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Abstract
We introduce a Mann-type hybrid steepest-descent iterative algorithm for finding a
common element of the set of solutions of a general mixed equilibrium problem, the
set of solutions of general system of variational inequalities, the set of solutions of
finitely many variational inequalities, and the set of common fixed points of finitely
many nonexpansive mappings and a strict pseudocontraction in a real Hilbert space.
We derive the strong convergence of the iterative algorithm to a common element of
these sets, which also solves some hierarchical variational inequality.
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1 Introduction
Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, C be a nonempty
closed convex subset of H and PC be the metric projection of H onto C. Let S : C → C be
a self-mapping on C. We denote by Fix(S) the set of fixed points of S and by R the set of
all real numbers. A mapping A : C → H is called L-Lipschitz continuous if there exists a
constant L ≥  such that

‖Ax – Ay‖ ≤ L‖x – y‖, ∀x, y ∈ C.

A mapping T : C → C is called ξ -strictly pseudocontractive if there exists a constant ξ ∈
[, ) such that

‖Tx – Ty‖ ≤ ‖x – y‖ + ξ
∥
∥(I – T)x – (I – T)y

∥
∥

, ∀x, y ∈ C.

Let A : C → H be a nonlinear mapping on C. We consider the following variational
inequality problem (VIP) []: find a point x̄ ∈ C such that

〈Ax̄, y – x̄〉 ≥ , ∀y ∈ C. (.)

The solution set of VIP (.) is denoted by VI(C, A).
The general mixed equilibrium problem (GMEP) (see, e.g., []) is to find x ∈ C such that

Θ(x, y) + h(x, y) ≥ , ∀y ∈ C, (.)
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where Θ , h : C × C → R are two bi-functions. We denote the set of solutions of GMEP
(.) by GMEP(Θ , h). We assume as in [] that Θ : C × C → R is a bi-function satisfying
conditions (θ)-(θ) and h : C ×C → R is a bi-function with restrictions (h)-(h), where

(θ) Θ(x, x) =  for all x ∈ C;
(θ) Θ is monotone (i.e., Θ(x, y) +Θ(y, x) ≤ , ∀x, y ∈ C) and upper hemicontinuous in the

first variable, i.e., for each x, y, z ∈ C,

lim sup
t→+

Θ
(

tz + ( – t)x, y
)≤ Θ(x, y);

(θ) Θ is lower semicontinuous and convex in the second variable;
(h) h(x, x) =  for all x ∈ C;
(h) h is monotone and weakly upper semicontinuous in the first variable;
(h) h is convex in the second variable.

For r >  and x ∈ H , let Tr : H → C be a mapping defined by

Trx =
{

z ∈ C : Θ(z, y) + h(z, y) +

r
〈y – z, z – x〉 ≥ ,∀y ∈ C

}

called the resolvent of Θ and h.
Let F, F : C → H be two mappings. Consider the following general system of varia-

tional inequalities (GSVI) of finding (x∗, y∗) ∈ C × C such that

{

〈νFy∗ + x∗ – y∗, x – x∗〉 ≥ , ∀x ∈ C,
〈νFx∗ + y∗ – x∗, x – y∗〉 ≥ , ∀x ∈ C,

(.)

where ν >  and ν >  are two constants. The solution set of GSVI (.) is denoted by
GSVI(C, F, F).

If C is the fixed point set Fix(T) of a nonexpansive mapping T and S is another nonex-
pansive mapping (not necessarily with fixed points), then VIP (.) becomes the variational
inequality problem of finding x∗ ∈ Fix(T) such that

〈

(I – S)x∗, x – x∗〉≥ , ∀x ∈ Fix(T). (.)

This problem, introduced by Mainge and Moudafi [, ], is called the hierarchical fixed
point problem. It is clear that if S has fixed points, then they are solutions of VIP (.).

During the s and s, the system of variational inequalities used as tools to solve
Nash equilibrium problems. See, for example, [–] and the references therein. On the
similar lines, the results of this paper can be applicable to solve Nash equilibrium problem
for two person game. In the recent past, several iterative methods have been proposed and
analyzed to three nonlinear problems, namely, system of variational inequalities, gener-
alized mixed equilibrium problems and variational inequalities; see, for example, [–]
and the references therein.

In this paper, we will introduce a Mann-type hybrid steepest-descent iterative algorithm
for finding a common element of the solution set GMEP(Θ , h) of GMEP (.), the solution
set GSVI(C, F, F) (i.e., Ξ ) of GSVI (.), the solution set

⋂M
k= VI(C, Ak) of finitely many
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variational inequalities for inverse-strongly monotone mappings Ak : C → H , k = , . . . , M,
and the common fixed point set

⋂N
i= Fix(Si) ∩ Fix(T) of finitely many nonexpansive map-

pings Si : C → C, i = , . . . , N and a strictly pseudocontractive mapping T : C → C, in
the setting of the infinite-dimensional Hilbert space. The iterative algorithm is based on
Korpelevich’s extragradient method, the viscosity approximation method [], Mann’s it-
eration method, and the hybrid steepest-descent method. Our aim is to prove that the it-
erative algorithm converges strongly to a common element of these sets, which also solves
some hierarchical variational inequality. We observe that related results have been derived
in [, , , ].

2 Preliminaries
Throughout this paper, we assume that H is a real Hilbert space whose inner product and
norm are denoted by 〈·, ·〉 and ‖ · ‖, respectively. Let C be a nonempty, closed, and convex
subset of H . We write xn ⇀ x to indicate that the sequence {xn} converges weakly to x
and xn → x to indicate that the sequence {xn} converges strongly to x. Moreover, we use
ωw(xn) to denote the weak ω-limit set of the sequence {xn} and ωs(xn) to denote the strong
ω-limit set of the sequence {xn}, i.e.,

ωw(xn) :=
{

x ∈ H : xni ⇀ x for some subsequence {xni} of {xn}
}

and

ωs(xn) :=
{

x ∈ H : xni → x for some subsequence {xni} of {xn}
}

.

The metric (or nearest point) projection from H onto C is the mapping PC : H → C
which assigns to each point x ∈ H the unique point PCx ∈ C satisfying the property

‖x – PCx‖ = inf
y∈C

‖x – y‖ =: d(x, C).

The following properties of projections are useful for our purpose.

Proposition . Given any x ∈ H and z ∈ C. One has
(i) z = PCx ⇔ 〈x – z, y – z〉 ≤ , ∀y ∈ C;

(ii) z = PCx ⇔ ‖x – z‖ ≤ ‖x – y‖ – ‖y – z‖, ∀y ∈ C;
(iii) 〈PCx – PCy, x – y〉 ≥ ‖PCx – PCy‖, ∀y ∈ H , which hence implies that PC is

nonexpansive and monotone.

Definition . A mapping T : H → H is said to be
(a) nonexpansive if

‖Tx – Ty‖ ≤ ‖x – y‖, ∀x, y ∈ H ;

(b) firmly nonexpansive if T – I is nonexpansive, or equivalently, if T is
-inverse-strongly monotone (-ism),

〈x – y, Tx – Ty〉 ≥ ‖Tx – Ty‖, ∀x, y ∈ H ;
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alternatively, T is firmly nonexpansive if and only if T can be expressed as

T =



(I + S),

where S : H → H is nonexpansive; projections are firmly nonexpansive.

Definition . A mapping A : C → H is said to be
(i) monotone if

〈Ax – Ay, x – y〉 ≥ , ∀x, y ∈ C;

(ii) η-strongly monotone if there exists a constant η >  such that

〈Ax – Ay, x – y〉 ≥ η‖x – y‖, ∀x, y ∈ C;

(iii) α-inverse-strongly monotone if there exists a constant α >  such that

〈Ax – Ay, x – y〉 ≥ α‖Ax – Ay‖, ∀x, y ∈ C.

It is obvious that if A : C → H is α-inverse-strongly monotone, then A is monotone and

α

-Lipschitz continuous. Moreover, we also have, for all u, v ∈ C and λ > ,

∥
∥(I – λA)u – (I – λA)v

∥
∥

 ≤ ‖u – v‖ + λ(λ – α)‖Au – Av‖. (.)

Proposition . (see []) For given x̄, ȳ ∈ C, (x̄, ȳ) is a solution of the GSVI (.) if and
only if x̄ is a fixed point of the mapping G : C → C defined by

Gx = PC(I – νF)PC(I – νF)x, ∀x ∈ C,

where ȳ = PC(I – νF)x̄.

In particular, if the mapping Fj : C → H is ζj-inverse-strongly monotone for j = , , then
the mapping G is nonexpansive provided νj ∈ (, ζj] for j = , . We denote by Ξ the fixed
point set of the mapping G.

We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma . Let X be a real inner product space. Then there holds the following inequality

‖x + y‖ ≤ ‖x‖ + 〈y, x + y〉, ∀x, y ∈ X.

Lemma . Let H be a real Hilbert space. Then the following hold:
(a) ‖x – y‖ = ‖x‖ – ‖y‖ – 〈x – y, y〉 for all x, y ∈ H ;
(b) ‖λx + μy‖ = λ‖x‖ + μ‖y‖ – λμ‖x – y‖ for all x, y ∈ H and λ,μ ∈ [, ] with

λ + μ = ;
(c) if {xn} is a sequence in H such that xn ⇀ x, it follows that

lim sup
n→∞

‖xn – y‖ = lim sup
n→∞

‖xn – x‖ + ‖x – y‖, ∀y ∈ H .
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Let C be a nonempty, closed, and convex subset of a real Hilbert space H . We introduce
some notations. Let λ be a number in (, ] and let μ > . Associating with a nonexpansive
mapping T : C → C, we define the mapping Tλ : C → H by

Tλx := Tx – λμF(Tx), ∀x ∈ C,

where F : C → H is an operator such that, for some positive constants κ ,η > , F is
κ-Lipschitzian and η-strongly monotone on C; that is, F satisfies the conditions:

‖Fx – Fy‖ ≤ κ‖x – y‖ and 〈Fx – Fy, x – y〉 ≥ η‖x – y‖

for all x, y ∈ C.
In the sequel, we let GMEP(Θ , h) denote the solution set of GMEP (.).

