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Abstract

In this paper, we consider an approximation sequence of a common fixed point
generated by Halpern type iteration with a finite family of nonexpansive mappings in
a Hadamard space. We propose another style of Halpern type iteration with multiple
anchor points and prove that it converges strongly to a common fixed point.
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1 Introduction
The problem of finding a fixed point of nonexpansive mappings is one of the most im-
portant problems in nonlinear analysis and it has been investigated by many researchers
with various approaches. In 1992, Wittmann [1] obtained that a Halpern type iteration
with nonexpansive mapping is strongly convergent to a fixed point in a Hilbert space.
Later, Shimizu and Takahashi [2] showed that a Halpern type iteration with two nonex-
pansive mappings converges strongly to a common fixed point in a Hilbert space. More-
over, Kimura et al. [3] proved an approximation of common fixed points of a finite family
of nonexpansive mappings in a uniformly convex Banach space whose norm is Gateaux
differentiable.

On the other hand, in 2010, Saejung [4] introduced a Halpern type iteration with a non-
expansive mapping approximating a fixed point in a Hadamard space, and also proved the
following theorem.

Theorem 1.1 Let X be a Hadamard space. Let T, T5,..., T : X — X be nonexpansive
mappings with ﬂﬁl F(T;) # 9, and let u,x, € C be arbitrarily chosen. Define an iterative
sequence {x,} by

Xpe1 = AUt D (1 - an)T(n mod N)+1%n

forall n € N, where {a,} is a sequence in 10,1[ such that lim,_, o &, =0, Y oo &, = 00, and
Yool — | < 00. Suppose, in addition, that

N
(E(T:) = F(Ty o Ty 00 Th).
i=1

Then {x,} converges to z € ﬂfil F(T;) which is nearest to u.
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In this paper, we introduce an approximation theorem of common fixed points of nonex-
pansive mappings in a Hadamard space. We produce the iterative sequence {x,} as follows.
Let uy, uy, . ..,u,, x1 be arbitrary points in a Hadamard space, and let {x,,} be iteratively gen-
erated by

t;'l:anui@(l—an)Tixn, i:1;21--~,r)

yL=tgl,
Ve=B e e -BWe, j=23r,
KXn+l :y:,

for all n € N, where {«,} is a sequence under the same conditions of Theorem 1.1, and,
for all k =1,2,...,r - 1, {,3::} are sequences in [a,b] C]0,1[. This iterative sequence is
another type of convex combination for Theorem 1.1. Furthermore, the anchor point of
known Halpern type iteration is single, however our iterative sequence has multiple an-
chor points. Then we show that {x,} converges strongly to a common fixed point. In a
Hilbert space, {x,} is convergent to the nearest point to Y ., y'u; in the set of common
fixed points of {T;}, where ¥’ €]0,1[ foralli=1,2,...,r,and ) ;_, ¥’ = 1; see [3]. However,
it is not always true in a Hadamard space.

2 Preliminaries

Let (X, d) be a metric space. For %,y € X, a mapping c: [0,/] — X is called a geodesic with
endpoints x, y if ¢ satisfies ¢(0) = x, ¢({) = y and d(c(u), c(v)) = |u — v| for u,v € [0,]. If a
geodesic with endpoints x, y exists for any x, y € X, then we call X a geodesic metric space.
Moreover, if a geodesic exists uniquely for each x,y € X, then we call X a uniquely geodesic
space. A Hadamard space, which is defined below, is a uniquely geodesic space.

Let X be a uniquely geodesic space. For x, y € X, the image of a geodesic ¢ with endpoints
x,7 is called a geodesic segment joining x and y, and is denoted by [x, y]. A geodesic triangle
A(x1, %9, 23) with vertices x1, x5, x3 in X is the union of geodesic segments joining each pair
of vertices. A comparison triangle A(%1, %, %3) in R? for A(xy,%,,%3) is a triangle such that
d(x;, %)) = 1%, — %]l for all 4,j = 1,2,3. If, for any p,q € A(x1,%2,%3) and their comparison
points p,g € A%y, %, %3), the inequality

dp,q) <llp—1qll

is satisfied for all triangle in X, then X is called a CAT(0) space, and this inequality is called
the CAT(0) inequality. A Hadamard space is defined as a complete CAT(0) space.

