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Abstract

We derive new mean value theorems for functionals associated with Hadamard
inequality for convex functions on the coordinates. We present some Hadamard type
inequalities and related results for m-convex functions on the coordinates.
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1 Introduction
We start with the very basic concept of a convex function that has been seen as important
ever since it was defined.

Definition1.1 A realvalued functionf :/ — R, wherelisanintervalinR, is called convex
if

S+ (1= 21)y) <Af (@) + A -1 (), (1)
where A € [0,1], and x,y € I.

One cannot deny the importance of convex functions. It is used by many mathemati-
cians in many fields of mathematics such as functional analysis, mathematical statistics,
and complex analysis (see for example [1-4] and references therein). In the field of in-
equalities, convex functions play a unique role. Most of the new inequalities till now de-
fined are results and consequences of (1). The most cardinal and classical inequality for
convex functions is stated in the following.

Theorem 1.2 Let f : I — R be convex function and a,b € I with a < b, then

a+b a)+f(b)
f( 2 )_b a/f 2 @

This famous integral inequality can be traced back to the papers presented by Hermite

[5] and Hadamard [6]. Researchers have used inequality (2) several times for giving gen-
eralization and modification of Hadamard type inequalities using different modification
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of convex functions. For refinements, counterparts, and generalizations see for example
3, 7-19].

Recently, many authors have considered a convex function on the coordinates to give the
Hadamard inequality on the coordinates and its different variants. Also they have given
many results associated with it (e.g. see [20—23]).

Definition 1.3 Let A? := [a,b] x [¢,d] C R? with a < b and ¢ < d. A function f: A2 - R
is called convex on the coordinates if the partial mapping f, : [4,b] — R, f,(u) := f(u,)
and f; : [c,d] — R, fi(v) := f(x,v) are convex, where they are defined for all y € [¢,d] and
x € [a,b].

We will keep the notation A? = [a,b] x [c,d] throughout this paper.
Recall that a mapping f : A2 — R is convex in A? if, for (x,%), (u,v) € A? and « € [0,1],
the following inequality holds:

fla@y) + Q-a)wv) < af(xy) + 1 -a)f V).

It can be seen that every convex mapping f : A2 — R is convex on the coordinates but the
converse is not true. Dragomir gave the Hadamard inequality for a rectangle in the plane
for convex functions on the coordinates (see [11]).

Theorem 1.4 Suppose that f : A> — R is convex on the coordinates on A2. Then one has
the following inequalities:

[ [ 5 e [(5) )

1 b pd
<Gmaw=g ), | rere

i1 1o L
SZ[E/Hf(x,c)dx+b_a/af(x,d)dx+d_C/Cf(ﬂ:y)dy

d
-~ [rena]

= i[f(a; o) +f(a,d) +f(b,c) +f(b,d)].

+

In [24], Toader defined the concept of m-convexity, an intermediate between the usual
convexity and star shape properties.

Definition 1.5 The function f: [0, 5] — R is said to be m-convex, where m € [0,1], if for
every x,y € [0,b] and t € [0,1] we have

f(tx+ m(1-t)y) < tf (%) + m(1 - )f (3). (3)

In [25] using inequality (2) and (3) Dragomir and Toader gave the following Hadamard
type inequality for m-convex functions.
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Theorem 1.6 Let f : [0,00) — R be m-convex function with m € (0,1] and 0 <a <b. If
f € Li[a, b, then one has the following inequalities:

a+b 1 bf(x) + mf(£)
f( 2 )Sb—a_/,; 2 dx

_m+l [f(a) +f() | m(f(%) +f(§))}
- 4 2 2

(4)

They also gave the following related results to the Hadamard type inequality for m-

convex functions.

Theorem 1.7 Letf :[0,00) — R be an m-convex function withm € (0,1]. If0 <a <b < 00
and f € L1[a, b, then one has the inequality

f@+mf(2) f(b)+mf(%)}

1 [ ,
m/ﬂf(x)dxfmm{ 5 , 5

Theorem 1.8 Letf : [0,00) — R be an m-convex function withm € (0,1]. If0 <a <b < 00
and f is differentiable on (0, 00), then one has the inequality

fmb) b-a,, 1 b

) 2ty < o [ s
- (b —ma)f(d) — (a — mb)f(a)
- 2(b-a) ’

In this paper, new mean value theorems of Cauchy type for functionals associated with
nonnegative differences of the Hadamard inequality on the coordinates are proved. Gen-
eralized results related to the Hadamard inequality for m-convex functions on the coor-
dinates are also given.