Lemma . (see []) Let C be a nonempty, closed, and convex subset of a real Hilbert
space H . Let Θ : C×C → R be a bi-function satisfying conditions (θ)-(θ) and h : C×C →
R is a bi-function with restrictions (h)-(h). Moreover, let us suppose that

(H) for fixed r >  and x ∈ C, there exist a bounded K ⊂ C and x̂ ∈ K such that for all
z ∈ C \ K , –Θ(x̂, z) + h(z, x̂) + 

r 〈x̂ – z, z – x〉 < .
For r >  and x ∈ H , the mapping Tr : H → C (i.e., the resolvent of Θ and h) has the
following properties:

(i) Trx �= ∅;
(ii) Trx is a singleton;

(iii) Tr is firmly nonexpansive;
(iv) GMEP(Θ , h) = Fix(Tr) and it is closed and convex.

Recall that a set-valued mapping T : D(T) ⊂ H → H is called monotone if for all x, y ∈
D(T), f ∈ Tx and g ∈ Ty imply

〈f – g, x – y〉 ≥ .

A set-valued mapping T is called maximal monotone if T is monotone and (I +λT)D(T) =
H for each λ > , where I is the identity mapping of H . We denote by G(T) the graph of T .
It is known that a monotone mapping T is maximal if and only if, for (x, f ) ∈ H × H ,
〈f – g, x – y〉 ≥  for every (y, g) ∈ G(T) implies f ∈ Tx.

3 Main results
We now propose the following Mann-type hybrid steepest-descent iterative scheme:

⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Θ(un, y) + h(un, y) + 
rn

〈y – un, un – xn〉 ≥ , ∀y ∈ C,
yn, = βn,Sun + ( – βn,)un,
yn,i = βn,iSiun + ( – βn,i)yn,i–, i = , . . . , N ,
yn = PC[αnγ f (yn,N ) + (I – αnμF)Gyn,N ],
xn+ = βnxn + γnΛ

M
n yn + δnTΛM

n yn

(.)

for all n ≥ , where
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F : C → H is a κ-Lipschitzian and η-strongly monotone operator with positive
constants κ ,η >  and f : C → C is an l-Lipschitzian mapping with constant l ≥ ;
Ak : C → H is ηk-inverse-strongly monotone, {λk,n} ⊂ [ak , bk] ⊂ (, ηk),
∀k ∈ {, . . . , M}, and ΛM

n := PC(I – λM,nAM) · · ·PC(I – λ,nA);
Fj : C → H is ζj-inverse-strongly monotone and G := PC(I – νF)PC(I – νF) with
νj ∈ (, ζj) for j = , ;
T : C → C is a ξ -strict pseudocontraction and Si : C → C is a nonexpansive mapping
for each i = , . . . , N ;
Θ , h : C × C → R are two bi-functions satisfying the hypotheses of Lemma .;
 < μ < η/κ and  ≤ γ l < τ with τ :=  –

√

 – μ(η – μκ);
{αn}, {βn} are sequences in (, ) with  < lim infn→∞ βn ≤ lim supn→∞ βn < ;
{γn}, {δn} are sequences in [, ] with βn + γn + δn = , ∀n ≥ ;
{βn,i}N

i= are sequences in (, ) and (γn + δn)ξ ≤ γn, ∀n ≥ ;
{rn} is a sequence in (,∞) with lim infn→∞ rn >  and lim infn→∞ δn > .

We start our main result from the following series of propositions.

Proposition . Let us suppose that Ω = Fix(T) ∩ ⋂N
i= Fix(Si) ∩ ⋂M

k= VI(C, Ak) ∩
GMEP(Θ , h) ∩ Ξ �= ∅. Then the sequences {xn}, {yn}, {yn,i} for all i, {un} are bounded.

Proof Since  < lim infn→∞ βn ≤ lim supn→∞ βn < , we may assume, without loss of gen-
erality, that {βn} ⊂ [c, d] ⊂ (, ). For simplicity, we write

vn = αnγ f (yn,N ) + (I – αnμF)Gyn,N

for all n ≥ . Then yn = PCvn. Also, we set ỹn = ΛM
n yn,

Λk
n = PC(I – λk,nAk)PC(I – λk–,nAk–) · · ·PC(I – λ,nA)

for all k ∈ {, , . . . , M} and n ≥ , and Λ
n = I , where I is the identity mapping on H .

First of all, take a fixed p ∈ Ω arbitrarily. We observe that

‖yn, – p‖ ≤ ‖un – p‖ ≤ ‖xn – p‖.

For all i from i =  to i = N , by induction, one proves that

‖yn,i – p‖ ≤ βn,i‖un – p‖ + ( – βn,i)‖yn,i– – p‖
≤ ‖un – p‖ ≤ ‖xn – p‖.

Thus we obtain that for every i = , . . . , N ,

‖yn,i – p‖ ≤ ‖un – p‖ ≤ ‖xn – p‖. (.)

Since for each k ∈ {, . . . , M}, I – λk,nAk is nonexpansive and p = PC(I – λk,nAk)p, we have

‖ỹn – p‖ =
∥
∥PC(I – λM,nAM)ΛM–

n yn – PC(I – λM,nAM)ΛM–
n p

∥
∥

≤ ∥
∥(I – λM,nAM)ΛM–

n yn – (I – λM,nAM)ΛM–
n p

∥
∥
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≤ ∥
∥ΛM–

n yn – ΛM–
n p

∥
∥

· · ·
≤ ∥
∥Λ

nyn – Λ
np
∥
∥

= ‖yn – p‖. (.)

For simplicity, we write p̃ = PC(p – νFp), ỹn,N = PC(yn,N – νFyn,N ) and zn = PC(ỹn,N –
νFỹn,N ) for each n ≥ . Then zn = Gyn,N and

p = PC(I – νF)p̃ = PC(I – νF)PC(I – νF)p = Gp.

Since Fj : C → H is ζj-inverse-strongly monotone and  < νj < ζj for each j = , , we know
that, for all n ≥ ,

‖zn – p‖ = ‖Gyn,N – p‖

=
∥
∥PC(I – νF)PC(I – νF)yn,N – PC(I – νF)PC(I – νF)p

∥
∥



≤ ∥
∥(I – νF)PC(I – νF)yn,N – (I – νF)PC(I – νF)p

∥
∥



=
∥
∥
[

PC(I – νF)yn,N – PC(I – νF)p
]

– ν
[

FPC(I – νF)yn,N – FPC(I – νF)p
]∥
∥

≤ ∥
∥PC(I – νF)yn,N – PC(I – νF)p

∥
∥



+ ν(ν – ζ)
∥
∥FPC(I – νF)yn,N – FPC(I – νF)p

∥
∥



≤ ∥
∥PC(I – νF)yn,N – PC(I – νF)p

∥
∥



≤ ∥
∥(I – νF)yn,N – (I – νF)p

∥
∥



=
∥
∥(yn,N – p) – ν(Fyn,N – Fp)

∥
∥



≤ ‖yn,N – p‖ + ν(ν – ζ)‖Fyn,N – Fp‖

≤ ‖yn,N – p‖ ≤ ‖un – p‖ ≤ ‖xn – p‖. (.)

Also, since Gp = p and G is nonexpansive, utilizing Lemma . of [] we have from (.)
and (.)

‖yn – p‖ = ‖PCvn – p‖
≤ ∥
∥αnγ

(

f (yn,N ) – f (p)
)

+ (I – αnμF)Gyn,N – (I – αnμF)p + αn(γ f – μF)p
∥
∥

≤ αnγ
∥
∥f (yn,N ) – f (p)

∥
∥ +

∥
∥(I – αnμF)Gyn,N – (I – αnμF)p

∥
∥ + αn

∥
∥(γ f – μF)p

∥
∥

≤ αnγ l‖yn,N – p‖ + ( – αnτ )‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥

=
(

 – αn(τ – γ l)
)‖yn,N – p‖ + αn

∥
∥(γ f – μF)p

∥
∥

=
(

 – αn(τ – γ l)
)‖yn,N – p‖ + αn(τ – γ l)

‖(γ f – μF)p‖
τ – γ l

≤ max

{

‖yn,N – p‖,
‖(γ f – μF)p‖

τ – γ l

}

≤ max

{

‖xn – p‖,
‖(γ f – μF)p‖

τ – γ l

}

. (.)
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Taking into account (γn + δn)ξ ≤ γn and utilizing [], we obtain from (.), (.), and (.)
that

‖xn+ – p‖ =
∥
∥βn(xn – p) + γn(ỹn – p) + δn(Tỹn – p)

∥
∥

≤ βn‖xn – p‖ +
∥
∥γn(ỹn – p) + δn(Tỹn – p)

∥
∥

≤ βn‖xn – p‖ + (γn + δn)‖ỹn – p‖
≤ βn‖xn – p‖ + (γn + δn)‖yn – p‖

≤ βn‖xn – p‖ + (γn + δn) max

{

‖xn – p‖,
‖(γ f – μF)p‖

τ – γ l

}

≤ max

{

‖xn – p‖,
‖(γ f – μF)p‖

τ – γ l

}

. (.)

By induction, we get

‖xn – p‖ ≤ max

{

‖x – p‖,
‖(γ f – μF)p‖

τ – γ l

}

, ∀n ≥ .

