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Abstract

In this article, we define and we study the Hardy spaces associated with the Weinstein
operator. We establish refined Sobolev inequalities between the homogeneous
Weinstein-Besov spaces and many spaces, as the homogeneous Weinstein-Riesz
spaces and the generalized Lorentz spaces. Next we prove Hardy-type inequalities in
the homogeneous Weinstein-Besov space, homogeneous Weinstein-Riesz space, and
Weinstein-Hardy space.
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1 Introduction
The theory of classical real Hardy spaces in R? originates from the study of holomorphic
functions of one variable in the upper half-plane. For characterizations and properties of
the classical Hardy spaces we refer the reader to the original work [1-3]. Hardy spaces
on spaces of homogeneous type (see, e.g, [4, 5]) are extensions of the classical real Hardy
spaces on R?. More information is given in [6] and the references therein. We note that
the subject of the generalized Hardy spaces associated with some operators was studied
by many authors (see [7-10], among others).

A well-known result of Hardy states that if f € H? (R%), 0 < p <1, then the inequality of

the Euclidean Fourier transform is

I VL ax<cipy
R

_ dy*
d ||x||d(2 P) HP(R?)

Analogs of Hardy’s inequality in the context of eigenfunction expansions have been con-
sidered by several authors. In [11] Colzani-Travaglini established a Hardy inequality for
eigenfunction expansions associated to the Laplace-Beltrami operator on compact Rie-
mannian manifolds. They have also treated compact symmetric spaces. Kanjin [8] proved
Hardy’s inequality for the one-dimensional Hermite and Laguerre expansions of the func-
tions f from H'(R). Later, Radha and Thangavelu [12] treated Hardy’s inequalities and
proved them for higher-dimensional Hermite and special Hermite expansions of func-
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tions in Hardy spaces. Inequalities for multiple Laguerre expansions are also deduced in
the case of Laguerre expansions.

In this paper, we consider the Weinstein operator defined on R¥ x (0, 00) by

R di 92 28+1 9 1

= — + , >——

P i1 ale X441 0%g41 2
= A g+ Eﬂ,

where Ay is the Laplacian for the d first variables and Lz the Bessel operator for the last
variable, given by

32 2B+1 9 1
e B>——.

Eﬁ = D) + ’
0%z, Xda 0Xgn 2

For d > 2, the operator A is the Laplace-Beltrami operator on the Riemanian space R? x
(0, 00) equipped with the metric

d+1
ds* = xfi(flﬂ D) Z dx?

i
i=1

(c¢f [13]). The Weinstein operator Ag has several applications in pure and applied mathe-
matics especially in fluid mechanics (cf. [14]).

The harmonic analysis associated with the Weinstein operator is studied by Ben Nahia
and Ben Salem (¢f. [13, 15]). In particular the authors have introduced and studied the
generalized Fourier transform associated with the Weinstein operator. This transform is
called the Weinstein transform.

Very recently, many authors have investigated the behavior of the Weinstein transform
with respect to several problems already studied for the Fourier transform; for instance,
Paley-Wiener theorems [16], the Bockner-Hecke theorem [17], uncertainty [18], the Gabor
transform [19], Heisenberg-type inequalities [20], and so on.

In the present paper, we intend to continue our study of generalized spaces of type
Sobolev associated with the Weinstein operator started in [21]. Indeed, in [21] the au-
thor provided a general theory for the Littlewood-Paley case associated with the Wein-
stein operators. Furthermore, some function spaces associated with Weinstein operators:
homogeneous generalized Bessel potential spaces, homogeneous Besov spaces associated
with Weinstein operator are studied. We obtain their basic properties and apply them to
an estimate of the solutions of the Weinstein heat equation.

The first subject of this paper is to address and analyze in this new context the atomic
Hardy spaces in the spirit of the classical scheme. The second subject is to establish Hardy-
type inequalities between the homogeneous Weinstein-Besov spaces and many spaces, as
the homogeneous Weinstein-Riesz spaces and the generalized Lorentz spaces.

The contents of the paper is as follows. In Section 2 we recall some basic results as
regards the harmonic analysis associated with the Weinstein operator. In Section 3, we
give an appropriate definition of atoms and investigate the atom characterization of Hardy
spaces associated with the Weinstein operator. Next we establish many estimates for the
Weinstein transform of the functions in the generalized Hardy spaces. In Section 4 we
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establish a Hardy type inequality in the homogeneous Weinstein-Riesz spaces. Next, we
introduce the generalized Lorentz spaces associated with the Weinstein operator. We
prove refined Sobolev inequalities between the homogeneous Weinstein-Besov spaces
and the generalized Lorentz space. Finally, Hardy-type inequalities in the homogeneous
Weinstein-Besov spaces and the generalized Hardy spaces are proved.

