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Abstract
The augmented Zagreb index of a graph G is defined as

dud, N3
w26= Y (556,7)
uvek(G)

where E(G) is the edge set, and d, d, are the degrees of vertices uand vin G,
respectively. This new molecular structure descriptor, introduced by Furtula et al.

(J. Math. Chem. 48:370-380, 2010), has proven to be a valuable predictive index in the
study of the heat of formation in heptanes and octanes. In this paper, the n-vertex
unicyclic graphs with the minimal and the second minimal AZ/ indices and the
n-vertex bicyclic graphs with the minimal AZ/ index are determined.

MSC: 05C35;05C75; 92E10

Keywords: augmented Zagreb index; extremal graphs; unicyclic graphs; bicyclic
graphs

1 Introduction

Let G = (V,E) be a simple, finite and undirected graph of order n = |V| and size m = |E|.
For v € V(G), the degree of v, denoted by d,, is the number of edges incident to v. A vertex
of degree one is said to be a pendent vertex. The maximum vertex degree is denoted by A,
the minimum vertex degree is denoted by §, and the minimum non-pendent vertex degree
is denoted by ;. If # and v are two adjacent vertices of G, then the edge connecting them
will be denoted by uv [1]. Other notations used in this work are standard and mainly taken
from [1-3].

A description of the structure or shape of molecules is very helpful in predicting the ac-
tivity and properties of molecules in complex experiments. Molecular descriptors play
a significant role in mathematical chemistry, especially in QSPR/QSAR investigations.
Among them, topological indices [4] play an important role. Today, many topological in-
dices exist that have various applications in chemistry [2, 5, 6]. Here, a relatively new topo-
logical index is considered. In 2010, Furtula et al. [7] proposed a new, vertex-degree-based
graph topological index called the augmented Zagreb index (AZI), defined as

3
d,d,
AZIG) = > (——),
d,+d, -2
uveE(G)
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and showed that it is a valuable predictive index in the study of the heat of formation
in heptanes and octanes. Moreover, Gutman and Tosovic [8] recently tested the correla-
tion abilities of 20 vertex-degree-based topological indices for the case of standard heats
of formation and normal boiling points of octane isomers. They found that the AZI in-
dex yields the best results. Consequently, the AZI index should be preferred in designing
quantitative, structure-property relations.

Furtula et al. [7] obtained several tight upper and lower bounds of the AZI index of a
chemical tree and showed that among all trees, the star graph has the minimal AZI value.
Huang et al. [9] and Wang et al. [10] provided particular bounds on the AZI indices of
connected graphs and characterized the corresponding extremal graphs. Ali et al. [11] es-
tablished inequalities between AZI and several other vertex-degree-based topological in-
dices. Ali et al. [12] proposed tight upper bounds for the AZI of chemical bicyclic and
unicyclic graphs and provided a Nordhaus-Gaddum-type result for the AZI index.

In this paper, the n-vertex unicyclic graphs are determined with the minimal and the
second minimal AZI indices. Additionally, the #-vertex bicyclic graphs in which the AZJ

index attains its minimal value are obtained.

2 Preliminaries

Some of the auxiliary results provided below will be used in the main theorem proofs. For

convenience, let A(x,y) = (nyy_z )? for x,y > 1 with x + y > 2. Obviously, A(x,y) = A(y, x).

Lemma 2.1 ([9])
(i) A(L,y) is decreasing for y > 2.
(i) A2,y)=8.
(iii) Ify > 3 is fixed, then A(x,y) is increasing for x > 3.

Lemma 2.2 ([9]) A(1,A) < A(L,Q) < A(1,2) = A(2,)) < A(3,3) < A(k,[) < A(A, A), where
2<ij<Aand3<k<Il<A.

Lemma 2.3 Let f(x) = xA(L,x +2) — (x + 1)A(L,x + 3) with x > 0. Then f(x) increases in x.

Proof Let h(x) =xA(l,x +2) = 222’ Therefore, f(x) = h(x) — h(x + 1).