2 Mean value theorems

We know that if a function f is twice differentiable on an interval I then it is convex on
I if and only if its second order derivative is nonnegative. If a function f(X) :=f(x, ) has
continuous second order partial derivatives on interior of A? then it is convex on A? if the

Hessian matrix

X X
_ 9x2 ayox
&) =1 st a0
dxady ay2

is nonnegative definite, that is, vH¢(X)v® is nonnegative for all real nonnegative vector v
(see [3], p.11).
It is easy to see that f : A2 — R is coordinated convex on A? iff

0% (x,)

0x2

)

= —821;(9;’)}) and ]g,”(x)=

are nonnegative for all interior points (x, y) in A2
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For a real valued function f : A2 — R we define

1 1 b c+d 1 a fa+b
un =5 5ma [4(n 5 e g [1(57) ]
a+b c+d
S(555°) ®

One can note that H(f) > 0 if f is convex on the coordinates in A%

To give the mean value theorems of Cauchy type, we need the following lemma.
Lemma 2.1 Letf: A% — R be a function such that

0% (x, 3%f (x,
MIEMEMI and MZSMSMz
dx? 9y?

for all interior points (x,y) in A2
Consider the functions g,h : A* — R defined as

1
gy =3 max{My, Ma}(x* +¥*) - f(x,5)
and
L. 2, .2
h(x,y) =f(x,y) - 5 mln{ml,mz}(x +y )
Then g and h are coordinated convex in A*.
Proof Since

92g(x, 0% (x,
?iﬁznmﬂMbMﬂ— g%y)zo
X X

and

Dexy) 9 (x,9)
L

02 ) —min{my, my} >0

for all interior points (x,) in A2, g is convex on the coordinates in A2,
Similarly one can prove that % is convex on the coordinates in A2, O

Theorem 2.2 Let f : A> — R be a function, which has continuous partial derivatives of
second order in A* and q(x,y) := x* + y*. Then there exist (n1,&) and (12, &) in the interior
of A? such that

lazf(ﬂl»%“l)

=552

H(q)

and

_ 1 32f(772,§2),H

Hf) 2 ox?

(@),

provided that H(q) # 0.
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Proof Since f has continuous partial derivatives of second order in compact set A2, there

exist real numbers m;, my, My, and M, such that

9%f (x, 0% (x,
m1§MSM1 and m2§MSM2
dx? ay?

Now consider functions g defined in Lemma 2.1. As g is convex on the coordinates in A2,
H(g) =0,
that is,
(5 maxia, Mg () ) = 0.
From this we get
2H(f) < max{My, Mo} H(q). (6)
On the other hand, for the function %, one has
min{my, my}H(q) < 2H(f). 7)

As H(q) # 0, combining inequalities (6) and (7), we get

H(f)
H(q)

min{my, m,} < < max{My, M,}.

Then there exist (171,£) and (12, ;) in the interior of A% such that

2H(f)  9°f (i, &) 2H(f) 9% (2, &)
= and =
H(q) 9x2 H(g) 9y?

Hence the required result follows. O

3 Hadamard type inequalities for m-convex function on two coordinates
In this section we give Hadamard type inequalities for m-convex functions on two coor-

dinates. First of all we give the definitions of m-convex functions in two coordinates.

Definition 3.1 Let A = [0,5] x [0,d] C [0,00)?, then a function f : A — R, will be called
m-convex on the coordinates if the partial mappings f, : [0,5] — R, f,(«) := f(u,y), and
fi:[0,d] = R, fi(v) :=f(x,v), are m-convex on [0, b] and [0, d], respectively.

In the following we give the Hadamard type inequality for m-convex functions on the
coordinates.