Throughout this paper, the letter C indicates a positive constant, not necessarily the

same in each occurrence.

2 Preliminaries

In order to confirm the basic and standard notations we briefly overview the Weinstein
operator and related harmonic analysis. The main references are [13, 15]. In this section
we collect some notations and results on the Weinstein kernel, the Weinstein transform,
and the Weinstein convolution.

In the following we denote by

R = R? x [0, 00),

x= %1, X Xan) = (8, %a1) € R4,

C.(R%*1) the space of continuous functions on R%*1, even with respect to the last
variable.
CZ(R?*1) the space of functions of class C? on R%*1, even with respect to the last
variable.
E.(R%1) the space of C*-functions on R¥*!, even with respect to the last variable.
S.(R?*1) the Schwartz space of rapidly decreasing functions on R%*!, even with
respect to the last variable.
D, (R?¥*1) the space of C*°-functions on R¥*! which are of compact support, even with
respect to the last variable.
S.(R%1) the space of temperate distributions on R%*!, even with respect to the last
variable. It is the topological dual of S, (R%*).

We consider the Weinstein operator Ag defined by Vx = (x/,x4,1) € R% x (0,00),

Dpf () = Dpf (8, %411) + Loy f (8 %an), f€Ch (Rd”), (2.1)

where A, is the Laplace operator on R?, and L, ., the Bessel operator on (0, 00) given
by
> 2B8+1 d 1
pt B>—=. (2.2)

+
2 ’
dxg,, — Xdn dXaa 2

‘Cﬂvxdﬂ =
The Weinstein kernel A is given by
Ax,z) = ei<"/'zl>j,3(xd+1zd+1), for all (x,z) € R x C1, (2.3)

where jg(x4,124.1) is the normalized Bessel function. The Weinstein kernel satisfies the

following properties:
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(i) For all z,# € C#*!, we have

Az, t) = AL, 2); A(z,0)=1 and A(\z,t)=A(z,At), forallieC. (2.4)
(ii) For all v € N**1, x ¢ R%*!, and z € C**!, we have

|DYA(x,2)| < Ilx)" exp(llxl [ Tmz])), (2.5)

vo_ Y _ .
where D) = ———== and [v| = v; + - - - + vg,1. In particular

el
|A(x,y)| <1, forallx,ye R (2.6)

The Weinstein intertwining operator is the operator R defined on C,(R%*!) by

L(B+l)  -28 %41 (.2 2\f- 4+
Ref (' %a:1) e an S, Gan =2 D dt, x4 >0,
B ’ +1) =
f(x/’ O)r Xd+l = 0.

We note that the Weinstein kernel has the following representation
V(x,z) € R¥* x C™, A(x,2) = Rs (e“’“")(z).

We denote by L}; (R%*1) the space of measurable functions on R%*! such that

1
p
|lf||L1;<Rg+1) = (/];w1 [f@)|” dpws(x) dx) <00, ifl<p<oo,

1 Il oo a1y = ess sup [f(x)| <00,
p xeR%H!

where du is the measure on R%*! given by
26+1
dup (¥, %441) = xdﬁ dx’' dxg..

The Weinstein transform is given for f in L}g (R%1) by

Fulf)y) = fR @A) duy), forallyc B 27)

Some basic properties of this transform are the following:
(i) For f in L}(R4*),

”]:W(f) ||L§°(Ri+1) = |V||L},(R‘1+1)' (2.8)
(ii) For f in S,(R%*!) we have

Fw (L)) = =llyII>Fw(f)y), forallye R, (2.9)
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(iii) For all f in L}, (R%1), if Fy (f) belongs to L};(Rﬁf”), then

f) =C(B) / Fw(f)x ydus(x), ae, (2.10)
where
C(B) = ! . (2.11)

m4P5 (D (B +1))2
(iv) For f € S,(R%*1), if we define
Fw () = Fw()=y),
then
FwFw = FwFw = C(B)d. (212)
Proposition 2.1

(i) The Weinstein transform Fy is a topological isomorphism from S,(R**Y) onto itself
and for all fin S,(R%1),

Lf(x)| dus(x) = C(B) / | Fo ()€ dias ©). (2.13)

(ii) In particular, the renormalized Weinstein transform f — C(,B)%]:W(f ) can be
uniquely extended to an isometric isomorphism from L?,(R‘f*l) onto itself.