(x+1)3
Then
, (x+2)%(x% +2)
W)= ——F—
(<) (x+1)*
and
vy 12(x+2)
h'(x) =— e <0

Applying Lagrange’s mean value theorem, f'(x) = #'(x) — W' (x + 1) = =h"(§) > 0 with x <
& <x+ 1. Therefore, f(x) increases in x, which completes the proof. d

Lemma2.4 Letg(x,y) = A(x,y) —A(x—1,), with x and y as positive integers, and y < x + 2.
Then g(x,y) strictly decreases in x for fixed y > 2.
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Proof First, the partial derivative g(x, y) is considered with respect to x,

dgxy) _, 5 x *-1 i _—
Tox Y (y_z)((x+y—2)2 ' (x+y—3)2>((x+y—2)2 B (x+y—3)2>'

Now, we will show that

x x-1 0
(x+y-2)*2 (x+y-3)2 <

Let m;(f) = Hy v for y — t < 2. Then the function m1,(£) decreases in ¢ because
-2-t
my(t) = ALY
(t+y-2)3
Therefore, g; < 0, from which it follows that g(x, y) strictly decreases in x. IZI

Lemma 2.5 Let [;(x) =2A(x—2,3) - A(x —1,3) forx > 5. Then l,(x) > 8.

Proof From the definition of A(x,y), the following is obtained:

2 -2 (x—1)3
Lx) =27 x < P - )
Therefore,
[ (x) = 81 x (V2-1)2° + 3-2v2)x -3x +1

(¢ —1)2x2

y (ﬁ(x—2) x_—l)

(x —1)2 " x2

I;(x) > 0 must be demonstrated. Let n1,(£) = (v/2 = 1)£> + (3 — 24/2)t* = 3t + 1, so ) (t) =
3(v/2 - 1)£? + 2(3 - 24/2)t — 3, which is positive for ¢ > 5, implying that m,(¢) is an in-
creasing function for t. Thus, m,(t) > my(5) > 0. Therefore, I'(x) > 0 and 1 (x) > [;(5) =
8.95725 > 8. O

Lemma 2.6 Let I (x) = (223 4 (3223 \here n > 6 and 0 < x < n — 4. Then ly(x) >

) 3(2n-1) x+3 n-x-1
(n+1)\3 n-1)\3
( n+4 ) ( 2n+2 )

Proof Consider the derivative [, (x) with respect to x,

N x+2)(m—x-12+(x+3)2m-—x-2)
bx) =3 X( (x+3)2(m—-x—-1)2 )

(x+2)m—x-1)2=(x+3)(n—x—2)?
x ( (x+3)2(n—-—x-1)>2 )

Now, the expression (x + 2)(n —x —1)? — (x + 3)(n —x — 2)2 must be discussed. Let m3(t) =
(t+2)n—-t-1)2with0<t<n-4.Then mz(t) —ms(t+1) =t +2)(m—t-1)> = (t +3)(n —
t—2)* and m}(t) = (n -t —1)(n - 3¢t - 5). Obviously, n — £t — 1> 0.
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Ift> "3;5, then m;(¢) < 0, implying that m5(¢) is decreasing for ¢. Therefore, [, (x) > 0 and
b (x) > lz(”—gs)-

If t < "3;5, then m5(£) > 0, implying m;3(¢) < ms(t + 1). Therefore, I;(x) < 0 and l(x) >
L(%2).

Therefore, l(x) > (%)3 + (%)3 for0<x<mn-—4. O

Lemma 2.7 Let I3(x) = 2(2%0)3 _ (36=Dy3 ypere x > 6. Then I3(x) > I5(6).

x+4 x

Proof We have

, . Vox+1) x—1\[/~6(x+1)a? - (x—1)(x + 4)?

I5(x) =3% x + .
(x +4)2 x2 (% + 4)2x2

Let my(t) = V/6(t + 1)£2 — (¢t — 1)(¢ + 4)* for t > 6. It is easily seen that n)(t) = 3(+/6 —

)2 +2(v/6 - 7)t - 8. By simple calculation, nz,(¢) > 0 for ¢t > 6. Then m4(t) > m4(6) > 0

and /5(x) > 0, implying that /5(x) is increasing in x. Therefore, I3(x) > I3(6) forx > 6. [

3 On the AZl indices of unicyclic graphs
In this section, the n-vertex unicyclic graphs are determined with the minimal and the
second minimal AZI indices. The technique from [13] is used for these determinations.
For r #s, a graph G is said to be (7, s)-biregular if each vertex has degree r or s, and each
vertex of degree r is adjacent to some vertices of degree s and vice versa. Let ¢; be the
class of connected graphs whose pendent vertices are adjacent to the vertices of maximum
degree and all other edges have at least one end-vertex of degree two. Let ¢, be the class
of connected graphs with vertices that are of degree at least two. Additionally, all of the
edges have at least one end-vertex of degree two.

