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Abstract
In this paper, we introduce the notions of soft Meir-Keeler contractive mappings and
weaker φ-Meir-Keeler contractive mappings, and the purpose of this paper is to prove
two theorems which assures the existence of fixed points for these two soft
Meir-Keeler type contractive mappings on a soft metric space. Our results generalize
and improve many recent fixed point results in the literature.
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1 Introduction and preliminaries
In , Molodtsov [] initiated a novel concept of soft set theory, is a new mathematical
tool for dealing with uncertainties. Soft set is a parameterized general mathematical tool
which deal with a collection of approximate descriptions of objects. In the recent, many
researchers contribute many structure on soft set theory; (see, e.g., [–]). Further, Das
and Samanta [] introduced a different notion of soft metric space by using a different
concept of soft point and investigated some basic properties of these spaces.

Next, we recall some basic definitions about soft sets and the results from the literature.
In the sequel, we let R be a set of all real numbers, let Z be a set of all integers and N be a
set of all natural numbers. We also let U be an initial universe, let E be a set of parameters
and let U the collection of all subsets of U .

Definition  [] Let A be a nonempty subset of E. A soft set (F , A) on U is a set of the form

(F , A) =
{(

F(p), p
)

: p ∈ E
}

,

where F : A → U is a set-valued map such that F(p) = φ for all p /∈ A. Further, F is called
an approximate function of (F , A), and the collection of all soft sets on U will be denoted
by S(U ).

Definition  [] The intersection of two soft sets (F, A) and (F, B) on U is the soft set
(F, C) where C = A ∩ B and for each p ∈ C, F(p) = F(p) ∩ F(p). This is denoted by

(F, A) ∩̃ (F, B) = (F, C).
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Definition  [] A soft set (F , A) on U is said to be a null soft set denoted � if for all p ∈ A,
F(p) = φ.

Definition  [] A soft set (F , A) on U is said to be an absolute soft set denoted Ã if for
all p ∈ A, F(p) = A.

Definition  [] The union of two soft sets (F, A) and (F, B) on U is the soft set (F, C)
where C = A ∪ B and for each p ∈ C,

F(p) =

⎧
⎪⎪⎨

⎪⎪⎩

F(p), if p ∈ A \ B;

F(p), if p ∈ B \ A;

F(p) ∪ F(p), if p ∈ A ∩ B.

This relationship is denoted by (F, A) ∪̃ (F, B) = (F, C)

In [], the authors introduced the following notion of soft points.

Definition  [] A soft set (F , E) on U is said to be a soft point if there is exactly one p ∈ E
such that F(p) = {x} for some x ∈ U and F(q) = φ for all q ∈ U \ {p}. It will be denoted by x̃p.

In [], the authors introduced the following notion of soft real numbers.

Definition  [] Let B(R) be the collection of all nonempty bounded subsets of R. Then
the mapping F : E → B(R) is called a soft real set. If (F , E) is a singleton soft set, then
identifying (F , E) with the corresponding soft element, it will be called a soft real number
and denoted r̃, s̃, t̃, etc.

Let X̃ be the absolute soft set, where (F , E) = X̃, let SP(X̃) be the collection of all soft
points of X̃ , and let R∗ denote the set of all non-negative soft real numbers. In [], the
author introduced the notion of soft metric on the soft set X̃.

Definition  [] A mapping d̃ : SP(X̃) × SP(X̃) → R
∗ is said to be a soft metric on the

soft set X̃ if d̃ satisfies the following conditions:
(M) d̃(x̃e , x̃e ) ≥̃, for all x̃e , x̃e ∈ X̃ ;
(M) d̃(x̃e , x̃e ) =  if and only if x̃e = x̃e ;
(M) d̃(x̃e , x̃e ) = , for all x̃e , x̃e ∈ X̃ ;
(M) d̃(x̃e , x̃e ) ≤̃ d̃(x̃e , x̃e ) + d̃(x̃e , x̃e ), for all x̃e , x̃e , x̃e ∈ X̃ .

The soft set X̃ with a soft metric d̃ is called a soft metric space and denoted by (X̃, d̃, E).