The generalized translation operator 1, x € R%*!, associated with the operator Ay is

defined by
vy e R9*,
rg+1) 2
of(y) = f X +9,,/x2 . +92 o1+ 2%4.1Yd.+1 €086 ) (sin6) B de,
«/_F(/B + 1) d+1 d+1 )

where f € C,(R%*).
By using the Weinstein kernel, we can also define a generalized translation. For a func-
tion f € S,(R?*!) and y € R?*! the generalized translation 7,f is defined by the following

relation:
Fw (t,f)x) = Alx, y) Fw (f)(x).

By using the generalized translation, we define the generalized convolution product f sy,
g of the functions f,g € L/lg (R%*1) as follows:

Frwg)= [ w5 yan)e0) disn0) (2.19)

This convolution is commutative and associative and satisfies the following:
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(i) Forallf,g e Ly (R%1), f %y g belongs to Ly (R%1) and
Fwlf *w &) = Fw () Fw(g). (2.15)

(ii) Let 1 < p,q,r < oo such that 117 + %1 -1 =1L1If f € LL(R?) and g € L} (R?*), then
f *w g € L(R?*) and

IIf #w g”Lg(Rtjﬂ) = ”f”LI;(Rerl) ||g||Lg(Rg+1)' (2.16)

We define the tempered distribution 7y associated with f € L’; (R%*1) by
T = [, @0 dns) 1)
RY*+

for ¢ € S.(R%*!) and denote by (f,#)s the integral in the right hand side.

Definition 2.1 The Weinstein transform Fy (t) of a distribution 7 € S, (R%1) is defined
by

(Fw(r),¢)=(t, Fw(9))
for ¢ € S, (R*1).
In particular, for f € L (R%*1), it follows that for ¢ € S,(R™*1),
(Fwlf): 8) = (Fae (T, 8) = T F @) = f, Fur()-

Proposition 2.2 The Weinstein transform Fy is a topological isomorphism from
S.L(R41) onto itself.

Definition 2.2 The generalized convolution product of a distribution S in S, (R%1) and
a function ¢ in S,(R%*!) is the function S *y ¢ defined by

Sxw ) = (S, T_yp(x)).
Proposition 2.3 Letf be in L (R?*),1 < p < 00, and ¢ in S,(R**™). Then the distribution
Tr xw ¢ is given by the function f xw ¢ and Ty sw ¢ belongs to LIZ; (R¥*Y). Moreover, for all
¥ € S,(RT),

(T7 w &,9) = (.6 %w D), (218)

where 1/V/(x) =Y (—x), and

Fw (Tr #w ¢) = Fw (Tp) Fw(9). (2.19)
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For each u € S,(R%?), we define the distribution Agu, by (Agu,¥r) = (u, Ag). This
distribution satisfies the following property:

Fuw(Apu) = =y Fu ().
In the following we denote 7y given by (2.17) by f for simplicity.

3 Generalized Hardy spaces
Definition 3.1 Let 0 < p <1 < g < oo, with p #¢. A function a € LZ(R?”) isa (p,q,B)-
atom if a satisfies the following conditions:
(i) There exist r > 0 such that supp(a) C B,(0,7) := {x € R*!: ||x| < r}.
(ii) ”“”L‘;,(Ri’“) < (Mﬂ(BJ,(O,r)))%_IL’, where r is given in (i).
(iii) fR‘f“ ya)dusg®), V| <N, with N =[(28 +d + 2)(}7 —1)] is the greatest integer
1

not exceeding (28 +d + 2) 5= 1).

Definition 3.2 Let 0 < p < 1. We define the Weinstein-Hardy space Hf; (R%1) to be the
space of distributions in S.(R?%*!) such that it can be represented by

=Y ra (1)
j=0

where 1; € C such that Z;fo |7 < 0o, there exist g € [1,00], ¢ > p where a; is a (p,q, B)-
atom for all j € N, and the series in (3.1) converges in S, (R4*1). We define on Hg (R‘f*l) the

norm || - ”HQ’(M“) by
1
0 p
"f”Hg(Riiﬂ) = 1nf<Z |)"]|p) )
j=0

where the infimum is taken over all those sequences (A;);en C C such that f is given (3.1)

for certain (p, g, B)-atoms a;, j € N.
For the spaces Hf; (R%*1), we prove the following embedding result.

