§+}~3x§+)\4xi —-p— % |< %

<logN

1<y <X, 1<y <X2/3,1 <3 <XV/2, 1<y <X2/5 p<N

=: (log N)N(X),
thus

N(X) = (logN)™J.

To estimate J, we split the range of infinite integration into three sections, traditional
named the neighborhood of the origin € = {& € R : |a| < 7}, the intermediate region © =

{e e R: 7 < || <P}, the trivial region ¢ = {0 e R : || > P}.

To prove Theorem 1.1, we shall establish that

J©> X%,  J@)=0(XB),  J(c)=o(X%)
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in Sections 3, 4 and 5, respectively. Thus

w‘\l
[N

J> X%,  N@X)>X0LY,
and Theorem 1.1 can be established.

3 The neighborhood of the origin
Lemma 3.1 Ifo =alq+ B, where (a,q) =1, then

Y elax’) =g e(am'lq) f . e(By') dy + O(q"*"* (1 + NIBY)).

q
1<x<NVt m=1
Proof This is Theorem 4.1 of Vaughan [1]. (I
If || € €, by Lemma 3.1, taking 2 = 0, g = 1, then
Fi(@) = fi(e) + O(X*), i=1,2,3,4. (3.1)

Lemma 3.2 Let p = B + iy be a typical zero of the Riemann zeta function, C be a positive
constant,

Io)= > Y nle(na),  J@)=0((1+|eIN)NELE),

ly|<T.p=% n=N

then
Gla) =gla) - I(a) + J(e), (3.2)
/f |I(ot)|2dot < Nexp(—L%), (3.3)
/ V(@) der < Nexp(-L}). (3.4)

Proof Equations (3.2), (3.3), (3.4) can be seen from Lemma 5, (29) and (33) given by
Vaughan [2]. O

Lemma 3.3 We have

i 1
j Ifi(@)]” da < 12, [: ()] do < X731,
2

S

1
Is(@)|” do: < X112, /f Ifule)|* doe < X312
T2

_1
2
Proof These results are from (5.16) of Vaughan [3]. O

Lemma 3.4 We have

J

4 4
[TFG0G(-a) - [T fithie)g(-0)|K (@) doe < XL,

i=1 i=1
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Proof 1t is obvious that Fi(aie) < X, fi(he) < X, Fpliae) < X3, Hlma) < X3,
Fs(hs0) < X2 s f3(Azar) &L X2, Fy(h0) < X3 s fa(haar) < X3, G(-a) <N, g(-a) €N,

4 4
[ [E:ue)G=a) - | [fihi)g(-a)
i=1

i=1

4 4

= (A(ae) - i) [ [ F(rie)G(=a) + (F2(hae) - fo(120)) [ | Fi(hi) G(—e)
i=2 i=1
i2

4 3
+ (F3(As0) — f3(Asa)) HFi()»iOl)G(—OZ) + (Fa(haa) — fa(ar)) Hfi()\ia)G(_a)

i1 i1

i3

Then by (3.1), Lemmas 3.2 and 3.3,

I
4
Jm
«x% ( / i) "K) (@) da)2 ( / V) -1 'Ky (a)da)z

1

< X3 </ [ﬁ(kla)| dot) (/|](oz)| do + l|1(Ol)| dot)

K X3 L(Nexp(~L?))

4

(Fi(ma) - fi(ha)) HFI'(MO!)G(—G)

i=2

Ky (@) da < NI X2 x5+ 3+E N « X3+,

)

K% (o) dax

ST

77
L XL
The other cases are similar, and the proof of Lemma 3.4 is completed. O

Lemma 3.5 We have

/a|>N 1+6

Proof 1t follows from Vaughan [1] that for « # 0,

l_lf()L a)g(—o) K1(a)da <<X30 30‘S

1 1 1
fhe) <2, folhoo) L al™3,  fi(kse) < o] 73,

filae) < lel™5,  gl-a) < o™

Thus

/a|>N 148

K1 () da <<[ |og|*163_07 da <<X%%*§7755.