Definition  [] Let (X̃, d̃, E) be a soft metric space and γ̃ be a non-negative soft real
number. Then B(x̃e, γ̃ ) = {ỹe′ ∈̃ X̃ : d̃(x̃e, ỹe′ ) <̃ γ̃ } is called the soft open ball with center x̃e

and radius γ̃ , and B[x̃e, γ̃ ] = {ỹe′ ∈̃ X̃ : d̃(x̃e, ỹe′ ) ≤̃ γ̃ } is called the soft closed ball with center
x̃e and radius γ̃ .

Definition  [] Let (X̃, d̃, E) be a soft metric space. Then the soft set (F , E) is said to be
soft open in X̃ with respect to d̃ if and only if all soft points of (F , E) is interior points of
(F , E).
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Definition  [] Let {x̃λ,n}n be a sequence of soft points in a soft metric space (X̃, d̃, E).
Then the sequence {x̃λ,n}n is said to be convergent in (X̃, d̃, E) if there is a soft point ỹν ∈̃ X̃
such that

lim
n→∞ d̃(x̃λ,n, ỹν) = .

Definition  [] Let {x̃λ,n}n be a sequence of soft points in a soft metric space (X̃, d̃, E).
Then {x̃λ,n}n is said to be a Cauchy sequence in (X̃, d̃, E) if there is a soft point ỹν ∈̃ X̃ such
that

lim
i,j→∞ d̃(x̃λ,i, x̃λ,j) = .

Definition  [] A soft metric space (X̃, d̃, E) is called complete if every Cauchy sequence
in X̃ converges to some point of X̃ .

2 Fixed point theorem for the soft Meir-Keeler contractive mapping
In this study, we also recall the Meir-Keeler contractive mapping [].

Definition  [] Let (X, d) be a metric space, f : X → X. Then f is called a Meir-Keeler
contractive mapping whenever for each η >  there exists γ >  such that for all x, y ∈ X,

η ≤ d(x, y) < η + γ �⇒ d(fx, fy) < η.

We introduce the new notion of a soft Meir-Keeler contractive mapping, as follows.

Definition  Let (X̃, d̃, E) be a soft metric space and let ϕ : E → E. A mapping (f ,ϕ) :
(X̃, d̃, E) → (X̃, d̃, E) is called a soft Meir-Keeler contractive mapping if for any soft real
number η̃ > , there exists γ̃ >  such that for each soft points x̃λ, ỹμ ∈ SP(X̃),

η̃ ≤̃ d̃(x̃λ, ỹμ) <̃ η̃ + γ̃ �⇒ d̃
(
(f ,ϕ)(x̃λ), (f ,ϕ)(ỹμ)

)
<̃ η̃.

Remark  Note that if (f ,ϕ) is a soft Meir-Keeler contractive mapping on (X̃, d̃, E), then
we have

d̃
(
(f ,ϕ)(x̃λ), (f ,ϕ)(ỹμ)

) ≤̃ d̃(x̃λ, ỹμ).

Further, if d̃(x̃λ, ỹμ) = , then d̃((f ,ϕ)(x̃λ), (f ,ϕ)(ỹμ)) = .
On the other hand, if d̃(x̃λ, ỹμ) >̃ , then

d̃
(
(f ,ϕ)(x̃λ), (f ,ϕ)(ỹμ)

)
<̃ d̃(x̃λ, ỹμ). ()

Theorem  Let (X̃, d̃, E) be a complete soft metric space, and let (f ,ϕ) : (X̃, d̃, E) → (X̃, d̃, E)
be a soft Meir-Keeler contractive mapping on (X̃, d̃, E). Then (f ,ϕ) has a unique fixed point,
that is, there exists a unique soft point x̃λ ∈ SP(X̃) such that (f ,ϕ)(x̃λ) = x̃λ.