Theorem 3.1 LetO<p <landf c Hﬁ(R‘f*l), then f € L‘; R®Y), and

"f”[f;(]l{zﬂ) < |V||H§(R£+1)

Proof Let a be a (p,q, B)-atom where 0 < p <1 < g < 00, and p # q. From the Defini-
tion 3.1, there exist r > 0 such that

11
a(x) =0, x|l > rand llal g ggn, < (15 (BA(0,7)) 7.

Then from Hoélder’s inequality

1

»
”ﬂ”Lf;(Rg{Jrl) = (/l;i‘f*l |ﬂ(x) |P dﬂﬂ(x)> = ”a“LZ(Rﬁf*l)(Mﬂ (B+(O; 7)))

S

Q=
IA
[
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Now let f € Hf;(R‘f“), then f = Z;fo }ja;, where }; € C and 4; is a (p,q, B)-atom, for all
j € N, such that Z;fo |Aj|? < 0o. From the above, the series defining f converges in L’; (]Rf”).
Hence, f € L%(Rf”) and

o0
Wiz gy < D 121

j=0
Using the fact that Z o 1Al =< (Z o | |1")P we obtain the result. d

Theorem 3.2 LetO<p <landf e Hé (R%*Y), then there exists a positive constant C such
that

d 1_
[Fw(F)()] < Cllall 021 .
Proof Let f € Hg(Rf”), 0<p <1 Then f = Z].ofo Ajaj, where the series converges in

S, (R*1) for a certain (p,q, B)-atom and A; € C, j € N. As Fy is a continuous linear map-
ping from S, (R%*1) onto itself, we have

Fwlf) =) ,Fw(a).

j=0
Hence
| Fw (@] < 13l Fwla)@)| < SUP|-7:W ) ()] Z 2.
j=0 Jj=0

Moreover, since Z o 1Al < (Z] oA |1’)P we obtain

[Fth)6)] < sup| Fiv ) (Z W) . (3.2)
J€ j=0

Thus it suffices to estimate sup;cy | Fw(4;)(x)|. Indeed, let j € N, we have from the proper-
ties of the (p, g, B)-atom g;

| Fw (@) ()]

f &) A (=x,5) duﬁ(y)‘
B (0,r)

N
Rp({—iy,x)
/B o (A(—x,y) > ]7@))@@) dpg (y)‘

j=0
)
B4(0,r)

On the other hand, from the definition of the transmutation operator Rg, it is easy to

Ay - 3 Rl

i @)||a; )] dies ).
j=0 '

obtain

N
R ’
A(=x,y) — Z M(x)

j=0

N+1 N 1
=< Clll™ Iyl
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Thus, using the properties of the (p, g, 8)—atom a; and Holder’s inequality

| Fu(a)@)| < Clla ¥ / o 10| s )
B.(0r,

1-=
= Clal™ ™ g ) (1 (B4(0,7)) 7

As
1.1
11l g1y < (up(B.(0,1)) 7,
we obtain
1
Va e R, | Fy(a)(®)] < Clla| VLA @A D00, (3.3)

On the other hand, we proceed as above
Frla))] < f R
B4 (0,7

< a5 g 125 (B 0,7)
< Cr(2;3+d+2)(1—[%). (3.4)
We claim that
| Fula) )] < Cllal @200, vy e RE, (3.5)
Indeed, if ||x|| <7 ' andas (28 +d + 2)(1 - %) + N +1> 0, we obtain

1 1
”x”N+1rN+1+(2f3+d+2)(1—[—,) < C||x|| —(2ﬁ+d+2)(1—1—7).

Thus from (3.3), we obtain (3.5).
On the other hand if ||x|| > 7! and as (28 + d + 2)(1 - i) < 0, we obtain

r(2ﬁ+d+2)(1—}7) < C||x||’(2ﬁ*d+2)(1’1%).