This implies that {xn} is bounded and so are {Fyn,N }, {Fỹn,N }, {ỹn,N }, {zn}, {un}, {vn}, {yn},
{yn,i} for each i = , . . . , N . Since ‖Tỹn – p‖ ≤ +ξ

–ξ
‖ỹn – p‖, {Tỹn} is also bounded. �

Proposition . Let us suppose that Ω �= ∅. Moreover, let us suppose that the following
hold:

(H) limn→∞ αn =  and
∑∞

n= αn = ∞;
(H)

∑∞
n= |λk,n – λk,n–| < ∞ or limn→∞

|λk,n–λk,n–|
αn

=  for each k = , . . . , M;
(H)

∑∞
n= |αn – αn–| < ∞ or limn→∞ |αn–αn–|

αn
= ;

(H)
∑∞

n= |βn,i – βn–,i| < ∞ or limn→∞
|βn,i–βn–,i|

αn
=  for each i = , . . . , N ;

(H)
∑∞

n= |rn – rn–| < ∞ or limn→∞ |rn–rn–|
αn

= ;
(H)

∑∞
n= |βn – βn–| < ∞ or limn→∞ |βn–βn–|

αn
= ;

(H)
∑∞

n= | γn
–βn

– γn–
–βn–

| < ∞ or limn→∞ 
αn

| γn
–βn

– γn–
–βn–

| = .
Then limn→∞ ‖xn+ – xn‖ = , i.e., {xn} is asymptotically regular.

Proof First, it is known that {βn} ⊂ [c, d] ⊂ (, ) as in the proof of Proposition ..
Taking into account lim infn→∞ rn > , we may assume, without loss of generality, that
{rn} ⊂ [ε,∞) for some ε > . First, we write xn = βn–xn– + ( – βn–)wn–, ∀n ≥ , where
wn– = xn–βn–xn–

–βn–
. It follows that for all n ≥ ,

wn – wn– =
xn+ – βnxn

 – βn
–

xn – βn–xn–

 – βn–

=
γnỹn + δnTỹn

 – βn
–

γn–ỹn– + δn–Tỹn–

 – βn–

=
γn(ỹn – ỹn–) + δn(Tỹn – Tỹn–)

 – βn

+
(

γn

 – βn
–

γn–

 – βn–

)

ỹn– +
(

δn

 – βn
–

δn–

 – βn–

)

Tỹn–. (.)
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Since (γn + δn)ξ ≤ γn for all n ≥ , we have

∥
∥γn(ỹn – ỹn–) + δn(Tỹn – Tỹn–)

∥
∥≤ (γn + δn)‖ỹn – ỹn–‖. (.)

Next, we estimate ‖yn – yn–‖. Observe that

‖zn – zn–‖ =
∥
∥PC(I – νF)PC(I – νF)yn,N – PC(I – νF)PC(I – νF)yn–,N

∥
∥



≤ ∥
∥(I – νF)PC(I – νF)yn,N – (I – νF)PC(I – νF)yn–,N

∥
∥



=
∥
∥
[

PC(I – νF)yn,N – PC(I – νF)yn–,N
]

– ν
[

FPC(I – νF)yn,N – FPC(I – νF)yn–,N
]∥
∥

≤ ∥
∥PC(I – νF)yn,N – PC(I – νF)yn–,N

∥
∥



– ν(ζ – ν)
∥
∥FPC(I – νF)yn,N – FPC(I – νF)yn–,N

∥
∥

≤ ∥
∥PC(I – νF)yn,N – PC(I – νF)yn–,N

∥
∥



≤ ∥
∥(I – νF)yn,N – (I – νF)yn–,N

∥
∥



=
∥
∥(yn,N – yn–,N ) – ν(Fyn,N – Fyn–,N )

∥
∥



≤ ‖yn,N – yn–,N‖ – ν(ζ – ν)‖Fyn,N – Fyn–,N‖

≤ ‖yn,N – yn–,N‖. (.)

Also, we observe that
{

vn = αnγ f (yn,N ) + (I – αnμF)zn,
vn– = αn–γ f (yn–,N ) + (I – αn–μF)zn–, ∀n ≥ .

Simple calculations show that

vn – vn– = (I – αnμF)zn – (I – αnμF)zn– + (αn – αn–)
(

γ f (yn–,N ) – μFzn–
)

+ αnγ
(

f (yn,N ) – f (yn–,N )
)

.

Then, passing to the norm we get from (.)

‖vn – vn–‖ ≤ ∥
∥(I – αnμF)zn – (I – αnμF)zn–

∥
∥ + |αn – αn–|

∥
∥γ f (yn–,N ) – μFzn–

∥
∥

+ αnγ
∥
∥f (yn,N ) – f (yn–,N )

∥
∥

≤ ( – αnτ )‖zn – zn–‖ + M̃|αn – αn–| + αnγ l‖yn,N – yn–,N‖
≤ ( – αnτ )‖yn,N – yn–,N‖ + M̃|αn – αn–| + αnγ l‖yn,N – yn–,N‖
=
(

 – αn(τ – γ l)
)‖yn,N – yn–,N‖ + M̃|αn – αn–|, (.)

where supn≥ ‖γ f (yn,N ) – μFzn‖ ≤ M̃ for some M̃ > . In the meantime, by the definition
of yn,i one obtains, for all i = N , . . . , ,

‖yn,i – yn–,i‖ ≤ βn,i‖un – un–‖ + ‖Siun– – yn–,i–‖|βn,i – βn–,i|
+ ( – βn,i)‖yn,i– – yn–,i–‖. (.)
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In the case i = , we have

‖yn, – yn–,‖ ≤ βn,‖un – un–‖ + ‖Sun– – un–‖|βn, – βn–,|
+ ( – βn,)‖un – un–‖

= ‖un – un–‖ + ‖Sun– – un–‖|βn, – βn–,|. (.)

Substituting (.) in all (.)-type expressions one obtains for i = , . . . , N ,

‖yn,i – yn–,i‖ ≤ ‖un – un–‖ +
i
∑

k=

‖Skun– – yn–,k–‖|βn,k – βn–,k|

+ ‖Sun– – un–‖|βn, – βn–,|.

This together with (.) implies that

‖yn – yn–‖ = ‖PCvn – PCvn–‖
≤ (

 – αn(τ – γ l)
)‖yn,N – yn–,N‖ + M̃|αn – αn–|

≤ (

 – αn(τ – γ l)
)

[

‖un – un–‖ +
N
∑

k=

‖Skun– – yn–,k–‖|βn,k – βn–,k|

+ ‖Sun– – un–‖|βn, – βn–,|
]

+ M̃|αn – αn–|

≤ (

 – αn(τ – γ l)
)‖un – un–‖ +

N
∑

k=

‖Skun– – yn–,k–‖|βn,k – βn–,k|

+ ‖Sun– – un–‖|βn, – βn–,| + M̃|αn – αn–|. (.)

Furthermore, utilizing (.), we obtain

‖ỹn – ỹn–‖ =
∥
∥ΛM

n yn – ΛM
n–yn–

∥
∥

=
∥
∥PC(I – λM,nAM)ΛM–

n yn – PC(I – λM,n–AM)ΛM–
n– yn–

∥
∥

≤ ∥
∥PC(I – λM,nAM)ΛM–

n yn – PC(I – λM,n–AM)ΛM–
n yn

∥
∥

+
∥
∥PC(I – λM,n–AM)ΛM–

n yn – PC(I – λM,n–AM)ΛM–
n– yn–

∥
∥

≤ ∥
∥(I – λM,nAM)ΛM–

n yn – (I – λM,n–AM)ΛM–
n yn

∥
∥

+
∥
∥(I – λM,n–AM)ΛM–

n yn – (I – λM,n–AM)ΛM–
n– yn–

∥
∥

≤ |λM,n – λM,n–|
∥
∥AMΛM–

n yn
∥
∥ +

∥
∥ΛM–

n yn – ΛM–
n– yn–

∥
∥

≤ |λM,n – λM,n–|
∥
∥AMΛM–

n yn
∥
∥ + |λM–,n – λM,n–|

∥
∥AM–Λ

M–
n yn

∥
∥

+
∥
∥ΛM–

n yn – ΛM–
n– yn–

∥
∥

≤ · · ·
≤ |λM,n – λM,n–|

∥
∥AMΛM–

n yn
∥
∥

+ |λM–,n – λM–,n–|
∥
∥AM–Λ

M–
n yn

∥
∥
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+ · · · + |λ,n – λ,n–|
∥
∥AΛ


nyn
∥
∥ +

∥
∥Λ

nyn – Λ
n–yn–

∥
∥

≤ M̃

M
∑

k=

|λk,n – λk,n–| + ‖yn – yn–‖, (.)

where supn≥{
∑M

k= ‖AkΛ
k–
n yn‖} ≤ M̃ for some M̃ > .

By [], we know that

‖un – un–‖ ≤ ‖xn – xn–‖ + L
∣
∣
∣
∣
 –

rn–

rn

∣
∣
∣
∣
, (.)

where L = supn≥ ‖un – xn‖. So, substituting (.) in (.), we obtain

‖yn – yn–‖

≤ (

 – αn(τ – γ l)
)
(

‖xn – xn–‖ + L
∣
∣
∣
∣
 –

rn–

rn

∣
∣
∣
∣

)

+
N
∑

k=

‖Skun– – yn–,k–‖|βn,k – βn–,k|

+ ‖Sun– – un–‖|βn, – βn–,| + M̃|αn – αn–|

≤ (

 – αn(τ – γ l)
)‖xn – xn–‖ + L

|rn – rn–|
rn

+
N
∑

k=

‖Skun– – yn–,k–‖|βn,k – βn–,k|

+ ‖Sun– – un–‖|βn, – βn–,| + M̃|αn – αn–|

≤ (

 – αn(τ – γ l)
)‖xn – xn–‖ + M̃

[

|rn – rn–|
rn

+
N
∑

k=

|βn,k – βn–,k|

+ |βn, – βn–,| + |αn – αn–|
]

≤ (

 – (τ – γ l)αn
)‖xn – xn–‖ + M̃

[

|rn – rn–|
ε

+
N
∑

k=

|βn,k – βn–,k| + |αn – αn–|
]

,

where supn≥{L + M̃ +
∑N

k= ‖Skun – yn,k–‖ + ‖Sun – un‖} ≤ M̃ for some M̃ > . This
together with (.), (.), and (.), implies that