Let X be a Hadamard space. For ¢ € [0,1] and x,y € X, there exists unique z € [x,y] such
that d(x,z) = (1 — £)d(x,y) and d(z,y) = td(x,y). We denote z by tx & (1 — t)y. From the
CAT(0) inequality, we obtain the following lemma. This lemma plays an important role in
this paper.

Lemma 2.1 Let X be a Hadamard space. Then, for any x,y,z € X and t €]0,1], it follows
that

d(x ty ® (1-0)2)” < td(x,9)* + (1 - )d(x,2)> - t(1 - D)d(x, y)*.

By this lemma, it is easy to see the following result.
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Lemma 2.2 Let {x,}, {y,} be bounded sequences of a Hadamard space X. For {a,,} C]0,1],
define a sequence {z,} by z, = oyx, ® (1 — &)y, Then {z,} is bounded.

For more details on Hadamard spaces, see [5].

Let T be a mapping from X into itself. T is called a nonexpansive mapping if the in-
equality d(Tx, Ty) < d(x,y) is satisfied for any x,y € X. A point z € X is called a fixed point
of T if Tz = z holds. We denote the set of all fixed points of T' by F(T). A subset C C X is
said to be convex if, for any x,y € C, [x,y] is included in C. We know that F(T') is a closed
convex subset of X if T is nonexpansive.

Let {x,} be a bounded sequence in a metric space X. For any x € X, we put

r(x, {xn}) = limsup d(x, x,,), r({xn}) = inf r(x, {x,,}).
n—00 xeX
Then, if there exists x € X such that r(x, {x,}) = r({x,}), we call x an asymptotic center of
{x,}. Moreover if, for any subsequence of {x,}, each asymptotic center is a unique point
x, we say that {x,} is A-convergent to x. We know that any bounded sequence {x,} in a
Hadamard space has a A-converging subsequence; see [6, 7].

3 Halpern type iteration with multiple anchor points

In this section, we introduce some lemmas and show the main theorem.

Lemma 3.1 (Aoyama-Kimura-Takahashi-Toyoda [8], Xu [9]) Let {s,} be a sequence of non-
negative real numbers, {«,} be a sequence in [0,1] with 2321 a, = 00, {u,} be a sequence of
nonnegative real numbers with Y ., u, < 00, and {t,} be a sequence of real numbers with
limsup,,_, . t, < 0. Suppose that

Su1 < (L —ay)sy + aut, +u, forallneN.
Then lim,_, s, = 0.

Lemma 3.2 Let {a,} be a sequence of real numbers with Z:iﬂ‘lml —ay| < 00. Then {a,}
is convergent.

Lemma 3.3 (Seajung [4]) Let X be a Hadamard space and T,S : X — X be nonexpansive
mappings with F(T) N F(S) # Y. For any B €]0,1[, define a mapping U by Ux = BTx ® (1 -
B)Sx for all x € X. Then U is a nonexpansive mapping such that F(U) = F(T) N F(S).

Lemma 3.4 (He-Fang-Lopez-Li [10]) Let X be a Hadamard space and {x,} be a bounded
sequence of X. If {x,} is A-convergent to x € X, then

d(u,x)? < liminfd(u, x,)?

n— 00
forallue X.
Lemma 3.5 (Kirk-Panyanak [7]) Let X be a Hadamard space and T : X — X be a nonex-

pansive mapping. Suppose {x,} C X is A-convergent to x € X. If d(x,,, Tx,,) — 0, then x is
an element of F(T).

Lemma 3.6 (Mayer [11]) Let X be a Hadamard space and g : X — RU {+o0}. If g is convex
and lower semicontinuous, then g is bounded from below on bounded subsets of X. Further-
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more, g attains its infimum on nonempty bounded convex closed subsets of X. The resulting
minimizer is unique if g is strictly convex.