Thus from (3.4), we obtain (3.5). Finally, from (3.2), we obtain

|Fir ()] < Cllaf~F+420-p) (Z 1A |P)

which finishes the proof. d

Corollary 3.3 LetO<p <landf e Hf; (R%*Y), then there exist a positive constant C such
that

g

wp(fx e R4 ) (2p+d+2)(1 |]-"w(f)(x)| >2}) < CT’ A>0.
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Proof LetO<p <landf e Hf;(Rf”), and let A > 0. From Theorem 3.2, we have

g (fr € REL: )P 420D | Fy ()] > 1))

C|V||H§(RZ+1) 2/i+pd+2
o))

p
c Ilflng(Mﬂ)
AP ’

=<
Thus the proof of the corollary is complete. d

4 Hardy-type inequalities associated with the Weinstein operator
One of the main tools in this paper is the homogeneous Littlewood-Paley decomposition

of distributions associated with the Weinstein operators into dyadic blocs of frequencies.

Lemma 4.1 Let us define by C the ring of center 0, of small radius 1 and great radius 2.
There exist two radial functions ¥ and ¢ the values of which are in the interval [0,1] be-
longing to D, (R such that

3
supp ¥ CB<O'§)’ suppy CC,

VEERY,  y(E)+ ) o(27¢) =1,

j=0

VeeC, Y ¢(27¢)=1,

jeZ
n-m|>2 = supp<p(2_”.) N supp(p(2_’".) =0,

j=1 = suppy N supp<p(2’j.) =0.
Notations We denote by

Ajf:f‘}yl<¢<%)fw(f))» Sif = Z Af, foralljeZ. (4.1)

n<j-1

The distribution Af is called the jth dyadic block of the homogeneous Littlewood-Paley

decomposition of f associated with the Weinstein operators.
Definition 4.1 Let us denote by S 8 L(R?1) the space of tempered distributions such that

lim Su=0 inS,(RYY).

Jj——00

From now on, we agree to the convention that for all non-negative sequence {a,} ez, the

1
notation (Zq a;)? stands for sup, a, in the case r = co.
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Definition 4.2 Let s € R and p,q € [1,00]. The homogeneous Weinstein-Besov space
B';,’,g(Rf*l) is the space of distributions in S, ﬁ’*(R‘M) such that

1
L . , q q
1 gy = <Z(2SI||AJ||L§(MH)) ) < o0.

JEL

Remark 4.1 Let p, g be as above. The above definition of the space B;‘ZI R%1) does not de-
pend on the choice of the couple (¢, ¥) defining the homogeneous Weinstein-Littlewood-
Paley decomposition.

Definition 4.3 For s € R, the operator R} from S}’l’ﬁ,*(ﬂ%d”) to S,’qﬁ,*(Rd*l) is defined by

30 = Fo (I - IFFuwf)-
The operator R’ is called a Weinstein-Riesz potential.

Definition 4.4 For s € R and 1 < p < oo, the homogeneous Weinstein-Riesz potential
space 7—[; ﬂ(]Rﬁf”) is defined as the space R?(L’; (Rf*l)), equipped with the norm

"f”’;-'[;'ﬁ(Ri*l) = [R50 ”L’;(Rﬁf*l)'

Theorem 4.2 Let % <s< % be given. There exists a positive constant C such that
or all function u € F we have
i) ti H, ﬂ(R‘f“) h

|u(x)|* ,
/R‘f*l HE dpp(x) < C"””ﬂ;ﬁ(R‘F‘)‘ (4.2)

For a proof this theorem we need the following lemma, which we obtain by a simple
calculation.

Lemma 4.3 Let s be a real number in the interval (0,8 +1 + %). Then the function x +—
Bd+2ﬁ+2—25,ﬁ (Rd+l)
).

|lx|| =2 belongs to the Weinstein-Besov space Loo

Proof of Theorem 4.2 Let us define

2
(1) = /}R I ) = (- 172, 2)

anlxl|>

Using a homogeneous Littlewood-Paley decomposition and the fact that #* belongs to

Spp L(R¥1), we can write

L) = > (Aull-17%), Aw(4?))

|n—m| <2
< c Z <2n(d+22ﬂ+2_23)An(” . ||—2S)’2—m(d+22ﬂ+2_2s)Am(u2)>'
|n—m|<2

d+2B+2

Lemma 4.3 claims that || - | belongs to 82002 _2S'ﬂ(Rf+1).
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Moreover, it is easy to prove that when u belongs to 7-[; 5 (R%+1), then

d+2B+2

) 525— B (rpd+l 2
weby,, * "(RY') and &’ || d+22ﬂ+2ﬂ(Rd+l) < C”u”%g(ﬂ%i’”)'
B, + "
Thus
Lip(u) < Cllull? O

rHs (Rd+l)

For any measurable function f on R%*!, we define its distribution and rearrangement

functions by

drg(W)=mg({Ifl = 1)), fi(s):=inf{r:dfp(0) <s}.