‖wn – wn–‖

≤ ‖γn(ỹn – ỹn–) + δn(Tỹn – Tỹn–)‖
 – βn

+
∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣
‖ỹn–‖ +

∣
∣
∣
∣

δn

 – βn
–

δn–

 – βn–

∣
∣
∣
∣
‖Tỹn–‖

≤ (γn + δn)‖ỹn – ỹn–‖
 – βn

+
∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣
‖ỹn–‖ +

∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣
‖Tỹn–‖

= ‖ỹn – ỹn–‖ +
∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣

(‖ỹn–‖ + ‖Tỹn–‖
)

≤ M̃

M
∑

k=

|λk,n – λk,n–| + ‖yn – yn–‖ +
∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣

(‖ỹn–‖ + ‖Tỹn–‖
)
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≤ M̃

M
∑

k=

|λk,n – λk,n–| +
(

 – (τ – γ l)αn
)‖xn – xn–‖ + M̃

[

|rn – rn–|
ε

+
N
∑

k=

|βn,k – βn–,k| + |αn – αn–|
]

+
∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣

(‖ỹn–‖ + ‖Tỹn–‖
)

≤ (

 – (τ – γ l)αn
)‖xn – xn–‖ + M̃

[

|rn – rn–|
ε

+
M
∑

k=

|λk,n – λk,n–|

+
N
∑

k=

|βn,k – βn–,k| + |αn – αn–| +
∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣

]

, (.)

where supn≥{M̃ + M̃ + ‖ỹn‖ + ‖Tỹn‖} ≤ M̃ for some M̃ > .
Further, we observe that
{

xn+ = βnxn + ( – βn)wn,
xn = βn–xn– + ( – βn–)wn–, ∀n ≥ .

Simple calculations show that

xn+ – xn = ( – βn)(wn – wn–) + (βn – βn–)(xn– – wn–) + βn(xn – xn–).

Then, passing to the norm we get from (.)

‖xn+ – xn‖
≤ ( – βn)‖wn – wn–‖ + |βn – βn–|‖xn– – wn–‖ + βn‖xn – xn–‖

≤ ( – βn)

{

(

 – αn(τ – γ l)
)‖xn – xn–‖ + M̃

[

|rn – rn–|
ε

+
M
∑

k=

|λk,n – λk,n–|

+
N
∑

k=

|βn,k – βn–,k| + |αn – αn–| +
∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣

]}

+ |βn – βn–|‖xn– – wn–‖ + βn‖xn – xn–‖

≤ (

 – (τ – γ l)( – βn)αn
)‖xn – xn–‖ + M̃

[

|rn – rn–|
ε

+
M
∑

k=

|λk,n – λk,n–|

+
N
∑

k=

|βn,k – βn–,k| + |αn – αn–| +
∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣

]

+ |βn – βn–|‖xn– – wn–‖

≤ (

 – (τ – γ l)( – d)αn
)‖xn – xn–‖ + M̃

[

|rn – rn–|
ε

+
M
∑

k=

|λk,n – λk,n–|

+
N
∑

k=

|βn,k – βn–,k| + |αn – αn–| +
∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣

+ |βn – βn–|
]

, (.)

where supn≥{M̃ + ‖xn – wn‖} ≤ M̃ for some M̃ > . By hypotheses (H)-(H) and
Lemma . of [], we obtain the claim. �
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Proposition . Let us suppose that Ω �= ∅. Let us suppose that {xn} is asymptotically
regular. Then ‖xn – un‖ = ‖xn – Trn xn‖ →  and ‖yn – ỹn‖ →  as n → ∞.

Proof Take a fixed p ∈ Ω arbitrarily. We recall that, by the firm nonexpansivity of Trn ,
a standard calculation shows that for p ∈ GMEP(Θ , h),

‖un – p‖ ≤ ‖xn – p‖ – ‖xn – un‖. (.)

Observe that

∥
∥Λk

nyn – p
∥
∥

 =
∥
∥PC(I – λk,nAk)Λk–

n yn – PC(I – λk,nAk)p
∥
∥



≤ ∥
∥(I – λk,nAk)Λk–

n yn – (I – λk,nAk)p
∥
∥



≤ ∥
∥Λk–

n yn – p
∥
∥

 + λk,n(λk,n – ηk)
∥
∥AkΛ

k–
n yn – Akp

∥
∥



≤ ‖yn – p‖ + λk,n(λk,n – ηk)
∥
∥AkΛ

k–
n yn – Akp

∥
∥

 (.)

for each k ∈ {, , . . . , M}.
Utilizing Lemma . and Lemma . of [], we obtain from  ≤ γ l < τ , (.), (.), and

(.)

‖yn – p‖

=
∥
∥αnγ

(

f (yn,N ) – f (p)
)

+ (I – αnμF)zn – (I – αnμF)p + αn(γ f – μF)p
∥
∥



≤ ∥
∥αnγ

(

f (yn,N ) – f (p)
)

+ (I – αnμF)zn – (I – αnμF)p
∥
∥

 + αn
〈

(γ f – μF)p, yn – p
〉

≤ [

αnγ
∥
∥f (yn,N ) – f (p)

∥
∥ +

∥
∥(I – αnμF)zn – (I – αnμF)p

∥
∥
] + αn

〈

(γ f – μF)p, yn – p
〉

≤ [

αnγ l‖yn,N – p‖ + ( – αnτ )‖zn – p‖] + αn
〈

(γ f – μF)p, yn – p
〉

=
[

αnτ
γ l
τ

‖yn,N – p‖ + ( – αnτ )‖zn – p‖
]

+ αn
〈

(γ f – μF)p, yn – p
〉

≤ αnτ
(γ l)

τ  ‖yn,N – p‖ + ( – αnτ )‖zn – p‖ + αn
〈

(γ f – μF)p, yn – p
〉

≤ αnτ‖yn,N – p‖ + ‖zn – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

≤ αnτ‖yn,N – p‖ + ‖yn,N – p‖ – ν(ζ – ν)‖Fyn,N – Fp‖

– ν(ζ – ν)‖Fỹn,N – Fp̃‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

≤ αnτ‖yn,N – p‖ + ‖un – p‖ – ν(ζ – ν)‖Fyn,N – Fp‖

– ν(ζ – ν)‖Fỹn,N – Fp̃‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

≤ αnτ‖yn,N – p‖ + ‖xn – p‖ – ‖xn – un‖ – ν(ζ – ν)‖Fyn,N – Fp‖

– ν(ζ – ν)‖Fỹn,N – Fp̃‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖. (.)

Since (γn + δn)ξ ≤ γn for all n ≥ , utilizing [] we have from (.) and (.)

‖xn+ – p‖

=
∥
∥βn(xn – p) + γn(ỹn – p) + δn(Tỹn – p)

∥
∥
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=
∥
∥
∥
∥
βn(xn – p) + (γn + δn)


γn + δn

[

γn(ỹn – p) + δn(Tỹn – p)
]
∥
∥
∥
∥



≤ βn‖xn – p‖ + (γn + δn)
∥
∥
∥
∥


γn + δn

[

γn(ỹn – p) + δn(Tỹn – p)
]
∥
∥
∥
∥



≤ βn‖xn – p‖ + (γn + δn)‖ỹn – p‖

= βn‖xn – p‖ + ( – βn)‖ỹn – p‖

≤ βn‖xn – p‖ + ( – βn)
∥
∥Λk

nyn – p
∥
∥



≤ βn‖xn – p‖ + ( – βn)
[‖yn – p‖ + λk,n(λk,n – ηk)

∥
∥AkΛ

k–
n yn – Akp

∥
∥

]

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖ + ‖xn – p‖ – ‖xn – un‖

– ν(ζ – ν)‖Fyn,N – Fp‖ – ν(ζ – ν)‖Fỹn,N – Fp̃‖

+ αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + λk,n(λk,n – ηk)

∥
∥AkΛ

k–
n yn – Akp

∥
∥

]

≤ ‖xn – p‖ – ( – βn)
[‖xn – un‖ + λk,n(ηk – λk,n)

∥
∥AkΛ

k–
n yn – Akp

∥
∥



+ ν(ζ – ν)‖Fyn,N – Fp‖ + ν(ζ – ν)‖Fỹn,N – Fp̃‖]

+ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖. (.)

So, we deduce from {βn} ⊂ [c, d] ⊂ (, ) and {λk,n} ⊂ [ak , bk] ⊂ (, ηk), k = , . . . , M, that

( – d)
[‖xn – un‖ + λk,n(ηk – λk,n)

∥
∥AkΛ

k–
n yn – Akp

∥
∥



+ ν(ζ – ν)‖Fyn,N – Fp‖ + ν(ζ – ν)‖Fỹn,N – Fp̃‖]

≤ ( – βn)
[‖xn – un‖ + λk,n(ηk – λk,n)

∥
∥AkΛ

k–
n yn – Akp

∥
∥



+ ν(ζ – ν)‖Fyn,N – Fp‖ + ν(ζ – ν)‖Fỹn,N – Fp̃‖]

≤ ‖xn – p‖ – ‖xn+ – p‖ + αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

≤ ‖xn – xn+‖
(‖xn – p‖ + ‖xn+ – p‖) + αnτ‖yn,N – p‖ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖.