Lemma 3.1 ([10]) Let G be a connected graph of order n > 3 with m edges, p pendent
vertices, maximum degree A and minimum non-pendent vertex degree 6,. Then

3 52 3
AZI(G)zza(ﬁ) +(m—p)<2311_2>

with equality if and only if G is isomorphic to a (1, A)-biregular graph or G is isomorphic

to a regular graph or G € ¢ or G € ¢,.

Let %, be the set of n-vertex unicyclic graphs. Let %, be the set of unicyclic graphs
with # vertices and p pendent vertices, and let C,, be the unicyclic graph formed from
C.—p by attaching p pendent vertices to a vertex of the cycle C,_,, where 0 <p <n - 3.
Clearly C,_p,0 = C,.

Lemma 3.2 ([9]) Let G € %, where 0 <p <n—3. Then

p+2
p+1

3
AZI(G) Zp( ) +8(n—-p)

with equality if and only if G = C,, .



Zhan et al. Journal of Inequalities and Applications (2015) 2015:126 Page 5 of 12

Lemma 3.3 For every positive integer n, graphs C,,, with 0 < p < n -3, it holds that
AZI(Cpp_z) < AZI(Cprps) < - -+ < AZI(Cr1) < AZI(Chr).

Proof Consider the function

x+2\°
ﬁ(x):x< 1) +8(n—-x) forO0<x<mn-3.
X+
Then
7x3 +28x% + 42x + 24
fl/(x)=—x(x i )<O asx > 1.

(x+4)%

Thus, f(x) is a decreasing function for 1 < x < n—3. Because fi(1) = 8n— % and f1(0) = 8n,
then

AZI(C,-3) < AZI(Cyy ) < - - < AZI(Cyy1) < AZI(Cyrp)- 0

Theorem 3.4 Among all graphs in %, with n > 3, C,,_3 is the unique graph with the

minimal AZI index, which is equal to % +24.

Proof By Lemma 3.1 and Lemma 3.2, C,, is attained and is the unique graph with the

minimal AZI index among all graphs in %, with 0 < p < n - 3. Applying Lemma 3.3,

C,,n—3 is the unique graph with the minimal AZI index in %,. It is clear that AZI(C,,,_3) =

(n=3)(n-1)*

% +24. O
The vertices of C3 are consecutively labeled by vy, vo, v3. Let Q, (11, 13, 13) be the uni-

cyclic graph formed by attaching n; pendent vertices to v;, where n; > 0 for i = 1,2, 3,

n > ny > n3, and Zil nj=n-3.

Lemma 3.5 Let G = Q,(m,ny,n3) with ny > ny > 1 and G = Q,(n1 + 1,1y — 1,n3) (see
Figure 1). Then AZI(G') < AZI(G).

Proof Consider the transformation o depicted in Figure 1. By applying the transformation

o to G, a pendent edge is cut from v, and attached to v;. By Lemma 2.3 and Lemma 2.4,

ny+1

tang — 1

G = Qn(n1,n2,n3) G' = Qn(n1 +1,n5 — 1,n3)

Figure 1 Transformation o from Lemma 3.5.
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the change of the AZI index after applying this transformation is

AZI(G) - AZI(G)

=mAQ,m +2) +mAQ,ny +2) + Al + 2,1y +2) + A(ny + 2,13 + 2)
+A(ny +2,n3 +2) — [(nl +1DAQ, m +3) + (ny —1)A(1, 1y +1)
+A(m +3,ny+1) + A(ny + 3, m3 +2) + A(ny + 1, m3 + 2)]

= [mA@L ny +2) = (m + DAQ, m +3)] = [(n2 — DAL, n +1)
—mAQ,my +2)] + [A(m +2,m3 +2) = A(my + 3,13 +1)]
+ [A(nz +2,n3+2)—A(ny +1,m3 + 2)]
- [A(n1 +3,n3+2)—A(n +2,n3 + 2)]

=f(m)—f(ny—1)+A(m +2,ny +2) — A(m + 3,13 +1)

+g(ny +2,n3 +2) —g(nm +3,n3 +2).