Theorem 3.2 Let A = [0,b] x [0,d] C [0,00)? with b,d >0 and f : A — R be m-convex
on the coordinates in A with m € (0,1]. If f, € L1(0,d] and f, € L1[0,b],0 <a <b,0 <c<d.
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Then we have

1 b c+d J 1 d fa+b d

b_a/af(x’ S )ass g [ (50 0) @

=206- a)(a’ c)f / <2f(x’y)+m<f<x’ >+f< ’y>>>dydx

<l |:f(d, o) +f(b,c)+f(ad)+f(b,d)+ m<f<_’c) +f(;’c>

_ +f1<6Zl,d> +f( b ) +f<a, ) +f(a, ) +f(b —> +f<b, %))
) (o) () G))]

Proof Since mapping f : A — R is m-convex on the coordinates, the functions f, and f,

are m-convex on [0,d] and [0, b], respectively. Using (4) for the function f, we have

b x
o) < gt [ ()

_m+l |:fy(a) +hb) mfy(%) +fy($)}
- 4 2 2

that is,

a+b 1 b f(x,y)+Mf(ﬁ,y)
f( 5 J)Sb_a/zl( 5 )dx

B m+1[f(a,y) +£(b,y) +mf(%,y) +f($,y)} ®)
4 2 2

From this one has

1 (% (a+b
d_cfc f( ,y> dy
1 fxy) +mf(Z,9)
<gmaaa | [ (P52

m+1 [ f(a,y)+f(by) f(5y) +f(%:y)
=4d-0 ). [ 2 " 2 ]dy'

)

Similarly using (4) for the function f; we have

_f ( c+d)
fxy) +mf(x, 2)
<gmaaa | [ (P25 b

m+1 b|:f(x,c)+f(x,d) f(x,i)+f(x,%):|
+m dx

= ab-a ), 2 2 (10)
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By adding (9) and (10), we get

L <—> L5t
sl om0 () 2o

< +m
-~ 4 |b-al,

2 2
1 [((fay +fby)  f(L9)+f(L,)
" d—c/; ( 2 i 2 )dy].

(11)

For fixed y using the m-convexity of f, we have

fy) < fxy) +;ﬂf(ﬁ,y)'

Performing the average integral over the interval [a, b] and using (4) we get

1 P 1 [P/fxy)+mf(Z,y)
R

_m+l [f(a,y) +/(b,y) +mf(%»y) +f(%,y)}
- 4 2 2 '

Similarly for fixed x using the m-convexity of f, one has

1 [ 1 [/ f(xy)+mf(x, L)
o [renays L [(FEEE ) g

- m+1[f(x,c) +f(x,d) +mf(x’%)+f(x’%)]‘
== : .

(14)

Considering (13) for y = ¢,d, (14) for x = a, b, then (13) for y =
multiply later with m. Adding all these inequalities, we obtain

¢ d _a b
%,Z,(14') fOrx— e m to

1 /b(f(x,c)+f(x,d)+mf(x,%)+f(x,%)>dx
b-al, 2 2

1 [ flay) +fby) [y +f(Ly)
+d—c_/c < 2 +m 5 )dy

L[ (0 e )
= E[b—d/u 2

FOo L)+ mf (2, £) +f(x, L) + mf (£, %))
m dx

2

. 1 /d<f(a,y)+mf(a,%)+f(b,y)+mf(b,%)
d-c ), 2

F(2,9) +mf(%, 2)+f(2,9) + mf(L,2) ) ]

2
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< i[f(a,c) Cf(b,0) + flad) + flb,d) + m(f(g,c) +f<%,c>
A3 A2 )
(o) o) o) o)) ) w

Now combining inequalities in (11) and (15), we get the last two inequalities of the theo-

rem. -

Theorem 3.3 Let A = [0,b] x [0,d] C [0,00)? with b,d >0 and f : A — R be m-convex
on the coordinate in A with m € (0,1]. If f; € L[0,d] and f, € L1[0, b], then

a+b c+d 1 [P(fxS0) + mf(£,44)
y(5050) s [ (e

d a+b a+b y
Cid/ (f( ,y)+;ﬂf( )dy. 16)
Proof By using (8) fory = < cxd
a+b c+d 1 brfx, S2) + mf (£, 42)
f( D) )sb_al< 5 )dx. (17)

Applying the first inequality in (4) for f; on [c, d] we have

d Y
)= 2 [ ),

Putx = @ we get
ath V)
f(a;b,czd)scfd/ (f ’”*Zf(z’m)dy. (18)
By adding (17) and (18) we get (16). a

Remark 3.4 By putting m =1 in Theorem 3.2 and Theorem 3.3 and combining we get
inequalities in Theorem 1.4.