By Propositions . and . we know that the sequences {xn}, {yn}, and {yn,N } are bounded,
and that {xn} is asymptotically regular. Therefore, from αn →  we obtain

lim
n→∞‖xn – un‖ = lim

n→∞‖Fyn,N – Fp‖ = lim
n→∞‖Fỹn,N – Fp̃‖

= lim
n→∞

∥
∥AkΛ

k–
n yn – Akp

∥
∥ =  (.)

for each k ∈ {, . . . , M}.
By Proposition .(iii), we deduce that for each k ∈ {, , . . . , M},

∥
∥Λk

nyn – p
∥
∥

 =
∥
∥PC(I – λk,nAk)Λk–

n yn – PC(I – λk,nAk)p
∥
∥



≤ 〈

(I – λk,nAk)Λk–
n yn – (I – λk,nAk)p,Λk

nyn – p
〉

=


(∥
∥(I – λk,nAk)Λk–

n yn – (I – λk,nAk)p
∥
∥

 +
∥
∥Λk

nyn – p
∥
∥



–
∥
∥(I – λk,nAk)Λk–

n yn – (I – λk,nAk)p –
(

Λk
nyn – p

)∥
∥

)
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≤ 

(∥
∥Λk–

n yn – p
∥
∥

 +
∥
∥Λk

nyn – p
∥
∥



–
∥
∥Λk–

n yn – Λk
nyn – λk,n

(

AkΛ
k–
n yn – Akp

)∥
∥

)

≤ 

(‖yn – p‖ +

∥
∥Λk

nyn – p
∥
∥



–
∥
∥Λk–

n yn – Λk
nyn – λk,n

(

AkΛ
k–
n yn – Akp

)∥
∥

),

which immediately leads to

∥
∥Λk

nyn – p
∥
∥

 ≤ ‖yn – p‖ –
∥
∥Λk–

n yn – Λk
nyn – λk,n

(

AkΛ
k–
n yn – Akp

)∥
∥



= ‖yn – p‖ –
∥
∥Λk–

n yn – Λk
nyn
∥
∥

 – λ
k,n
∥
∥AkΛ

k–
n yn – Akp

∥
∥



+ λk,n
〈

Λk–
n yn – Λk

nyn, AkΛ
k–
n yn – Akp

〉

≤ ‖yn – p‖ –
∥
∥Λk–

n yn – Λk
nyn
∥
∥



+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥. (.)

From (.), (.), (.), and (.) we conclude that

‖xn+ – p‖

≤ βn‖xn – p‖ + ( – βn)‖ỹn – p‖

≤ βn‖xn – p‖ + ( – βn)
∥
∥Λk

nyn – p
∥
∥



≤ βn‖xn – p‖ + ( – βn)
[‖yn – p‖ –

∥
∥Λk–

n yn – Λk
nyn
∥
∥



+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖

+ ‖zn – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

–
∥
∥Λk–

n yn – Λk
nyn
∥
∥

 + λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖

+ ‖xn – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

–
∥
∥Λk–

n yn – Λk
nyn
∥
∥

 + λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ ‖xn – p‖ – ( – βn)
∥
∥Λk–

n yn – Λk
nyn
∥
∥



+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥

+ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖, (.)

which together with {βn} ⊂ [c, d] ⊂ (, ) and {λk,n} ⊂ [ak , bk] ⊂ (, ηk), k = , . . . , M, yields

( – d)
∥
∥Λk–

n yn – Λk
nyn
∥
∥



≤ ( – βn)
∥
∥Λk–

n yn – Λk
nyn
∥
∥



≤ ‖xn – p‖ – ‖xn+ – p‖ + λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
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+ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

≤ ‖xn – xn+‖
(‖xn – p‖ + ‖xn+ – p‖)

+ bk
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥

+ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖.

Since αn → , and {xn}, {yn}, and {yn,N } are bounded, we obtain from (.) and the asymp-
totical regularity of {xn} (due to Proposition .),

lim
n→∞

∥
∥Λk–

n yn – Λk
nyn
∥
∥ = , ∀k ∈ {, . . . , M}. (.)

Note that

‖yn – ỹn‖ =
∥
∥Λ

nyn – ΛM
n yn

∥
∥

≤ ∥
∥Λ

nyn – Λ
nyn
∥
∥ +

∥
∥Λ

nyn – Λ
nyn
∥
∥ + · · ·∥∥ΛM–

n yn – ΛM
n yn

∥
∥.

Thus,

lim
n→∞‖yn – ỹn‖ = . (.)

�

Remark . By the last proposition we have ωw(xn) = ωw(un) and ωs(xn) = ωs(un), i.e., the
sets of strong/weak cluster points of {xn} and {un} coincide.

Of course, if βn,i → βi �=  as n → ∞, for all indices i, the assumptions of Proposition .
are enough to assure that

lim
n→∞

‖xn+ – xn‖
βn,i

= , ∀i ∈ {, . . . , N}.

In the next proposition, we estimate the case in which at least one sequence {βn,k} is a
null sequence.

Proposition . Let us suppose that Ω �= ∅. Let us suppose that (H) holds. Moreover, for
an index k ∈ {, . . . , N}, limn→∞ βn,k =  and the following hold:

(H) for each i ∈ {, . . . , N} and k ∈ {, . . . , M},

lim
n→∞

|βn,i – βn–,i|
αnβn,k

= lim
n→∞

|αn – αn–|
αnβn,k

= lim
n→∞

|βn – βn–|
αnβn,k

= lim
n→∞

|rn – rn–|
αnβn,k

= lim
n→∞


αnβn,k

∣
∣
∣
∣

γn

 – βn
–

γn–

 – βn–

∣
∣
∣
∣

= lim
n→∞

|λk,n – λk,n–|
αnβn,k

= ;

(H) there exists a constant b >  such that 
αn

| 
βn,k

– 
βn–,k

| < b for all n ≥ .
Then

lim
n→∞

‖xn+ – xn‖
βn,k

= .
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Proof We start by (.). Dividing both terms by βn,k we have

‖xn+ – xn‖
βn,k

≤ (

 – (τ – γ l)( – d)αn
)‖xn – xn–‖

βn,k

+ M̃

[ |rn – rn–|
εβn,k

+
∑M

k=|λk,n – λk,n–|
βn,k

+
∑N

k=|βn,k – βn–,k|
βn,k

+
|αn – αn–|

βn,k

+
| γn

–βn
– γn–

–βn–
|

βn,k
+

|βn – βn–|
βn,k

]

. (.)

So, by (H) we have

‖xn+ – xn‖
βn,k

≤ [

 – (τ – γ l)( – d)αn
]‖xn – xn–‖

βn–,k

+
[

 – (τ – γ l)( – d)αn
]‖xn – xn–‖

∣
∣
∣
∣


βn,k

–


βn–,k

∣
∣
∣
∣

+ M̃

[ |rn – rn–|
εβn,k

+
∑M

k=|λk,n – λk,n–|
βn,k

+
∑N

k=|βn,k – βn–,k|
βn,k

+
| γn

–βn
– γn–

–βn–
|

βn,k
+

|αn – αn–|
βn,k

+
|βn – βn–|

βn,k

]

≤ [

 – (τ – γ l)( – d)αn
]‖xn – xn–‖

βn–,k
+ ‖xn – xn–‖

∣
∣
∣
∣


βn,k

–


βn–,k

∣
∣
∣
∣

+ M̃

[ |rn – rn–|
εβn,k

+
∑M

k=|λk,n – λk,n–|
βn,k

+
∑N

k=|βn,k – βn–,k|
βn,k

+
| γn

–βn
– γn–

–βn–
|

βn,k
+

|αn – αn–|
βn,k

+
|βn – βn–|

βn,k

]

≤ [

 – (τ – γ l)( – d)αn
]‖xn – xn–‖

βn–,k
+ αnb‖xn – xn–‖

+ M̃

[ |rn – rn–|
εβn,k

+
∑M

k=|λk,n – λk,n–|
βn,k

+
∑N

k=|βn,k – βn–,k|
βn,k

+
| γn

–βn
– γn–

–βn–
|

βn,k
+

|αn – αn–|
βn,k

+
|βn – βn–|

βn,k

]

=
[

 – αn(τ – γ l)( – d)
]‖xn – xn–‖

βn–,k

+ αn(τ – γ l)( – d) · 
(τ – γ l)( – d)

{

b‖xn – xn–‖

+ M̃

[ |rn – rn–|
εαnβn,k

+
∑M

k=|λk,n – λk,n–|
αnβn,k

+
∑N

k=|βn,k – βn–,k|
αnβn,k

+
| γn

–βn
– γn–

–βn–
|

αnβn,k
+

|αn – αn–|
αnβn,k

+
|βn – βn–|

αnβn,k

]}

.
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Therefore, utilizing Lemma . of [], from (H), (H), and the asymptotical regularity
of {xn} (due to Proposition .), we deduce that

lim
n→∞

‖xn+ – xn‖
βn,k

= . �

Proposition . Let us suppose that Ω �= ∅. Let us suppose that (H)-(H) hold. Then
‖zn – yn,N‖ →  as n → ∞.

Proof Let p ∈ Ω . In terms of the firm nonexpansivity of PC and the ζj-inverse-strong
monotonicity of Fj for j = , , we obtain from νj ∈ (, ζj), j = , , and (.)

‖ỹn,N – p̃‖ =
∥
∥PC(I – νF)yn,N – PC(I – νF)p

∥
∥



≤ 〈

(I – νF)yn,N – (I – νF)p, ỹn,N – p̃
〉

=


[∥
∥(I – νF)yn,N – (I – νF)p

∥
∥

 + ‖ỹn,N – p̃‖

–
∥
∥(I – νF)yn,N – (I – νF)p – (ỹn,N – p̃)

∥
∥

]

≤ 

[‖yn,N – p‖ + ‖ỹn,N – p̃‖

–
∥
∥(yn,N – ỹn,N ) – ν(Fyn,N – Fp) – (p – p̃)

∥
∥

]

=


[‖yn,N – p‖ + ‖ỹn,N – p̃‖ –

∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥



+ ν
〈

(yn,N – ỹn,N ) – (p – p̃), Fyn,N – Fp
〉

– ν
‖Fyn,N – Fp‖]

and

‖zn – p‖ =
∥
∥PC(I – νF)ỹn,N – PC(I – νF)p̃

∥
∥



≤ 〈

(I – νF)ỹn,N – (I – νF)p̃, zn – p
〉

=


[∥
∥(I – νF)ỹn,N – (I – νF)p̃

∥
∥

 + ‖zn – p‖

–
∥
∥(I – νF)ỹn,N – (I – νF)p̃ – (zn – p)

∥
∥

]

≤ 

[‖ỹn,N – p̃‖ + ‖zn – p‖ –

∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥



+ ν
〈

Fỹn,N – Fp̃, (ỹn,N – zn) + (p – p̃)
〉

– ν
 ‖Fỹn,N – Fp̃‖]

≤ 

[‖yn,N – p‖ + ‖zn – p‖ –

∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥



+ ν
〈

Fỹn,N – Fp̃, (ỹn,N – zn) + (p – p̃)
〉]

.