By Lemma 2.3, the expression f(r;) — f(np — 1) is positive for n; > ny — 1. By Lemma 2.4,
g(ny+2,n3+2) > g(m +3,n3 +2) for my > ny > n3. Note that (n; +2) (12 +2) > (11 +3) (12 +1),
S0

(m +2)3(my+2)*  (m +3)%(np +1)3

(Vll + 7y + 2)3 (1’11 + 7y + 2)3

that is, A(n; + 2,19 +2) > A(n + 3,15 + 1). Thus, it has been shown that after the transfor-
mation o, the AZI index of G decreases. O

Theorem 3.6 Among all graphs in %, with n > 4.
(i) Form=4 orn=>6, C,,_4 is the unique graph with the second minimal AZI index,
which is equal to (n — 4)(2=2)3 + 32.

(i) Forn=5,Qs(1,1,0) is the unique graph with the second minimal AZI index, which is

2,185

equal to =32,

Proof By Lemma 3.2 and Lemma 3.3, the second minimal AZI index of graphs in %, with

n > 4 is achieved by the graphs in %, ;-3 \ {Cy,n—3} and C,, ,_s. Now, two cases are consid-

ered.

Casel. n=4.

Obviously, Cy is the unique graph with the second minimal AZI index, which is equal
to 32.

Case 2. n > 5.

Note that n3 > 1, so ny > n3 > 1. By Lemma 3.5, it is determined that Q,(n — 4,1,0) is
the unique graph with the minimal AZI index among all of the graphs in %,,,3 \ {C,,,_3}
Note that

AZI(Qu(n-4,1,0)) = (n - 4)AQ,n-2) + A(1,3) + A(2,n - 2)

+A(2,3)+A(3,n-2)
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and
AZI(Cya) =(n—4)A(L,n—-2) + 2A(2,n - 2) + 2A(2,2).
Then

AZI(Qu(n - 4,1,0)) = AZI(Cyy-a) = A(3,n - 2) + A(1,3) - 16

101
ZA(3,I’I—2) — ?

By Lemma 2.1(iii), A(3, 7 — 2) is increasing for n > 5. Using a simple calculation, it can
be shown that AZI(Qs(1,1,0)) < AZI(Cs,) for n =5 and AZI(Q,(n — 4,1,0)) > AZI(C,,,,_4)
forn > 6.

Thus, it follows that Qs(1,1,0) for # = 5 is the unique graph with the second minimal

AZI index, which is equal to %, and C,,,_4 for n > 6 is the unique graph with the second
minimal AZI index, which is equal to (n — 4)(%)3 +32. |

4 On the AZl indices of bicyclic graphs
In this section, the n-vertex bicyclic graphs are determined with the minimal AZI index
for n > 5.

Let %,, be the set of bicyclic graphs with # vertices and p pendent vertices for 0 <
p<n-4.Let D:;; be the n-vertex bicyclic graph by identifying one vertex of two cycles
C, and C; and attaching p pendent vertices to the common vertex, where r > ¢ > 3 and
0<p<n-5.

Lemma4.1([9]) Let G bea bicyclic graph with n > 5 vertices and p pendent vertices, where
0<p<n-5.Then

pp+4)?

AZI(G) > 0137

+8(n-p+1)

with equality holding if and only if G = D:;’;, wherer >t > 3.

Let 9y, be the set of graphs D! with3 <t <r<n-p-2andr+t=n-p+1.LetD,,
be any graph in Z,, .

Lemma 4.2 For the graphs in 9y, with 0 <p <n -5 and n > 5, it holds that

AZI(D,,_5) < AZI(Dypg) < - - - < AZI(Dyy1) < AZI(Dy,0).

Proof Let H(x) = ’C((“‘L)S +8(m—x+1),where0 <x<n-5.

x+3)3
Note that
H ) = (x+4)%(x + 4x + 12) — 8(x + 3)* <o,
(x+3)*
Thus, H(x) is decreasing for x. The result follows. O

Let C} be the bicyclic graph obtained by adding an edge to the cycle C,. Label the vertices
of C; by vy, va, v3, v4 with d,, =d,, =3, d,, = d,, =2, respectively. Let S,(n;,n,, n3,n4)
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Figure 2 Graph S,(n,n3,n3,n3).
N4 { : : }"1