\Dl|>N’1+5

]_[f()\ o)g(~a)
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Lemma 3.6 We have

+o0 4
f Hﬁ(/\ia)g(—d)e<—%a>1<% (@)da> X%,
0=l

Proof From (2.3), one has

+oo 4
/ Hf ria)g(—a)e <-—a)1<1( ) dot

S ()

K;(a)dotdxdx;;--- dx;

X2 X2 4 4 1
=120 / / / % x2 x3 x456 o ;Aixi_x_i
i-

()dadxdxs--- dx;

Ky («
2

X2 X2 12 4
o[
-max((), —

Let| Y8 dwi—x— 1] < Lthen YF A= 3 < < 3! Axi— 1. Basedon YF | A~
1, Z?:l Aix; — i < N, one may take

4 -1 4 -1
A,XQ(SZAL) §xj§AjX2<4ZAi> , j=1...,4,
i=1 i

hence

+oo 4 4 —4
/ ]_[f(x o)g(- a)e(——a)Kl (@) da > —]_[x ( > a ) X3,
i=1

This completes the proof of Lemma 3.6.

4 The intermediate region
Lemma 4.1 We have

+00 4
[ 1RG0 K @da <,

o]

/ |F2()~201)| Kl(a)doz <X X3+ %’3,

o]

+00
/ |F3(ha0) Ky (@) der < XO5,

o]

+00
[ B Ky @ da < x e
—-00

(4.1)

(4.2)

(4.3)

(4.4)
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/ h |G(-a)|"Ky (@) dor < NL. (4.5)

o]

Proof By (2.2) and Hua’s inequality, we have

/ |F1()»1a)|41(% () da

(o.¢]

m+1

< Z / |Fi0ae)| 'K (@) dor

m+1

|Fiae)| da + > m / |F1(0a0)|* da

m

m+1

<<Z[

m=2

+00

& X2+8 +X2+8 mez

m=2

< XZH:.

The proofs of (4.2)-(4.5) are similar to (4.1). a

Lemma 4.2 We have
/ ’Fl(kla)| ‘Fg(kga ‘ 1(1 Ydo <K X2+,
Proof Firstly, we consider the number of solutions R(X, Z) of equation

M —x3) =A0f +y5 —¥5-01), 1<wxLx <X, 1<y1,02,)3s < Z.

If x, = x5, then R(X, Z) < X*XZ2, and if %1 # %, then R(X, Z) < X*Z*. We take Z = X2,
then R(X, Z) < X**.

/ |F1()\.10{)|2 |F3()Lgot) |4K% () de

m+1

< Z / [Fy (1) | Fa(hac0)| 'Ky () der

m+1 m+1
< Z/ |F1 )\10[ ’Fg )\.30[ } do + ZWI / ’Fl()»la)}z‘Fg(kga)Pda
m=2 m
< X2+8. |:|
Lemma 4.3 Suppose that (a,q) =1, |a —alq| < g%, ¢(x) = ax* + axk!

then

+ oo+ O X + O,

M
Z e(p) < <« M'e (q_1 + M4 qM’k)zl_k
x=1

Proof This is Lemma 2.4 (Weyl’s inequality) of Vaughan [1]. g
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Lemma 4.4 For every real number o € D, let W () = min(|F; (A 0)] %, |Fy(Aax)|), then
2_lsie
Wia) <« X373°%,
Proof For o € ® and j = 1,2, we choose a;, g; such that
N - ajlgyl < q;' Q! (4-6)

with (g5,¢;)) =1and 1 < g; < Q.
Firstly, we note that aya; # 0. Secondly, if ¢1,¢g> < P, then

< aZ/qquIz )\la—ﬂ +
A q

We recall that g was chosen as the denominator of a convergent to the continued frac-

Al
a,q1— —a
2q1 * 192

ay/ a 1
Vaq 0P ()\20[ — —2>‘ < PQ71 < —.
)\20[ q2 2q

25t
A2
all integers a’, ¢ with 1 < ¢’ < q, thus |ayq1| > g = [N'"3]. However, from (4.6) we have
lasq1| < q1goP << N, this is a contradiction. We have thus established that for at least

one j, P < g; < Q. Hence, Lemma 4.3 gives the desired inequality for W(«). d

tion for A1/A;. Thus, by Legendre’s law of best approximation, we have |¢'3L —da'| > ziq for