Thus, we have

‖ỹn,N – p̃‖ ≤ ‖yn,N – p‖ –
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥



+ ν
〈

(yn,N – ỹn,N ) – (p – p̃), Fyn,N – Fp
〉

– ν
‖Fyn,N – Fp‖ (.)
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and

‖zn – p‖ ≤ ‖yn,N – p‖ –
∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥



+ ν‖Fỹn,N – Fp̃‖∥∥(ỹn,N – zn) + (p – p̃)
∥
∥. (.)

Consequently, from (.), (.) and (.), it follows that

‖xn+ – p‖

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖ + ‖zn – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

–
∥
∥Λk–

n yn – Λk
nyn
∥
∥

 + λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖ + ‖ỹn,N – p̃‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖ + ‖yn,N – p‖ –
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥



+ ν
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥‖Fyn,N – Fp‖ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖ + ‖xn – p‖ –
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥



+ ν
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥‖Fyn,N – Fp‖ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ ‖xn – p‖ + αnτ‖yn,N – p‖ – ( – βn)
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥



+ ν
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥‖Fyn,N – Fp‖ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥,

which yields

( – d)
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥



≤ ( – βn)
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥



≤ ‖xn – p‖ + αnτ‖yn,N – p‖ – ‖xn+ – p‖

+ ν
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥‖Fyn,N – Fp‖ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥

≤ ‖xn – xn+‖
(‖xn – p‖ + ‖xn+ – p‖) + αnτ‖yn,N – p‖

+ ν
∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥‖Fyn,N – Fp‖ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥.

Since limn→∞ αn = , limn→∞ ‖xn+ –xn‖ = , and {xn}, {yn}, {yn,N }, and {ỹn,N } are bounded,
we deduce from (.) that

lim
n→∞

∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥ = . (.)
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Furthermore, from (.), (.), and (.), it follows that

‖xn+ – p‖

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖ + ‖zn – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖ + ‖yn,N – p‖ –
∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥



+ ν‖Fỹn,N – Fp̃‖∥∥(ỹn,N – zn) + (p – p̃)
∥
∥ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ βn‖xn – p‖ + ( – βn)
[

αnτ‖yn,N – p‖ + ‖xn – p‖ –
∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥



+ ν‖Fỹn,N – Fp̃‖∥∥(ỹn,N – zn) + (p – p̃)
∥
∥ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥
]

≤ ‖xn – p‖ + αnτ‖yn,N – p‖ – ( – βn)
∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥



+ ν‖Fỹn,N – Fp̃‖∥∥(ỹn,N – zn) + (p – p̃)
∥
∥ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥,

which leads to

( – d)
∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥



≤ ( – βn)
∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥



≤ ‖xn – p‖ + αnτ‖yn,N – p‖ – ‖xn+ – p‖

+ ν‖Fỹn,N – Fp̃‖∥∥(ỹn,N – zn) + (p – p̃)
∥
∥ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥

≤ ‖xn – xn+‖
(‖xn – p‖ + ‖xn+ – p‖) + αnτ‖yn,N – p‖

+ ν‖Fỹn,N – Fp̃‖∥∥(ỹn,N – zn) + (p – p̃)
∥
∥ + αn

∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ λk,n
∥
∥Λk–

n yn – Λk
nyn
∥
∥
∥
∥AkΛ

k–
n yn – Akp

∥
∥.

Since limn→∞ αn = , limn→∞ ‖xn+ – xn‖ = , and {xn}, {zn}, {yn}, {yn,N }, and {ỹn,N } are
bounded, we deduce from (.) that

lim
n→∞

∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥ = . (.)

Note that

‖yn,N – zn‖ ≤ ∥
∥(yn,N – ỹn,N ) – (p – p̃)

∥
∥ +

∥
∥(ỹn,N – zn) + (p – p̃)

∥
∥.

Hence from (.) and (.) we get

lim
n→∞‖yn,N – zn‖ = lim

n→∞‖yn,N – Gyn,N‖ = . (.)
�



Latif et al. Journal of Inequalities and Applications  (2015) 2015:282 Page 21 of 29

Proposition . Let us suppose that Ω �= ∅. Let us suppose that  < lim infn→∞ βn,i ≤
lim supn→∞ βn,i <  for each i = , . . . , N . Moreover, suppose that (H)-(H) are satis-
fied. Then, limn→∞ ‖Siun – un‖ =  for each i = , . . . , N provided ‖Tyn – yn‖ → as
n → ∞.

Proof First of all, observe that

xn+ – xn = γn(ỹn – xn) + δn(Tỹn – xn)

= γn(ỹn – yn) + γn(yn – xn) + δn(Tỹn – Tyn)

+ δn(Tyn – yn) + δn(yn – xn)

= (γn + δn)(yn – xn) + γn(ỹn – yn) + δn(Tỹn – Tyn) + δn(Tyn – yn)

= ( – βn)(yn – xn) + γn(ỹn – yn) + δn(Tỹn – Tyn) + δn(Tyn – yn).

By Proposition . we know that {xn} is asymptotically regular. Utilizing [] we have from
(γn + δn)ξ ≤ γn,

( – d)‖yn – xn‖ ≤ ( – βn)‖yn – xn‖
=
∥
∥xn+ – xn – γn(ỹn – yn) – δn(Tỹn – Tyn) – δn(Tyn – yn)

∥
∥

≤ ‖xn+ – xn‖ +
∥
∥γn(ỹn – yn) + δn(Tỹn – Tyn)

∥
∥ + δn‖Tyn – yn‖

≤ ‖xn+ – xn‖ + (γn + δn)‖ỹn – yn‖ + δn‖Tyn – yn‖
≤ ‖xn+ – xn‖ + ‖ỹn – yn‖ + ‖Tyn – yn‖,

which together with (.) and ‖Tyn – yn‖ → , implies that

lim
n→∞‖xn – yn‖ = . (.)

Let us show that for each i ∈ {, . . . , N}, one has ‖Siun – yn,i–‖ →  as n → ∞. Let p ∈ Ω .
When i = N , by Lemma .(b) we have from (.), (.), and (.)

‖yn – p‖ ≤ αnτ‖yn,N – p‖ + ‖zn – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + ‖yn,N – p‖

= αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + βn,N‖SN un – p‖

+ ( – βn,N )‖yn,N– – p‖ – βn,N ( – βn,N )‖SN un – yn,N–‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + βn,N‖un – p‖

+ ( – βn,N )‖un – p‖ – βn,N ( – βn,N )‖SN un – yn,N–‖

= αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + ‖un – p‖

– βn,N ( – βn,N )‖SN un – yn,N–‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + ‖xn – p‖

– βn,N ( – βn,N )‖SN un – yn,N–‖.
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So, we have

βn,N ( – βn,N )‖SN un – yn,N–‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ ‖xn – p‖ – ‖yn – p‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ ‖xn – yn‖
(‖xn – p‖ + ‖yn – p‖).

Since αn → ,  < lim infn→∞ βn,N ≤ lim supn→∞ βn,N <  and limn→∞ ‖xn – yn‖ =  (due to
(.)), it is known that {‖SN un – yn,N–‖} is a null sequence.

Let i ∈ {, . . . , N – }. Then one has

‖yn – p‖ ≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + ‖yn,N – p‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + βn,N‖SN un – p‖

+ ( – βn,N )‖yn,N– – p‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + βn,N‖xn – p‖

+ ( – βn,N )‖yn,N– – p‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + βn,N‖xn – p‖

+ ( – βn,N )
[

βn,N–‖SN–un – p‖ + ( – βn,N–)‖yn,N– – p‖]

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+
(

βn,N + ( – βn,N )βn,N–
)‖xn – p‖

+
N
∏

k=N–

( – βn,k)‖yn,N– – p‖,

and so, after (N – i + ) iterations,

‖yn – p‖ ≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+

(

βn,N +
N
∑

j=i+

( N
∏

l=j

( – βn,l)

)

βn,j–

)

‖xn – p‖

+
N
∏

k=i+

( – βn,k)‖yn,i – p‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+

(

βn,N +
N
∑

j=i+

( N
∏

l=j

( – βn,l)

)

βn,j–

)

‖xn – p‖

+
N
∏

k=i+

( – βn,k)
[

βn,i‖Siun – p‖

+ ( – βn,i)‖yn,i– – p‖ – βn,i( – βn,i)‖Siun – yn,i–‖]
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≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖ + ‖xn – p‖

– βn,i

N
∏

k=i

( – βn,k)‖Siun – yn,i–‖. (.)

Again we obtain

βn,i

N
∏

k=i

( – βn,k)‖Siun – yn,i–‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ ‖xn – p‖ – ‖yn – p‖

≤ αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ ‖xn – yn‖
(‖xn – p‖ + ‖yn – p‖).

Since αn → ,  < lim infn→∞ βn,i ≤ lim supn→∞ βn,i <  for each i = , . . . , N – , and
limn→∞ ‖xn – yn‖ =  (due to (.)), it is known that

lim
n→∞‖Siun – yn,i–‖ = .