N v

U3 V2

B! = S,(n—4,0,0,0) B2 = S,(0,n —4,0,0) B3 = 8,(0,k1,0, ko)

N

B;t - S’n(k3707k470) Bysl = Sn(kf)vk'ﬁ-,k'fak'&%)

Figure 3 Graphs B}, B2, B3, B} and B>.

be the graph formed from C; by attaching »; pendent vertices to v;, where n; > 0 for i =
1,2,3,4,n > n3, ny > ny and Zil n; = n—4 (see Figure 2). For convenience, let B, = S, (n—
4,0,0,0), B% =3S5,(0,n-4,0,0), Bz = 85,(0,k;,0,k) with ky + ky = n—4, Bﬁ = S,(k3, 0, ky,0)
with ks + kg = n — 4 and BS = S, (ks, ke, k7, ks) with ks + ke + k7 + ks = n — 4 (see Figure 3).

Lemma 4.3 Let G € B,,,,_4 withn>5. Then

3 3
AZI(G) Z(n—4)<n_1) + (3(”_1)) +32

n-2 n

with equality if and only if G = S,,(n - 4,0,0,0).

Proof Forn=5,G = S5(1,0,0,0) or G = S55(0,1,0,0).
From the definition of the AZI index, the following is obtained:

AZI(S5(1,0,0,0)) = A(L,4) + 24(4,2) + A(4,3) + 24(3,2)
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and
AZ1(S5(0,1,0,0)) = A(1,3) + 3A(3,3) + 2A4(3,2).

By simple calculation, AZI(S5(1,0,0,0)) < AZI(S5(0,1,0,0)). Lemma 4.3 obviously holds.
For n > 6, G is isomorphic to one of the graphs B, B2, B3, B, B> shown in Figure 3. By
the definition of the AZI index,

AZI(B}) = (n-4)A(L,n-1) + 2A(2,n - 1) + A(3,n — 1) + 2A(2,3),

AZI(B) = (n-4)A(l,n-2) +2A(3,n - 2) + A(3,3) + 24(2,3),

AZI(B2) = hA(L ki +2) + ke A(L ko +2) + 2A(3, ky +2)

+2A(3,ky +2) + A(3,3),
AZI(B}) = ksA(1, ks + 3) + kaA(L, ky + 3) + 2A(2, k3 + 3)

+2A(2,ky +3) + A(ks + 3,k + 3)
and

AZI(B) = ksA(L ks + 3) + keA(L, ke +2) + kyA(L, k7 + 3)
+kgA(1, kg +2) + A(ks + 3, kg +2) + A(ks + 3, kg +2)

+A(ks +3,k; +3) + A(ks + 3, ks +2) + A(ky + 3, kg + 2).
Claim 1 AZI(Bl) < AZI(B?).
Using Lemma 2.2 and Lemma 2.5, we get
AZI(B}) - AZI(B}) = (n - 4)(A(L,n - 2) - A(l,n - 1))
+(2A4(n-2,3) - A(n-1,3) - A(3,2))
+(A(3,3) - A(3,2)) > 0.
This proves Claim 1.
Claim 2 AZI(Bl) < AZI(B3).

Note that & + ko = n — 4. Using Lemma 2.1, Lemma 2.2, Lemma 2.6 and Lemma 2.7, we

have

AZI(B}) - AZI(B})
= kAL ki +2) + kAL ks +2) - (- HA1Ln - 1) + 2(Alk +2,3)
+A(ky +2,3)) —A(n—1,3) + A(3,3) - 4A(3,2)
> kAL n-2) + kAL n-2) - (n-4)A1n-1) +2(A(k +2,3)

+A(ky +2,3)) —A(n-1,3) + A(3,3) — 4A4(3,2)
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=(n-4)(AL,n-2)-A(L,n-1)) +2(Alk +2,3) + Alkz + 2,3))
-A(n-1,3) +A(3,3) - 44(3,2)

>2(A(k +2,3) + A(ky +2,3)) —A(n - 1,3) + A(3,3) — 4A(3,2)
,(30+D) P 3m-1)\°
( n+4 ) _( n )
3 3
+2(3(2V[—1)> +<2> —4X23
2n+2 4

2n-1\* [9}°
> 15(6) +2 x 3% x " +[2) —4x23
2n+2 4

Let g(x) = (;’fﬁ)"’, so q'(x) = 9((21’1_21)12 > 0, implying that g(x) is strictly increasing for x.
Then