Using Lemma 3.6, we get the following result.

Corollary 3.7 Let X be a Hadamard space. For any u1,us, ..., u, € X and B, %,...,8" €
10,1[ with )", B* =1, define a function g : X — R by

2t =" Bldu;,»)
i=1

forall x € X. Then g attains its infimum on a nonempty closed convex subset C of X, and
its minimizer is unique.

Proof Let p be an element of X. Since g(x) — 0o as d(x, p) — 00, there exists a nonempty
bounded closed convex set D such that the minimizers of g on C and D are identical.
For x,y € X with x #y and £ €]0,1[, we have

gtx®1-1t)y) = Z Bld(u,tx® (1 - L‘)y)2

i=1
<> B (td(wix)” + (1 - )d(ui,p)” - (1 - £)d(x,)*)
i=1
= tg(x) + (1 - )g(y) — (1 ~ )el(, y)*
< tg(x) + (1 -1)g(y).
Thus g is a strictly convex, and by Lemma 3.6 we get the desired result. O

Now we can obtain the main theorem for a finite family of nonexpansive mappings with
multiple anchor points.

Theorem 3.8 Let X be a Hadamard space and Ty, T»,..., T, : X — X be nonexpansive
mappings with F = ﬂ;zl F(T;) #0. Let uy, uy, ..., u,, x1 be arbitrary points in X and let {x,}

be iteratively generated by

t;:a,,ui@(l—an)Tixn, i:1,2,-«~1r)

Y=ty
Vu= Bt ®-B e, j=23,...,m,
KXn+l :y:,

for all n € N, where {«,} is a sequence in 10,1[ such that

(i) lim a, =0,

n—00

o0
(ii) Zan = 00,
n=1

[ee]

(iii) Dl = o] < 00,

n=1
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and, forallk =1,2,...,r -1, {ﬁ,’j} are sequences in [a,b] C0,1[ such that
(iv) Z"Bﬁﬂ —,Bff| < 00.
n=1

Then {x,} converges to xo € F which is the unique minimizer of g(x) = Y_._, yid(u;, x)* on F,
where yy = pK1 H;;,}(l—ﬁj)fork =1,2,...,r=landy, = B for B° = 1land B’ = lim, . B,
fori=1,2,...,r-1.

For the sake of simplicity, we will prove only the case for triple mappings, that is, the
following theorem. The proof of Theorem 3.8 is omitted as it can be deduced by similar
arguments.

Theorem 3.9 Let X be a Hadamard space and R, S, T : X — X be nonexpansive mappings
with F = F(R) N F(S) N F(T) # @. Let u, v, w, x1 be arbitrary points in X and let {x,} be
iteratively generated by

Fn =it @ (1 — o) Rxy,
sp=ayv @ (1 - a,)Sx,
tw =W @ (1 —0) Ty,
Xns1 = Butn © (1= B) (Vusn ® (1 = vu)tn)

for all n e N, where {«,} is a sequence in 10,1[ such that

(i) lim a, =0,

n—00

[o¢]
(i) D aw=o0,
n=1

00
(iii) Z @41 — 0ty < 00,
n=1

and {B,}, {y.} are sequences in [a,b] C]0,1{ such that

() 1B = Bul <0,

n=1

o0
v) Z|Vn+l_yn| <00

n=1

Then {x,} converges to xo € F which is a minimizer of g(x) = Bd(u,x)* + (1 - B)(yd(v,x)* +
(1 - y)d(w,x)?) on F, where B = 1im,,_, o0 B, and y =lim,_, o Vp.

Proof Let y, = yusy, ® (1 — yu)t, for all n € N. We first show {x,} is bounded. Let p € F.
Then

d(anth)Z

=d(Burs ® (1= Bulywp)”
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< Bud(rw,p)* + (1 = B)d(y, p)°
< Bu(nd(u, p)* + 1 = 0)d(Rx, p)*) + (L= B) (yudd(sp)* + (1 = ¥)d(tn, p)°)
< Bu(end(u, p)* + (1 = ) d(x, p)°)
+ (1= Bu)Vu(nd (v, p)* + (1 - a,))d (x4, p)°)
+ (1= Ba) (1 = yu) (end(w, p)* + (1 — ) (%, p)*)
= o (Bud(u, p)* + (1= Bu) (yud(v, p)* + (1 = yu)d(w, p)*)) + (1 - ), p)*.