Obviously for i = , we have ‖Sun – un‖ → .
To conclude, we have

‖Sun – un‖ ≤ ‖Sun – yn,‖ + ‖yn, – un‖ = ‖Sun – yn,‖ + βn,‖Sun – un‖,

from which ‖Sun – un‖ → . Thus by induction ‖Siun – un‖ →  for all i = , . . . , N since
it is enough to observe that

‖Siun – un‖ ≤ ‖Siun – yn,i–‖ + ‖yn,i– – Si–un‖ + ‖Si–un – un‖
≤ ‖Siun – yn,i–‖ + ( – βn,i–)‖Si–un – yn,i–‖ + ‖Si–un – un‖. �

Remark . As an example, we consider M = , N =  and the sequences:
(a) λ,n = η – 

n , ∀n > 
η

;
(b) αn = √

n , rn =  – 
n , ∀n > ;

(c) βn = βn, = 
 – 

n , βn, = 
 – 

n , ∀n > .
Then they satisfy the hypotheses on the parameter sequences in Proposition ..

Proposition . Let us suppose that Ω �= ∅ and βn,i → βi for all i as n → ∞. Suppose there
exists k ∈ {, . . . , N} such that βn,k →  as n → ∞. Let k ∈ {, . . . , N} be the largest index
such that βn,k →  as n → ∞. Suppose that

(i) αn
βn,k

→  as n → ∞;

(ii) if i ≤ k and βn,i →  then βn,k
βn,i

→  as n → ∞;
(iii) if βn,i → βi �=  then βi lies in (, ).

Moreover, suppose that (H), (H), and (H) hold. Then, limn→∞ ‖Siun – un‖ =  for each
i = , . . . , N provided ‖Tyn – yn‖ →  as n → ∞.
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Proof First of all we note that if (H) holds then also (H)-(H) are satisfied. So {xn} is
asymptotically regular.

Let k be as in the hypotheses. As in Proposition ., for every index i ∈ {, . . . , N} such
that βn,i → βi �=  (which leads to  < lim infn→∞ βn,i ≤ lim supn→∞ βn,i < ), one has ‖Siun –
yn,i–‖ →  as n → ∞.

For all the other indices i ≤ k, we can prove that ‖Siun – yn,i–‖ →  as n → ∞ in a
similar manner. By the relation (due to (.) and (.))

‖xn+ – p‖ ≤ βn‖xn – p‖ + ( – βn)‖ỹn – p‖

≤ βn‖xn – p‖ + ( – βn)‖yn – p‖

≤ βn‖xn – p‖ + ( – βn)

×
[

αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

+ ‖xn – p‖ – βn,i

N
∏

k=i

( – βn,k)‖Siun – yn,i–‖

]

≤ ‖xn – p‖ + αnτ‖yn,N – p‖ + αn
∥
∥(γ f – μF)p

∥
∥‖yn – p‖

– ( – βn)βn,i

N
∏

k=i

( – βn,k)‖Siun – yn,i–‖,

we immediately obtain that

( – d)
N
∏

k=i

( – βn,k)‖Siun – yn,i–‖

≤ ( – βn)
N
∏

k=i

( – βn,k)‖Siun – yn,i–‖

≤ αn

βn,i

[

τ‖yn,N – p‖ + 
∥
∥(γ f – μF)p

∥
∥‖yn – p‖]

+
‖xn – xn+‖

βn,i

(‖xn – p‖ + ‖xn+ – p‖).

By Proposition . or by hypothesis (ii) on the sequences, we have

‖xn – xn+‖
βn,i

=
‖xn – xn+‖

βn,k
· βn,k

βn,i
→ .

So, the conclusion follows. �

Remark . Let us consider M = , N =  and the following sequences:
(a) αn = 

n/ , rn =  – 
n , ∀n > ;

(b) λ,n = η – 
n , ∀n > 

η/


;

(c) βn, = 
n/ , βn = βn, = 

 – 
n , βn, = 

n/ , ∀n > .
It is easy to see that all hypotheses (i)-(iii), (H), (H), and (H) of Proposition . are
satisfied.



Latif et al. Journal of Inequalities and Applications  (2015) 2015:282 Page 25 of 29

Remark . Under the hypotheses of Proposition ., analogously to Proposition ., one
can see that

lim
n→∞‖Siun – yn,i–‖ = , ∀i ∈ {, . . . , N}.

Corollary . Let us suppose that the hypotheses of either Proposition . or Proposi-
tion . are satisfied. Then ωw(xn) = ωw(un) = ωw(yn,), ωs(xn) = ωs(un) = ωs(yn,), and
ωw(xn) ⊂ Ω .

Proof By Remark ., we have ωw(xn) = ωw(un) and ωs(xn) = ωs(un). Note that by Re-
mark .,

lim
n→∞‖SN un – yn,N–‖ = .

In the meantime, it is known that

lim
n→∞‖SN un – un‖ = lim

n→∞‖un – xn‖ = lim
n→∞‖xn – yn‖ = .

Hence we have

lim
n→∞‖SN un – yn‖ = . (.)

Furthermore, it follows from (.) that

lim
n→∞‖yn,N – yn,N–‖ = lim

n→∞βn,N‖SN un – yn,N–‖ = ,

which, together with limn→∞ ‖SN un – yn,N–‖ = , yields

lim
n→∞‖SN un – yn,N‖ = . (.)

Combining (.) and (.), we conclude that

lim
n→∞‖yn – yn,N‖ = , (.)

which, together with limn→∞ ‖xn – yn‖ = , leads to

lim
n→∞‖xn – yn,N‖ = . (.)

Now we observe that

‖xn – yn,‖ ≤ ‖xn – un‖ + ‖yn, – un‖ = ‖xn – un‖ + βn,‖Sun – un‖.

By Propositions . and ., ‖xn – un‖ →  and ‖Sun – un‖ →  as n → ∞, and hence

lim
n→∞‖xn – yn,‖ = .

So we get ωw(xn) = ωw(yn,) and ωs(xn) = ωs(yn,).
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Let p ∈ ωw(xn). Then there exists a subsequence {xni} of {xn} such that xni ⇀ p. Since
p ∈ ωw(un), by Proposition . and [] (demiclosedness principle), we have p ∈ Fix(Si) for
each i = , . . . , N , i.e., p ∈ ⋂N

i= Fix(Si). Taking into account p ∈∈ ωw(yn,N ) (due to (.))
and ‖yn,N – Gyn,N‖ →  (due to (.)), by [] we know that p ∈ Fix(G) =: Ξ . Also, since
p ∈ ωw(yn) (due to (.)), in terms of ‖Tyn – yn‖ →  and Proposition . of [], we get
p ∈ Fix(T). Moreover, by [] and Proposition . we know that p ∈ GMEP(Θ , h). Next we
prove that p ∈⋂M

m= VI(C, Am). As a matter of fact, from (.) and (.) we know that
yni ⇀ p and Λm

ni
yni ⇀ p for each m = , . . . , M. Let

T̃mv =

{

Amv + NCv, v ∈ C,
∅, v /∈ C,

where m ∈ {, , . . . , M}. Let (v, u) ∈ G(T̃m). Since u – Amv ∈ NCv and Λm
n yn ∈ C, we have

〈

v – Λm
n yn, u – Amv

〉≥ .

On the other hand, from Λm
n yn = PC(I – λm,nAm)Λm–

n yn and v ∈ C, we have

〈

v – Λm
n yn,Λm

n yn –
(

Λm–
n yn – λm,nAmΛm–

n yn
)〉≥ ,

and hence

〈

v – Λm
n yn,

Λm
n yn – Λm–

n yn

λm,n
+ AmΛm–

n yn

〉

≥ .

Therefore, we have

〈

v – Λm
ni

yni , u
〉

≥ 〈

v – Λm
ni

yni , Amv
〉

≥ 〈

v – Λm
ni

yni , Amv
〉

–
〈

v – Λm
ni

yni ,
Λm

ni
yni – Λm–

ni
yni

λm,ni

+ AmΛm–
ni

yni

〉

=
〈

v – Λm
ni

yni , Amv – AmΛm
ni

yni

〉

+
〈

v – Λm
ni

yni , AmΛm
ni

yni – AmΛm–
ni

yni

〉

–
〈

v – Λm
ni

yni ,
Λm

ni
yni – Λm–

ni
yni

λm,ni

〉

≥ 〈

v – Λm
ni

yni , AmΛm
ni

yni – AmΛm–
ni

yni

〉

–
〈

v – Λm
ni

yni ,
Λm

ni
yni – Λm–

ni
yni

λm,ni

〉

.

From (.) and since Am is Lipschitz continuous, we obtain

lim
n→∞

∥
∥AmΛm

n yn – AmΛm–
n yn

∥
∥ = .

From Λm
ni

yni ⇀ p, {λm,n} ⊂ [am, bm] ⊂ (, ηm), ∀m ∈ {, , . . . , M} and (.), we have

〈v – p, u〉 ≥ .
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Since T̃m is maximal monotone, we have p ∈ T̃–
m  and hence p ∈ VI(C, Am), m =

, , . . . , M, which implies p ∈⋂M
m= VI(C, Am). Consequently, it is known that p ∈ Fix(T) ∩

⋂N
i= Fix(Si) ∩⋂M

m= VI(C, Am) ∩ GMEP(Θ , h) ∩ Ξ =: Ω . �

Theorem . Let us suppose that Ω �= ∅. Let {αn}, {βn,i}, i = , . . . , N , be sequences in (, )
such that  < lim infn→∞ βn,i ≤ lim supn→∞ βn,i <  for each index i. Moreover, let us suppose
that (H)-(H) hold. Then the sequences {xn}, {yn}, and {un} defined by scheme (.), all
converge strongly to x∗ = PΩ (I – (μF –γ f ))x∗ if and only if ‖yn – Tyn‖ →  as n → ∞, where
x∗ = PΩ (I – (μF – γ f ))x∗ is the unique solution of the hierarchical VIP

〈

(γ f – μF)x∗, x – x∗〉≤ , ∀x ∈ Ω . (.)

Proof First of all, we note that F : C → H is η-strongly monotone and κ-Lipschitzian on
C and f : C → C is an l-Lipschitz continuous mapping with  ≤ γ l < τ . Observe that

μη ≥ τ ⇔ κ ≥ η.