Proof Let x̃
λ

∈ SP(X̃) be given. Put

x̃n+
λn+ =

(
(f ,ϕ)

(
x̃n

λn

))
=

(
f n+(x̃

λ

))
ϕn+(λ),
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for each n ∈ N∪ {}. Then by the inequality (), we have

d̃
(
x̃n

λn , x̃n+
λn+

)
= d̃

(
(f ,ϕ)

(
x̃n–

λn–

)
, (f ,ϕ)

(
x̃n

λn

))

<̃ d̃
(
x̃n–

λn– , x̃n
λn

)
,

for each n ∈ N ∪ {}. Therefore the sequence {d̃(x̃n
λn , x̃n+

λn+
)}n is decreasing, it must con-

verge to some soft real number η̃ ≥̃, that is, d̃(x̃n
λn , x̃n+

λn+
) → η̃, as n → ∞. Notice that

ξ̃ = inf{d̃(x̃n
λn , x̃n+

λn+
) : n ∈ N ∪ {}}. We claim that η̃ = . Suppose, on the contrary, that

η̃ >̃ . Since f is a soft Meir-Keeler contractive mapping, corresponding to η̃, there exist
γ̃ >  and k ∈N such that

η̃ ≤̃ d̃
(
x̃k

λk
, x̃k+

λk+

)
<̃ η̃ + γ̃

�⇒ d̃
(
x̃k+

λk+
, x̃k+

λk+

)
= d̃

(
(f ,ϕ)

(
x̃k

λk

)
, (f ,ϕ)

(
x̃k+

λk+

))
<̃ η̃.

This is a contradiction since η̃ = inf{d̃(x̃n
λn , x̃n+

λn+
) : n ∈ N ∪ {}}. Thus, we obtain d̃(x̃n

λn ,
x̃n+

λn+
) → , as n → ∞.

We next show that {x̃n
λn}n is a Cauchy sequence in (X̃, d̃, E). To prove this, on the contrary,

assume that a soft real number ε̃ >̃  such that for any k ∈ N, there are mk , nk ∈ N with
nk > mk ≥ k satisfying

d̃
(
x̃mk

λmk
, x̃nk

λnk

) ≥̃ ε̃.

Further, corresponding to mk ≥ k, we can choose nk in such a way that it is the smallest
integer with nk > mk ≥ k and d̃(x̃mk

λmk
, x̃nk

λnk
) ≥̃ ε̃. Therefore,

d̃
(
x̃mk

λmk
, x̃nk –

λnk –

)
<̃ ε̃.

Now we have, for all k ∈N,

ε̃ ≤̃ d̃
(
x̃mk

λmk
, x̃nk

λnk

)

≤̃ d̃
(
x̃mk

λmk
, x̃nk –

λnk –

)
+ d̃

(
x̃nk –

λnk –
, x̃nk –

λnk –

)
+ d̃

(
x̃nk –

λnk –
, x̃nk

λnk

)

<̃ ε̃ + d̃
(
x̃nk –

λnk –
, x̃nk –

λnk –

)
+ d̃

(
x̃nk –

λnk –
, x̃nk

λnk

)
.

Letting k → ∞ in the above inequality, we get

d̃
(
x̃mk

λmk
, x̃nk

λnk

) → ε̃ as n → ∞.

On the other hand, we have

ε̃ ≤̃ d̃
(
x̃mk

λmk
, x̃nk

λnk

)

≤̃ d̃
(
x̃mk

λmk
, x̃mk +

λmk +

)
+ d̃

(
x̃mk +

λmk +
, x̃nk +

λnk +

)
+ d̃

(
x̃nk +

λnk +
, x̃nk

λnk

)

≤̃ d̃
(
x̃mk

λmk
, x̃mk +

λmk +

)
+ d̃

(
x̃mk +

λmk +
, x̃mk

λmk

)
+ d̃

(
x̃mk

λmk
, x̃nk

λnk

)

+ d̃
(
x̃nk

λnk
, x̃nk +

λnk +

)
+ d̃

(
x̃nk +

λnk +
, x̃nk

λnk

)
.
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Letting k → ∞ in the above inequality, we get

d̃
(
x̃mk +

λmk +
, x̃nk +

λnk +

) → ε̃ as n → ∞.