Putting M = max{d(u, p)*, d(v, p)?, d(w, p)*}, we have
d(%na1,p)* < max{M, d(x,,p)*}.

By induction, we get
d(xp,p)? < max{M, d(xl,p)z},

and hence we have {x,} is bounded. Since R, S, and T are all nonexpansive, we get {Rx,},
{Sx,}, {Tx,} are bounded. Moreover, by Lemma 2.2, we also have that {r,}, {s,}, {t.}, {yx}
are bounded sequences.
Next, we show that d(x,,,1,%,) — 0. Using the CAT(0) inequality, we obtain
d(rru rn—l) = d(Ol,,L{ @ (1 - an)Rxn’ Ap U @ (1 - an—l)Rxn—l)
< d(anu ® (1 — otn) R, 0t ® (1 — tyy)RX1)
+ d(anu D (1 —ay)Rxy_1, 01 ® (1 - oz,,_l)Rx,,_l)
= (1 - an)d(Rxm Rxn—l) + |an - an—l|d(u1 Rxn—l)

< (1 - au)d(p, 1) + oty — p1ld(, Ry y).
From this result, we also get

AW Yn-1)

= d(Yusn ® (1= Vu)tns Y1551 ® (L = Yu1)tu1)

< d(Yusn ® (L= Vdtns VuSn1 ® (1= ¥t
+d(VuSn-t ® (L= Yt VSt ® (1= Y)tu-1)
+d(Yusn1 © (1= Vu)tut, Vu1Sna1 @ (L= Yuo1)tuon)

< VYud (S, Sn-1) + (L= Vi)d(ty £n-1) + 1V = Vi |d(Sp-1, tr1)

< ¥ = )@ %1) + et — 1 |d(v, Sx-1))
+ (1= ¥u) (A = o) d (@ X1) + ety — 1 |d(w, Tx1))
+ [V = Vn-11d(Sp-1,0-1)

< (- an)d (@, %p-1)

+ oty — ety (d(V» Sxp1) +d(w, Txn—l)) + [ Vn = Vu-11d(8p-1, Lu1)-
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Therefore, we get

Ad@1,%) = d(Burn ® A= Bu)Yns Bur7u1 ® (1= Br1)yu1)
< d(Burn @ (1= Bu)Yn Bunos ® (1= Bu)yn)
+d(Buruas @ (1= By Burn1 @ (1= B)yn-1)
+d(Burn-1 @ (1= Bu)yn-ts BuaTn1 ® (L= Bu1)yn-1)
< Bud(rnsrn1) + (U= Bu)d Y Y1) + 1B = Bu-ald(rn-1, yn-1)
< (1 = an)d(xn, %4-1)
+ loty = a1 (A, Ry 1) + A(v, Sx,i1) + dl(w, T, 1))

+1Vu = Vu1ld(Su_1s tua) + | B — ,Bn—l|d(rn—1,yn71)'
Using conditions (ii), (iii), (iv), (v), and Lemma 3.1, we have
d(xnﬂrxn) — 0.

From conditions (iv), (v) and Lemma 3.2, there exist 8,y €]0,1[ such that 8, — B8 and
Yn — y. We put Ux = BRx & (1 — B)Qx for all x € X, where Qx = ySx @ (1 — y) Tx. From
Lemma 3.3, we have that the mapping Q is nonexpansive with F(Q) = F(S) N F(T). Simi-
larly, we have that U is nonexpansive with F(U) = F(R) N F(Q) = F.