Lemma 4.5 We have
4
1 o _Lsse
/ HFi()»iOt)G(—Oék(—ia)K% () dow € X307 12°%¢,
D ia
Proof By Lemmas 4.1, 4.2, 4.4 and Holder’s inequality, we have
4
/ H‘Ft(lia)G(—a)U(%(a)da
S

3 7 4
<max| Wil | e ] a6l @) de
1 3 4
+gl€a5<|W(a)|@ f@ |Ex(haet)| ® H|Fi(kia)G(—a)|K% (o) dox

i=1
( / +OO|F2(A205)|8K% (ot)dot)s

i#2
o0

3
32

< (ng%&a)% </+OO}F1(A1a)|4I<% (oz)dot)

00

L

: (/ ’Fl(kla)|2|F3(A3a)|4I(% (@) da)4 (/ ]F4(A4a)|321<% (a)da> i

1

/ h |G- 'Ky (a)da> '

o0

R ( [ Rowl', (oz)da>§ ( [ Bl (a)da)ﬁ

o0 oo

L

. ( / IFi(a0) [ Fa o) 'K (@) doz)z ( / [Eath) Ky (oc)doz) N

o]
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. ( / 6wk, (a)da)7

3 3 10,2 1

< (X%—%the) 16 (X2+s)§ (X§+§€) % (X2+s)% (X%+%£) 32 (NL)%

3 L

+ (X%—%Ms)% (X2+e)% (X%+%e) 32 (X2+s)% (X%+%e) 32 (NL)%

5 The trivial region
Lemma 5.1 (Lemma 2 of [4]) Let V(a) =Y elaf (x1,...,%,)), where f is any real function
and the summation is over any finite set of values of x1,...,%,,. Then, for any A > 4, we have

2 16 [ 2
|V(Ol)| K, (a)da < n |V(oz)| K, (a)do.
|a|>A —00
Lemma 5.2 We have
4 1 77
/nFi(kia)G(—a)e(—Ea)K% (o) da « X 507125+
© =1

Proof By Lemmas 5.1, 4.1, 4.2 and Schwarz’s inequality, we have

4
/ HFi(Aia)G(—oe)e<—%oe)K% (o) det

¢ =1

<
c|

K% (o) do

4

[ [Eie)G(-)
i=1

K%(a)doz

+

1
) ,
<N malrin (ol K wde)

—00

. (/ ]Fl()\la)|2‘F3(k3a)|4K% (ot)dot)4 (/ ]Fz(xza)|81<% (a)da>8

. ( / 6wk, (a)da)2

< N-OXE (x2e) 0 (x B +3e)E () b

< X%—125+8' 0

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details

'College of Computer and Information Engineering, Henan University of Economics and Law, Zhengzhou, 450046,

PR. China. ?Department of Mathematics and Information Science, Henan University of Economics and Law, Zhengzhou,
450046, PR. China.

Page 8 of 9



Yang and Li Journal of Inequalities and Applications (2015) 2015:293 Page 9 of 9

Acknowledgements
This work is supported by the National Natural Science Foundation of China (Grant Nos. 11371122, 11471112), the
Innovation Scientists and Technicians Troop Construction Projects of Henan Province (China).

Received: 26 June 2015 Accepted: 9 September 2015 Published online: 18 September 2015

References

1. Vaughan, RC: The Hardy-Littlewood Method, 2nd edn. Cambridge Tracts in Mathematics, vol. 125. Cambridge
University Press, Cambridge (1997)

2. Vaughan, RC: Diophantine approximation by prime numbers, I. Proc. Lond. Math. Soc. 28, 373-384 (1974)

3. Vaughan, RC: Diophantine approximation by prime numbers, II. Proc. Lond. Math. Soc. 28, 385-401 (1974)

4. Davenport, H, Roth, KF: The solubility of certain Diophantine inequalities. Mathematika 2, 81-96 (1955)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	One Diophantine inequality with integer and prime variables
	Abstract
	MSC
	Keywords

	Introduction
	Notation and outline of the proof
	The neighborhood of the origin
	The intermediate region
	The trivial region
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