Forl <p<ooandl < ¢g < o0, define

1 1
(fo~ (£ )72)7 ifg < oo,
W1l 2 sty = L .
A sup;. o S5 (s) if g = 0.
The generalized Lorentz space L/I;’q(Rf“) is defined as the set of all measurable functions
f such that |[f||L§,q(Riz+1) < 00.
By a simple calculations, we prove that

o ad)
|lf||qu Rd+l) :P/ )\q(df,ﬂ()\))p o if g < 0.
0

It is easy to see that L}” (R = Ly (R%*1) and that generalized Lorentz spaces can be
derived from Lf; (R?*1) spaces by the real interpolation method. In particular, when 1 < p <
oo we have Lf{q(Rf”) = [L%(R‘f“),L%"(Rff”)]g,q, with }9 =1-6.

2ﬂ+d+2

Theorem 4.4 Let q € [1,00] and let s € R such that 0 < s < , then we have

1-41
"f”LI;‘I(RLjH) =Clfll :d+2ﬂ+2 5
Boog T T ®EY

Ilfll’”s,j (4.3)

Rdﬂ)

q(2B+d+2)

where p= m

Proof Let f be in S, (R**!); we have

* 4 d\
"f”qu (RE+H) p/(; )‘q(df,ﬁ()\))pT-

For A >0, we putf =fi4 +fo4, with
fia= AT 20 A) s f and fou = AT (Id - (A)) *w f,

where v is define in Lemma 4.1.
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To proceed as in [22] we prove

[ AT g A= U, (84
0 Boc,q q (R:iu)
and
1
[ AT AN 4 = U @)

For all » > 0, we have

{1fl =1} c {lfm|>5} {UEA|> }

We take now A = A(A) such that

A
"ﬁ’A”Lz"(R‘f*l) = Z

Then we deduce from the choice of A that

A
df:ﬁ()‘) = dfzm'ﬁ (5)

By the Bienaymene-Tchebytchev inequality, we have

A
— qy—4 q
df2,A;Lvﬂ <2> <29 ”fZ,AA HLZ(R“{H)‘

Moreover,

T

. gdr [ A
|V||L§,Q(Rf+l) _p/O )\'q (dfrﬁ ()"))p T Sp/o )"(A)q A (A) <df2,A)\ B <5 dA'

From the definitions of A and f, 4, , we deduce

q
o0 M\ \ 7 dA
q (2B+d+2)q q -
|[f||L§,q .- C[ / A v (A *w f ”Lgomi*l) (dfwﬂ (2)) =

0

e [ A g ) S
0

AR
x ||®(A.) *Wf”Lgo(Rf*l)(de’AA’ﬂ<5)> dA:|

= 11 + 12,
where

O(Ax) = (Vi (Ax), x).
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Applying the Holder inequality, we obtain

q q
dANY P [ [ dA\ ?
zlsC( / ATCEED 8 T ) ( f A®|fall?y a )
o L (Rd 1y A o Lq Rdl ) A

-m

P r q
= C N o T ey )"

Beog T T @®EY

Proceeding in an exactly similar manner for ;, we obtain

dA
I < c(/ ACPHDaD] 1y (A) *v«f||Loo pan, [ ©(A) *wf||Lao R >
0

) A
*° dA
X A®|foall?y g )
([ ety

By a simple calculation it is easy to obtain

S

1 1-
p P q
12 < C(”fv”Blsl,f;(RzH) ”,f” . d+2B+2 8 ) .

Booyg T T ®EY

Combining our estimates for [; and I; we have proved that

.&

q
ufuLMRM (ILfII”sﬂR,,,+1 1 ;’Mzﬂ )%

Booy T T ®EY
which is the desired result.

Corollary 4.5 Let s be a real number in the interval (0, %

Page 14 of 17

O

) and let q be a real number

in [1,00] There is a constant C such that, for any function f € B;;’,g(]R‘f*l), the following

inequality holds:

( )

1
d C 9. 1-6
Rdﬂ ||x||sq :u’ﬂ( ) |V||B;,2(Rz+l)|lf||8'5_d+2qﬂ+2 )
00,9

? ey

where =1 - d+2ﬂ+2

(4.6)

For a proof of this result we need the following lemma, which we prove as in the Eu-

clidean case.