Since f is soft Meir-Keeler contractive mapping, we have

d̃
(
x̃mk +

λmk +
, x̃nk +

λnk +

)
= d̃

(
(f ,ϕ)

(
x̃mk

λmk

)
, (f ,ϕ)

(
x̃nk

λnk

))

<̃ d̃
(
x̃mk

λmk
, x̃nk

λnk

)
.

Letting k → ∞ in the above inequality, we get ε̃ <̃ ε̃, which implies a contradiction. Thus,
{x̃n

λn} is a Cauchy sequence in (X̃, d̃, E).
Since (X̃, d̃, E) is complete, there exists x̃∗

λ ∈ X̃ such that

x̃n
λn → x̃∗

λ as n → ∞,

that is,

d̃
(
x̃n

λn , x̃∗
λ

) →  as n → ∞.

We also have

d̃
(
(f ,ϕ)

(
x̃∗

λ

)
, x̃∗

λ

) ≤̃ d̃
(
(f ,ϕ)

(
x̃n

λn

)
, (f ,ϕ)

(
x̃∗

λ

))
+ d̃

(
(f ,ϕ)

(
x̃n

λn

)
, x̃∗

λ

)

<̃ d̃
(
x̃n

λn , x̃∗
λ

)
+ d̃

(
x̃n+

λn+ , x̃∗
λ

)
.

Letting k → ∞ in the above inequality, we get

d̃
(
(f ,ϕ)

(
x̃∗

λ

)
, x̃∗

λ

)
= .

This implies that (f ,ϕ)(x̃∗
λ) = x̃∗

λ, and hence x̃∗
λ is a fixed point of the mapping (f ,ϕ).

Finally, let ỹ∗
λ be another fixed point of the mapping (f ,ϕ). Then

d̃
(
ỹ∗
λ, x̃∗

λ

)
= d̃

(
(f ,ϕ)

(
ỹ∗
λ

)
, (f ,ϕ)

(
x̃∗

λ

))
<̃ d̃

(
ỹ∗
λ, x̃∗

λ

)
,

which implies a contradiction. Thus, x̃∗
λ = ỹ∗

λ, that is, the fixed point of the mapping (f ,ϕ)
is unique. �

3 Fixed point theorem for the soft weaker φ-Meir-Keeler contractive mapping
Definition  Let φ : R∗ →R

∗. Then φ is called a soft weaker Meir-Keeler mapping if for
each soft real number η̃ >̃ , there exists a soft real number γ̃ >̃  such that for each soft
points t̃ ∈R

∗

η̃ ≤̃ t̃ <̃ η̃ + γ̃ �⇒ ∃n ∈N, φn (t̃) <̃ η̃.

In the sequel, we denote by � the class of functions φ : R∗ →R
∗ satisfying the following

conditions:
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(φ) φ is a nondecreasing soft weaker Meir-Keeler mapping with φ(t̃) =  iff t̃ = ;
(φ) {φn(t̃)}n∈N is decreasing for all t̃ ∈R

∗;
(φ) if limn→∞ t̃ = γ , then limn→∞ φn(t̃) ≤̃γ .

Example  Let φ : R∗ →R
∗ be defined by

φ(t̃) =
̃


t.

Then φ is a soft weaker Meir-Keeler mapping and φ ∈ �.

We introduce the new notion of soft weaker φ-Meir-Keeler contractive mapping, as fol-
lows.

Definition  Let (X̃, d̃, E) be a soft metric space, and let φ ∈ �. A mapping (f ,ϕ) :
(X̃, d̃, E) → (X̃, d̃, E) is called a soft weaker φ-Meir-Keeler contractive mapping if, for any
soft real number η̃ > , there exists γ̃ >  such that for each soft points x̃λ, ỹμ ∈ SP(X̃),

η̃ ≤̃φ
(
d̃(x̃λ, ỹμ)

)
<̃ η̃ + γ̃ �⇒ d̃

(
(f ,ϕ)(x̃λ), (f ,ϕ)(ỹμ)

)
<̃ η̃.