We show that d(Ux,,x,) — 0. Let g, = a,u ® (1 — ,,)Qux,,. Then, using the CAT(0) in-
equality, we have

d(uxm :Bnrn @ (1 - ﬁn)qn)
= d(/ngn ® (1 - B)Qxn, By (Olnl/t ®1- an)Rxn) &1~ ,Bn)(anu & (1- an)an))

= an,Bnd(Rxm u) + o, (1 - ,Bn)d(anr u) + |8 = Bu |d(Rx, Q).
Since {B,} converges to §, by condition (i), we get

d(uxm lgnrn @ (1 - ﬂn)qn) g 0

Put £, = a,v ® (1 — ) Tx,,. Then, using this result, we have

A(Qx¥n) = d(y Sy ® (1= ¥) T, Yusu & (1 = Yt
<d(ySxu ® A= y) T, Vusn ® (1 - )1},
+ A (Yusn ® (1= V)t Vusn ® (L= V)t

< A Ynd(Sxn, v) + an(1 = v,)d(Txy, v)

+ |y = yuld(Sxy, Txey) + (1 = Vn)d(t,/,p tn)~
By the CAT(0) inequality, we get

d(t;,, tn) = d(anv S (1 —oy)Txp0,w® (1— an)Tx,,)

<a,dv,w)— 0.



Kimura and Wada Journal of Inequalities and Applications (2015) 2015:182 Page 8 of 11

Since y, — ¥, we have

A(Qxy, yu) — 0.

Therefore, by condition (i), we have

A(Burn ® (1= Bu)gnsXn1) = A(Burn ® (1= Bu)gs Bul'n ® (1= Bu)yn)
< (1= B)d(gn y»)
< d(atyu @ (1 - ;) Qx, Q) + d(Qxy, )
= @, d(u, Q) + A(Qx, y1)

— 0.
Consequently, we get

A(Uxy, %) < d(uxm Burn © (1 - ﬁn)qn) + d(lgnrn ©1- ,Bn)qn:xnﬂ) +d(Xp41, %)

— 0.
Suppose p is an element of F. Then we get

d(p, Ux,)* = d(p, BRx, & (1 - f)Qu,)”
< Bd(p,Rx,)* + (1 - B)d(p, Qx,)* — B(1 - B)d(Rex,, Qx,)?
< d(P’ xn)z - ﬁ(l - ,B)d(Rxm an)Z'

Thus, we have

B - B)d(Rx,, an)z = d(prxn)z -d(p, uxn)Z
< (d(p,xn) +d(p, an))d(x,,, Ux,)

— 0,
and hence we get
d(Rx,, Qx,) — 0.
Furthermore, we obtain that

d(xn, Qxy) < d(xy, Uxy) + d(Uxy, Qxyy)
=d(x,, Ux,) + :Bd(Rxm an)

— 0.
By the same procedure, it follows that

d(p, an)Z =< d(p,x,,)z -y(Q—-y)d(Sx,, Txn)zr
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and hence we get
d(Sx,, Tx,)) — 0.
Therefore, we have that

d(Rxn;xn) < d(Rxm uxn) + d(uxnrxn) = (1 - ,B)d(Rxm an) + d(uxnxxn) — 0,
d(Sx,,x,) < d(Sx,, Q) + d(Qxy, x,) = (1 — Y)d(Sx,, Tx,) + d(Qxy, x,) — 0,
d(Tx,, x,) < d(Tx,, Qx,) + d(Qxp, %) = yd(Sxy, Txy,) + d(Qxy, x,) — 0.

Define a function g on X by g(x) = Bd(u,x)* + (1 — B)h(x) for all x € X, where h(x) =

yd(v,x)? + (1 — y)d(w,x)*. From Corollary 3.7, there exists xo € F which is the unique

minimizer of g on F. Then we have

d(%ps1, %)
= d(Burn ® (L= Br)ym%0)
< Bud(rnsx0)” + (1= Bu) (Yudd (5 %0)* + (1 = ¥t %0)°)
< Bu(ond (1, %0)* + (1 — at,)d(Raxy, %0)* — oty (1 = )l (1, Rx,)°)
+ (1= Bu)Vu(end (v, x0)” + (1 = 0)A(Sx, %0)* = cts(1 = t)d(v, Sx,.)°)
+ (1= )L = ya) (nd(w, 20)* + (1 = )d( T, %0)" = (1 = ) d(w, Tx)?)
< (1 - a)d (s, 0)°
+ (Bud (1, %0)* + (1= B) (yud(v,%0)* + (1 = yu)d(w, %0)*) )
= (1= ) (Bud (1, Rx)* + (1= B) (vud(v, Sx)* + (1= y)d(w, Tx,,)?)).