Lemma 4.6 Let 1< py,py,q1,q2 < 00. Iff € L' (RY™) and g € L™ (RE), then

"fg”LIEq(Rg{H) =< CH]C”LI;MH (Rtj‘rl) ”g”L/I;Z'qZ (]Rfﬂ)r

where 1 = L 4 L 1
P p

and L =1+ L,
TR

(4.7)

Proof of Corollary 4.5 Let as in the previous theorem 1 < p < 0o and s € (0, %) with

1_1_ We take g(x) =

5=3 T8 53 5 and apply (4.7), in the specific form

Hx\

|[fg||Lg’q(Rg+1) < CllfllLf;ﬂ(Rgn) ||g||L:éoc(Rg+1),
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where r = w and p = %. Asge ng(R‘f“), we have

1
If (%) a
( RA+L [loe|s d:u'ﬂ(x) = C"f”Lx;,q(Rzﬁ),

Combining this with (4.3), we obtain (4.6). O

Theorem4.7 LetO<p <landN =[2B+d+2) }7 —1)] is the greatest integer not exceeding

2B +d+ 2)(}7 —-1). Forany f € Hf;(Rf”), we have

|Fw () )P »
/thﬂ T W = W gy (4.8)
provided that
2B+d+2)2-p)<s<2B+d+2+p(N +1). (4.9)

Proof Let f € HS(R‘f”), 0<p <1 Thenf = foo Aja;, where the series converges in
S.(R1) for a certain (p, g, B)-atom and 4 €C,jeN. As Fy is a continuous linear map-
ping from S (R%*1) onto itself, we have

Fw(f) = Z)‘J'}-W(ﬂj)'

j=0
Hence
| Fw (@) - | Fw (ay) (%) 17
e dp () < Y Il f T dup(x).
/Rzu EE ,ZO’ wn e

Thus in order to establish the theorem, it suffice to prove

/ Hw@®l o <c.
R+ flxll*

Indeed, let R is a positive constant. We have

Fwla))(x)P
/ @) DF
RA+1 ll|
Fula)x) P Furla)(x)P
_ / | W(a,)s(x)l diay() + | w(a,)s(x)l s
B+ (0,R) [l R¥1\B, (0,7) [l

= 11 + 12.

From (3.3) and (4.9), we have

P

]1 < Crp(2,6+d+3+N)—(2ﬂ+d+2)/ duﬁ(x)

B.oR  lIxlI°
< Crp(Z/S+d+3+N)—(2/S+d+2)R2ﬁ+d+2+p(N+1)—s.
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Now we will estimate I,. Indeed, we apply Holder’s inequality and Plancherel’s formula,
and we use (4.9), and we obtain

2-p

( / |fw<a,)<x>|2duﬂ(x))2 ( f ol 72 duﬂ(@) i
R#H R¥1\B, (0,R)

R (2ﬂ+d+22)(2—p) -5

L

IA

IA

e
Clayly g,

Moreover, from the properties of a, it is easy to see that

(2B+d+2)(2-p)
V4 _epravee=p)
a; < C’ 2 .
” }“ [2(R¢1+1) —

Thus

(2B+d+2)(2-p) _ (2B+d+2)(2-p)
_/5++2 pRﬁ++2 P _g

L, <Cr (4.10)
To conclude we distinguish two cases.
First case: If s= (28 +d + 2)(2 — p). We put R = %, and we obtain; <Cand I, <C.
Second case: If 2B +d +2)(2 —p) <s<2B +d + 2 + p(N +1). We shall discuss the cases
O<r<landr>1.

Indeed, if 0 < r < 1, it is easy to see from the definition of N and the condition
28+d+2)2-p)<s<2B+d+2+p(N+1),

that there exists R > 0 such that

@B+d+2)(2-p) _ (2B+d+2)(2-p)
rp(Z/S+d+3+N)—(2/S+d+2)R2ﬁ+d+2+p(N+1)—s <C and 7 B+ +2 2 R B+ +2 P _g <C.

Hence we obtain; < Cand I, <C.
2B+d+2-p(N+3+2B+d)

If r>1. We put R = r 26+@+2p(N+D-s and it is easy to see that ; < C and I, < C. Thus
the proof of the theorem is finished. d
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