3 3 3
AZI(Bﬁ)—AZI(B;)>2<3X7) —<3X5) +2><33><<E)
10 6 14

N
+(—> -4 x2%>0.
4

This proves Claim 2.
Claim 3 AZI(Bl) < AZI(BY).
Because k3 + k4 = n — 4, using Lemma 2.1 and Lemma 2.2, we have
AZI(B;) - AZI(B))

=k3A(, k3 +3) + kyA(L kg +3) — (n—4)A(1,n - 1)

+A(ks +3,ks +3)—A(n—-1,3)

((/(3+3)(k4+3)>3 (3(71—1))3
> —_—
ks + kg + 4 n

~ (kgk4 +3(n - 4) +9>3 ~ (3(n-1)

3
) asks +ky=n-4
n n

>0.
This proves Claim 3.
Claim 4 AZI(BL) < AZI(B).

The following two cases are presented.
Casel. ks > 2, kg > 2.
Using Lemma 2.1 and Lemma 2.2, it follows that
AZI(B)) > ksA(L,n - 2) + keA(L,n - 2) + kyA(L,n - 2) + ksA(1,n - 2)

+A(5,4) + A(5,3) + A(5,2) + A(3,2) + A(3,4)
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20 5\° [/12\°
>n-4)AQ,n-1)+ +(2) (=) +2x23

7 2 5
>m-4)AQLn-1)+2x23+3%+2x23

~1\3
) +4x23
n

>(m-4)AQ,n-1)+3% x (n
=mn-1)AQ,n-1)+AB,n-1)+2A(n-1,2) + 2A(3,2)
= AZI(B},).
Case2. ks=2,k¢=1orks=1,ks=20rks=1, ks =1.
If ks = 2 and kg = 1, then according to the definition of graph S,(n,ny,n3,n4), Bfl =
S7(2,1,0,0) or Sg(2,1,1,0) or Sg(2,1,0,1) or So(2,1,1,1) or S9(2,1,2,0) or S19(2,1,2,1).
By the definition of the AZI index and some calculations, the following are obtained:
AZ1(S7(2,1,0,0)) = 65.922 > AZI(B;) = 54.187,
AZI(S5(2,1,1,0)) = 78.424 > AZI(By) = 56.440,
(Bg
AZI(Ss(2,1,1,1)) = 95.248 > AZI(By) = 58.427,

(
(
AZI(S3(2,1,0,1)) = 80.313 > AZI
(
( = 58.427

)
) =56.440,
)=
)

AZI(S5(2,1,2,0)) = 88.955 > AZI(Bj
and
AZI(S10(2,1,2,1)) =107.580 > AZI(B],) = 60.226.

In a similar way, we can verify the inequality AZI(B.) < AZI(B?) for each of the cases for
ks =1, k¢ =2 or ks = 1, k¢ = 1. The details are omitted. This proves Claim 4.
Thus, the result follows from Claims 1-4. O

Theorem 4.4 For the graphs in 9B, with n > 5, it holds that D s IS the unique graph
with the minimal AZI index, which is equal to (n — 5)(:—_;)3 +48.

Proof Using Lemma 4.3, among all of the graphs in %, ,,_4, S,,(n —4,0,0,0) is the unique
graph with the minimal AZI index, which is equal to (1 — 4)(2)® + (3’(”’1))3 +32. Using
Lemma 4.1 and Lemma 4.2, among all of the graphs in %,,, with 0 <p <n -5, D,  is
the unique graph with the minimal AZI index, which is equal to (n - 5)(7=; 1 3+48.

Note that

AZI(S,(n-4,0,0,0)) - AZI(DEI:Z 5)

3
:(n_4)<n—1) +(3(n—1)>
n-2 n

Z1\3
+32-(n- 5)( )—48

3 3
- (::;) + <3(”n_ D) _16.
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Let g(x) = (%)3 + (@)3 — 16, where x > 5. We have

3% (x-1)2 3(x-1)?

g =—F—- -2
3(x-1)2
- (VT2 4
x(ﬁ(x—2)+x)(x4/ﬁ(x—2)—x)
>0

for x > 5. Then g(n) > g(5) = (%)3 + (%)3 —16 > 0. Therefore, this completes the proof of
Theorem 4.4. O
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