Theorem 3.5 Let f, f,, and f, be defined as in Theorem 3.2. Then one has the following

inequality:
/ / fx,y) dydx
(b-a)d-o)

Emin{b_a/a (f(x,c)+2mf(x,m )dx,
1 brfx,d)+mf(x, <)
e [ () e
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) 1 4 /f(ay) (L,y)
+m1n{d_cl (fay +2mfmy)dy,

1 [2(f(by)+mf(L,y)
d_cfc( . )dy}. (19)

Proof Since mapping f : A — R is m-convex on the coordinates, the functions f, and f,

are m-convex on [0,d] and [0, b], respectively. Thus we have by Theorem 1.7

—/ £,(x) dx < min {fy(“) +2fy( n) SO +2fy( )}’
that is,
b » .
5 [ £z < min {f (@) 1G0) 109 +15,) }

Performing the average integral over the interval [c, d]

-a@=3 / / J)
. 1 fla,y) +f(Z,) 1 [ fby) +f(5.9)
Smm{d—cfc( 2 )dy’d—cfc( 2 )dy}‘ 20
Similarly for f; one has
1 b pd
(b—a)(d—a/a /cf("’y)d"
. 1 b f(x,c)+f(x,%) 1 brfd) +f(x, <)
Smm{b—a,é( 5 >dx’b—a/a( 5 >dx}. (21)

For the desired result we add inequalities (20) and (21). O

Theorem 3.6 Let f, : [0,d] C [0,00) = R, f(u) = f(x,u) and f, : [0,b] C [0,00) — R,
) =f(v,y) bepartial m-convex mappings withm € (0,1]1.1If0 <a<b < 00,0 <c<d < o0,
also if f, € 1,[0,d] and f, € L1[0, b] with f, and f, are differentiable on (0, 00), then we have

the following inequality:
d
[ sy ay)

b
Lﬂq(ﬁ/f(x,md)dx+di
d-c 8f(x,md) b a (*3f(mb,y)
(b a/ ay Td- C/ 0x dy)

1 b pd 1
= (b—a)(d—c)/a /Cf(x’y)dyd"54<b—a)(d—c>

b d
X [(d—mc)/ f(x,d)dx+(b—ma)/ f(b,y)dy

b d
- ((c—md)/ f(x,c)dx+(a—mb)/ f(a,y)dy):|. (22)
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Proof Since the functions f; and f, are m-convex on [0, d] and [0, b], respectively, and the
functions f; and f, are differentiable on (0, cc), applying Theorem 1.8 we have

Jx(md)

m

d-c, 1 d
Soomd < [ £o)ay

- (d — me)fy(d) — (c — md)f,(c)
- 2(d -c¢)

and

Jy(mb)

m

b-a_, 1 b
A nb) < / ) dy

- (b — ma)f,(b) — (a — mb)f,(a)
- 2(b-a) ’

This gives us

flx,md) d-caf(x,md) 1 d
e B
- (d —me)f (x,d) — (c — md)f (x,c)
- 2(d -c)

(23)

and

fomby) _b-adf(mby) _
m 2 0x -

b
5 [ Feas

- (b —ma)f(b,y) — (a — mb)f(a,y)
- 2(b-a) )

(24)

Integrating (23) over [a, b] and (24) over [c, d] we get

1 bf(x, md) d-c b of (x, md)
b—a/a m dx_z(b—ﬂ)/a dy “

1 b pd
<Gmaasal, | Sebs

1 br(d- mce)f (x,d) — (¢ — md)f (x, c)
Sb—a/,l ( 2d-0) )d"

(25)

and

1 df(mb,y) b-a d of (mb, y)
/ dy — dy
d-c/, m 2(d—-c) J. ox

1 b pd
<Gmaa=al, | Serbs

1 d (b—Mﬂ)f(b:)’)—(tl—Mb)f(“:y)
Sd—c/c ( 2(b-a) )dy’

(26)

respectively.
Adding (25) and (26) we get (22). O
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