Remark  Note that if (f ,ϕ) is a soft weaker φ-Meir-Keeler contractive mapping on
(X̃, d̃, E), then we have

d̃
(
(f ,ϕ)(x̃λ), (f ,ϕ)(ỹμ)

)
<̃φ

(
d̃(x̃λ, ỹμ)

)
. ()

Example  Let (R̃, d̃, E) be a soft metric space with the following metrics:

d(x, y) = max
{|x|, |y|}, dϕ(λ,μ) = |λ – μ| and

d̃(x̃λ, ỹμ) =



dϕ(λ,μ) + d(x, y),

where E = [,∞), ϕ(t) = 
 (t + 

t ) for t ∈ [,∞).
We next let f (x) = 

 x, and let φ : R∗ →R
∗ be defined by

φ(t̃) =
̃


t.

Then

d̃
(
(f ,ϕ)(x̃λ), (f ,ϕ)(ỹμ)

)
= d̃

((̃



x
)

λ+ 
λ

,
(̃




y
)

μ+ 
μ

)

=



∣∣∣∣



(
λ +


λ

– μ –


μ

)∣∣∣∣ + max

{


|x|, 


|y|

}

=



∣∣∣∣



(λ – μ)
(

 –


λμ

)∣∣∣∣ + max

{


|x|, 


|y|

}

≤̃ 

|λ – μ| + max

{


|x|, 


|y|

}
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≤̃ 


|λ – μ| +



max
{|x|, |y|}

=



[



|λ – μ| + max
{|x|, |y|}

]

=



[



dϕ(λ,μ) + d(x, y)
]

= φ
(
d̃(x̃λ, ỹμ)

)
.

Thus, (f ,ϕ) is a soft weaker φ-Meir-Keeler contractive mapping on the soft metric space
(R̃, d̃, E).

Theorem  Let (X̃, d̃, E) be a complete soft metric space, and let (f ,ϕ) : (X̃, d̃, E) → (X̃, d̃, E)
be a soft weaker φ-Meir-Keeler contractive mapping on (X̃, d̃, E). Then (f ,ϕ) has a fixed
point, that is, there exists a soft point x̃λ ∈ SP(X̃) such that (f ,ϕ)(x̃λ) = x̃λ.

Proof Let x̃
λ

∈ SP(X̃) be given. Put

x̃n+
λn+ =

(
(f ,ϕ)

(
x̃n

λn

))
=

(
f n+(x̃

λ

))
ϕn+(λ),

for each n ∈ N∪ {}. Then by the inequality (), we have

d̃
(
x̃n

λn , x̃n+
λn+

)
= d̃

(
(f ,ϕ)

(
x̃n–

λn–

)
, (f ,ϕ)

(
x̃n

λn

))

<̃φ
(
d̃
(
x̃n–

λn– , x̃n
λn

))

= φ
(
d̃
(
(f ,ϕ)

(
x̃n–

λn–

)
, (f ,ϕ)

(
x̃n–

λn–

)))

<̃φ
(
φ
(
x̃n–

λn– , x̃n–
λn–

))

<̃ · · ·
<̃φn(d̃

(
x̃

λ , x̃
λ

))
.

Since {φn(d̃(x̃
λ

, x̃
λ

))}n∈N is decreasing, it must converge to some η̃ ≥̃. We claim that
η̃ = . On the contrary, assume that η̃ >̃ . Corresponds to this η̃, since φ is a weaker Meir-
Keeler mapping, there exists a soft real number γ̃ >̃  such that

η̃ ≤̃ d̃
(
x̃

λ , x̃
λ

)
<̃ η̃ + γ̃ �⇒ ∃n ∈N, φn

(
d̃
(
x̃

λ , x̃
λ

))
<̃ η̃.

Since φn(d̃(x̃
λ

, x̃
λ

)) → η̃ as n → ∞, there exists m ∈ N such that

η̃ ≤̃φm(
d̃
(
x̃

λ , x̃
λ

))
<̃ η̃ + γ̃ ,

for all m ≥ m. We also have

φm+n
(
d̃
(
x̃

λ , x̃
λ

))
<̃ η̃.

So we get a contradiction. Therefore

φn(d̃
(
x̃

λ , x̃
λ

)) →  as n → ∞,
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that is,

d̃
(
x̃n

λn , x̃n+
λn+

) →  as n → ∞.