Put

Cn = ,Bnd(u:x())z +(1- ,Bn)(ynd(v’x())z +(1- Vn)d(W;xo)z)
-(1- an)(ﬂnd(u’ Rxn)z +(1- /3n)()/nd(V’ an)z + (L= yu)d(w, Txn)2))'

Since 8, — B and y, — y, we get
|Bud(1,%0)* + (L= B,) (vud(v,2%0)* + (1 = y,)d(w, %)) - g(x0)| = O.
Moreover, since d(Rx,, x,,), d(Sx,,x,) and d(Tx,,x,) converges to 0, we also get
| Bad(u, Rxy)? + (1= B,) (vud(v, Sx,)* + (1 = y)d(w, Tx,)*) - g(x,)| = 0.
Therefore, we obtain that

|en = (g(x0) — g(x)) |
< |Bud(1t,%0)* + (1 = Bu) (vud (v, %0)” + (1 = yu)d(w, x0)*) — g(x0)|
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+ |ﬁnd(u’ Rxn)Z +(1- ﬁn)(ynd(v’ an)z + (L= yu)d(w, Txn)z) _g(xn)|
+ oy |,3nd(’4: Rxn)2 +(1- ,Bn)(ynd(V: an)z + (1= yw)d(w, Txn)2)|

— 0,
and hence

limsup ¢, = limsup (g(xo) - g(x,,)).

n—0o0 n— 00

Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that

lim sup(g(xo) — g(x4)) = lim (g(xo) — g(xn))),

n—00

and {x,,} is A-convergent to some x € X. From Lemma 3.4, we have that

1im (g(x0) - g(x,)
= g(xo)
- (,B lim infa,’(u,x,,l.)2 +(1- ﬁ)(y liminfd(v, xnl.)2 +(1-y)liminfd(w, x,,l.)2>)
<gxo) — (Bd(w,x)* + 1 - B)(yd(v,x)* + (1 - y)d(w,x)*))

= g(xo) — g(x).

Since d(Uxy,,x,) — 0, x is an element of F by Lemma 3.5. Moreover, since x, is a minimizer
of g on F, we have that

limsupc, < g(xo) —g(x) <O.

n— 00

Hence, by Lemma 3.1, {x,} converges to xg in F. O

For any points in a Hadamard space, we know that there exists a unique point in any
closed convex subset which is the nearest of each subset to the point. Thus, we obtain the

following corollary.

Corollary 3.10 Let X be a Hadamard space and Ty, Ts,..., T, : X — X be nonexpansive
mappings with F = (._; F(T;) # . Suppose u, x, are arbitrary points in X and {x,)} is iter-
atively generated by

f= e ® (- on) Tty i=1,2...,r,

yl=tl
Ye=B e -BWe, =23,
X+l :y;

for all natural number n, where {w,,} is a sequence in 10,1[ such that

(i) lim a, =0,

n—00
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o0

i) ) ay=00,
n=1
o0

(i) ) letw =] < 00,
n=1

and, forall k =1,2,...,r -1, {ﬂ,’;} are sequences in [a,b] C0,1[ such that

o0

(iv) Z|,B5+1 - ,B£f| < 00.
n=1

Then {x,} converges to xy in F which is the nearest point of F to u.

Proof Let xy € F be the nearest point to u. Then we have that
d(u,x0)? = inf d(u,x)%.
xeF

From Theorem 3.8, {x,,} converges to the minimizer of g(x) = d(u,x)? on F. Therefore, {x,}
is convergent to x. |

Remark It will be interesting to consider similar results for an amenable semigroup of
nonexpansive mappings using asymptotic invariant nets as in [12] for Hadamard spaces.
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