It is clear that

〈

(μF – γ f )x – (μF – γ f )y, x – y
〉≥ (μη – γ l)‖x – y‖, ∀x, y ∈ C.

Hence we deduce that μF – γ f is (μη – γ l)-strongly monotone. In the meantime, it is easy
to see that μF – γ f is (μκ + γ l)-Lipschitz continuous with constant μκ + γ l > . Thus,
there exists a unique solution x∗ in Ω to the VIP (.).

Now, observe that there exists a subsequence {xni} of {xn} such that

lim sup
n→∞

〈

(γ f – μF)x∗, xn – x∗〉 = lim
i→∞

〈

(γ f – μF)x∗, xni – x∗〉. (.)

Since {xni} is bounded, there exists a subsequence {xnij
} of {xni} which converges weakly to

some p ∈ H . Without loss of generality, we may assume that xni ⇀ p. Then by Corollary .,
we get p ∈ ωw(xn) ⊂ Ω . Hence, from (.) and (.), we have

lim sup
n→∞

〈

(γ f – μF)x∗, xn – x∗〉 =
〈

(γ f – μF)x∗, p – x∗〉≤ . (.)

Since (H)-(H) hold, the sequence {xn} is asymptotically regular (according to Propo-
sition .). In terms of (.) and Proposition ., ‖xn – yn‖ →  and ‖xn – un‖ →  as
n → ∞.

Let us show that ‖xn – x∗‖ →  as n → ∞. Indeed, putting p = x∗, we deduce from (.),
(.), (.), and (.) that

∥
∥xn+ – x∗∥∥

≤ βn
∥
∥xn – x∗∥∥ + ( – βn)

∥
∥ỹn – x∗∥∥

≤ βn
∥
∥xn – x∗∥∥ + ( – βn)

∥
∥yn – x∗∥∥

≤ βn
∥
∥xn – x∗∥∥ + ( – βn)

[

αnτ
(γ l)

τ 

∥
∥yn,N – x∗∥∥ + ( – αnτ )

∥
∥zn – x∗∥∥
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+ αn
〈

(γ f – μF)x∗, yn – x∗〉
]

≤ βn
∥
∥xn – x∗∥∥ + ( – βn)

[

αn
(γ l)

τ

∥
∥xn – x∗∥∥ + ( – αnτ )

∥
∥xn – x∗∥∥

+ αn
〈

(γ f – μF)x∗, yn – x∗〉
]

= βn
∥
∥xn – x∗∥∥ + ( – βn)

[(

 – αn
τ  – (γ l)

τ

)
∥
∥xn – x∗∥∥

+ αn
〈

(γ f – μF)x∗, yn – x∗〉
]

=
(

 – αn( – βn)
τ  – (γ l)

τ

)
∥
∥xn – x∗∥∥ + αn( – βn)

〈

(γ f – μF)x∗, yn – x∗〉

≤
(

 – αn( – βn)
τ  – (γ l)

τ

)
∥
∥xn – x∗∥∥

+ αn( – βn)
τ  – (γ l)

τ
· τ

τ  – (γ l)

〈

(γ f – μF)x∗, yn – x∗〉. (.)

Since
∑∞

n= αn = ∞, {βn} ⊂ [c, d] ⊂ (, ) and ‖xn – yn‖ → , we obtain
∑∞

n= αn( –
βn) τ–(γ l)

τ
≥∑∞

n= αn( – d) τ–(γ l)

τ
= ∞ and

lim sup
n→∞

τ

τ  – (γ l)

〈

(γ f – μF)x∗, yn – x∗〉

= lim sup
n→∞

τ

τ  – (γ l)

(〈

(γ f – μF)x∗, xn – x∗〉 +
〈

(γ f – μF)x∗, yn – xn
〉)

= lim sup
n→∞

τ

τ  – (γ l)

〈

(γ f – μF)x∗, xn – x∗〉≤ 

(due to (.)). Applying Lemma . of [] to (.), we infer that the sequence {xn} con-
verges strongly to x∗. This completes the proof. �

In a similar way, we can conclude another theorem as follows.

Theorem . Let us suppose that Ω �= ∅. Let {αn}, {βn,i}, i = , . . . , N , be sequences in (, )
such that βn,i → βi for each index i as n → ∞. Suppose that there exists k ∈ {, . . . , N}
for which βn,k →  as n → ∞. Let k ∈ {, . . . , N} the largest index for which βn,k → .
Moreover, let us suppose that (H), (H), and (H) hold and

(i) αn
βn,k

→  as n → ∞;

(ii) if i ≤ k and βn,i → βi then βn,k
βn,i

→  as n → ∞;
(iii) if βn,i → βi �=  then βi lies in (, ).

Then the sequences {xn}, {yn}, and {un} defined by scheme (.) all converge strongly to x∗ =
PΩ (I – (μF –γ f ))x∗ if and only if ‖yn – Tyn‖ →  as n → ∞, where x∗ = PΩ (I – (μF –γ f ))x∗

is the unique solution of the hierarchical VIP

〈

(γ f – μF)x∗, x – x∗〉≤ , ∀x ∈ Ω .

Remark . According to the above argument for Theorems . and ., we can readily
see that if, in scheme (.), the iterative step yn = PC[αnγ f (yn,N ) + (I – αnμF)Gyn,N ] is re-
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placed by the iterative one, yn = PC[αnγ f (xn) + (I – αnμF)Gyn,N ], then Theorems . and
. remain valid.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this article.

Author details
1Department of Mathematics, King Abdulaziz University, P.O. Box 80203, Jeddah, 21589, Saudi Arabia. 2Department of
Mathematics, University of Jeddah, P.O. Box 80327, Jeddah, 21589, Saudi Arabia. 3Center for Fundamental Science, China
Medical University, Taichung, 40402, Taiwan.

Acknowledgements
This project was funded by the Deanship of Scientific Research (DSR), King Abdulaziz University under Grant No.
(34-130-36-HiCi). The authors, therefore, acknowledge with thanks DSR technical and financial support. Finally, the
authors thank the honorable reviewers and respectable editor for their valuable comments and suggestions.

Received: 12 August 2015 Accepted: 30 August 2015

References
1. Lions, JL: Quelques Méthodes de Résolution des Problèmes aux Limites Non Linéaires. Dunod, Paris (1969)
2. Blum, E, Oettli, W: From optimization and variational inequalities to equilibrium problems. Math. Stud. 63(1-4),

123-145 (1994)
3. Cianciaruso, F, Marino, G, Muglia, L, Yao, Y: A hybrid projection algorithm for finding solutions of mixed equilibrium

problem and variational inequality problem. Fixed Point Theory Appl. 2010, Article ID 383740 (2010)
4. Moudafi, A, Mainge, P-E: Towards viscosity approximations of hierarchical fixed point problems. Fixed Point Theory

Appl. 2006, Article ID 95453 (2006)
5. Moudafi, A, Mainge, P-E: Strong convergence of an iterative method for hierarchical fixed point problems. Pac.

J. Optim. 3(3), 529-538 (2007)
6. Ansari, QH, Yao, JC: A fixed point theorem and its applications to the system of variational inequalities. Bull. Aust.

Math. Soc. 59, 433-442 (1999)
7. Ansari, QH, Schaible, S, Yao, JC: System of vector equilibrium problems and its applications. J. Optim. Theory Appl.

107(3), 547-557 (2000)
8. Ansari, QH, Yao, JC: Systems of generalized variational inequalities and their applications. Appl. Anal. 76(3-4), 203-217

(2000)
9. Zeng, L-C, Ansari, QH, Schaible, S, Yao, J-C: Iterative methods for generalized equilibrium problems, systems of

general generalized equilibrium problems and fixed point problems for nonexpansive mappings in Hilbert spaces.
Fixed Point Theory 12(2), 293-308 (2011)

10. Ceng, L-C, Ansari, QH, Schaible, S: Hybrid extragradient-like methods for generalized mixed equilibrium problems,
systems of generalized equilibrium problems and optimization problems. J. Glob. Optim. 53(1), 69-96 (2012)

11. Latif, A, Ceng, L-C, Ansari, QH: Multi-step hybrid viscosity method for systems of variational inequalities defined over
sets of solutions of equilibrium problem and fixed point problems. Fixed Point Theory Appl. 2012, 186 (2012)

12. Moudafi, A: Viscosity approximation methods for fixed-points problems. J. Math. Anal. Appl. 241(1), 46-55 (2000)
13. Ceng, LC, Guu, SM, Yao, JC: Finding common solutions of a variational inequality, a general system of variational

inequalities, and a fixed-point problem via a hybrid extragradient method. Fixed Point Theory Appl. 2011, Article ID
626159 (2011)

14. Ceng, LC, Kong, ZR, Wen, CF: On general systems of variational inequalities. Comput. Math. Appl. 66, 1514-1532
(2013)

15. Ceng, LC, Wang, CY, Yao, JC: Strong convergence theorems by a relaxed extragradient method for a general system
of variational inequalities. Math. Methods Oper. Res. 67(3), 375-390 (2008)

16. Xu, HK, Kim, TH: Convergence of hybrid steepest-descent methods for variational inequalities. J. Optim. Theory Appl.
119(1), 185-201 (2003)

17. Yao, Y, Liou, YC, Kang, SM: Approach to common elements of variational inequality problems and fixed point
problems via a relaxed extragradient method. Comput. Math. Appl. 59, 3472-3480 (2010)

18. Goebel, K, Kirk, WA: Topics in Metric Fixed Point Theory. Cambridge University Press, Cambridge (1990)
19. Marino, G, Xu, HK: Weak and strong convergence theorems for strict pseudo-contractions in Hilbert spaces. J. Math.

Anal. Appl. 329, 336-346 (2007)
20. Marino, G, Muglia, L, Yao, Y: Viscosity methods for common solutions of equilibrium and variational inequality

problems via multi-step iterative algorithms and common fixed points. Nonlinear Anal. 75, 1787-1798 (2012)


	Mann-type hybrid steepest-descent method for three nonlinear problems
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