We next show that {x̃n
λn}n is a Cauchy sequence in (X̃, d̃, E). To prove this, on the contrary,

assume that a soft real number ε̃ >̃  such that for any k ∈ N, there are mk , nk ∈ N with
nk > mk ≥ k satisfying

d̃
(
x̃mk

λmk
, x̃nk

λnk

) ≥̃ ε̃.

Further, corresponding to mk ≥ k, we can choose nk in such a way that it is the smallest
integer with nk > mk ≥ k and d̃(x̃mk

λmk
, x̃nk

λnk
) ≥̃ ε̃. Therefore,

d̃
(
x̃mk

λmk
, x̃nk –

λnk –

)
<̃ ε̃.

Now we have, for all k ∈N,

ε̃ ≤̃ d̃
(
x̃mk

λmk
, x̃nk

λnk

)

≤̃ d̃
(
x̃mk

λmk
, x̃nk –

λnk –

)
+ d̃

(
x̃nk –

λnk –
, x̃nk –

λnk –

)
+ d̃

(
x̃nk –

λnk –
, x̃nk

λnk

)

<̃ ε̃ + d̃
(
x̃nk –

λnk –
, x̃nk –

λnk –

)
+ d̃

(
x̃nk –

λnk –
, x̃nk

λnk

)
.

Letting k → ∞ in the above inequality, we get

d̃
(
x̃mk

λmk
, x̃nk

λnk

) → ε̃ as n → ∞.

On the other hand, we have

ε̃ ≤̃ d̃
(
x̃mk

λmk
, x̃nk

λnk

)

≤̃ d̃
(
x̃mk

λmk
, x̃mk +

λmk +

)
+ d̃

(
x̃mk +

λmk +
, x̃nk +

λnk +

)
+ d̃

(
x̃nk +

λnk +
, x̃nk

λnk

)

≤̃ d̃
(
x̃mk

λmk
, x̃mk +

λmk +

)
+ d̃

(
x̃mk +

λmk +
, x̃mk

λmk

)
+ d̃

(
x̃mk

λmk
, x̃nk

λnk

)

+ d̃
(
x̃nk

λnk
, x̃nk +

λnk +

)
+ d̃

(
x̃nk +

λnk +
, x̃nk

λnk

)
.

Letting k → ∞ in the above inequality, we get

d̃
(
x̃mk +

λmk +
, x̃nk +

λnk +

) → ε̃ as n → ∞.

Since f is soft weaker φ-Meir-Keeler contractive mapping, we have

d̃
(
x̃mk +

λmk +
, x̃nk +

λnk +

)
= d̃

(
(f ,ϕ)

(
x̃mk

λmk

)
, (f ,ϕ)

(
x̃nk

λnk

))

<̃φ
(
d̃
(
x̃mk

λmk
, x̃nk

λnk

))
.

By the condition (φ) of the function φ and letting n → ∞, we obtain ε̃ <̃ ε̃, which implies
a contradiction. Thus, {x̃n

λn} is a Cauchy sequence in (X̃, d̃, E).
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Since (X̃, d̃, E) is complete, there exists x̃∗
λ ∈ X̃ such that

x̃n
λn → x̃∗

λ as n → ∞,

that is,

d̃
(
x̃n

λn , x̃∗
λ

) →  as n → ∞.

And, we also have

d̃
(
(f ,ϕ)

(
x̃∗

λ

)
, x̃∗

λ

) ≤̃ d̃
(
(f ,ϕ)

(
x̃n

λn

)
, (f ,ϕ)

(
x̃∗

λ

))
+ d̃

(
(f ,ϕ)

(
x̃n

λn

)
, x̃∗

λ

)

<̃ d̃
(
x̃n

λn , x̃∗
λ

)
+ d̃

(
x̃n+

λn+ , x̃∗
λ

)
.

Letting k → ∞ in the above inequality, we get

d̃
(
(f ,ϕ)

(
x̃∗

λ

)
, x̃∗

λ

)
= .

This implies that (f ,ϕ)(x̃∗
λ) = x̃∗

λ, and hence x̃∗
λ is a fixed point of the mapping (f ,ϕ). �
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