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Abstract

In the present work we prove the pointwise convergence and the rate of pointwise
convergence for a family of singular integral operators with radial kernel in
two-dimensional setting in the following form: L, (f;x,y) = [, f(t, s)H(t = x,s - y) dt ds,
(x,y) € D,where D = {a,b) x (c,d) is an arbitrary closed, semi-closed or open region in
R?and A € A, A is a set of non-negative numbers with accumulation point Ag. Also
we provide an example to justify the theoretical results.
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1 Introduction

Taberski [1] analyzed both the pointwise convergence of functions in L;(—7, ), where
Ly(-m,m) is the collection of all measurable functions f for which |f| is integrable on
(-7, 7) and the approximation properties of their derivatives by a two parameter family
of convolution type singular integral operators U, (f;x) of the form

U, (f;x) = /‘nf(t)l(k(t -x)dt, x¢€(-m,m). 1.1)

Here, K, (t) denotes a kernel fulfilling appropriate conditions with A € A, where A is
a given set of non-negative numbers with accumulation point A¢. Following this work,
Gadjiev [2] proved the pointwise convergence of operators of type (1.1) at a generalized
Lebesgue point and established the pertinent convergence order. Rydzewska [3] extended
these results to approximation at a -generalized Lebesgue point. Karsli and Ibikli [4, 5]
proceeded to the study of the more general integral operators defined by

b
T)\(f;x):/f(t)l()\(t—x)dt, x € {a,b),.e€ A eR, (1.2)

with functions in L (@, b) where (a, b) is an arbitrary interval in R such as [a, ], (4, b), [, b)
or (a,b)].

The convergence of the other operators have been studied at characteristic points such
as a generalized Lebesgue point, m-Lebesgue point, and so on, by other workers: a family
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of nonlinear singular integral operators [6, 7], a family of nonlinear m-singular integral
operators [8], Fejer-Type singular integrals [9], moment type operators [10], a family of
nonlinear Mellin type convolution operators [11], nonlinear integral operators with homo-
geneous kernels [12] and a family of Mellin type nonlinear m-singular integral operators
[13].

Taberski [14] stepped up his analysis to two-dimensional singular integrals of the form

T (f;x,9) = //Qf(t,s)l(x(t—x,s—y)dtds, (%,9) €Q, 1.3)

where Q denotes a given rectangle. His findings were later used by Siudut [15, 16] rendering
significant results. Yilmaz et al. [17] replaced K; in (1.3) by a radial function H, as follows:

Lx(f;x,y)=/n /nf(t,S)Hx(t—x,s—y)dtds, (x,9) € (-7, ) X (-7, 7). (1.4)

The new operator approaches f(xo,¥o) as (x,y, 1) tends to (xo, yo, Ao)- In [18], the function
feLi({-m,m) x(-m,m)) became f € L,(D) where D = (a,b) x (c,d) is an arbitrary closed,
semi-closed or open region in R2.

The current manuscript presents a continuation and further generalization of [18]. The
main purpose is to investigate the pointwise convergence and the rate of convergence of
the operators in the following form:

L)\(f;x,y)://Df(t,s)H)\(t—x,s—y)dsdt, (x,9) € D, (1.5)

where D = (a,b) x (c,d) is an arbitrary closed, semi-closed or open region in R?, at a -
generalized Lebesgue point of f € L1(D) as (x,y,A) = (0,50, 0). Here Li(D) is the collec-
tion of all measurable functions f for which |f| is integrable on D and the kernel function
H, (s, t) is a radial function. As concerns the study of linear singular operators in several
settings, the reader may see also e.g. [19-23].

The paper is organized as follows: In Section 2, we introduce the fundamental defini-
tions. In Section 3, we give a theorem concerning the existence of the operator of type
(1.5). In Section 4, we prove two theorems about the pointwise convergence of L, (f;x, y)
to f(x0,y0) whenever (xo, o) is a ;t-generalized Lebesgue point of f in bounded region and
unbounded region. In Section 5, we establish the rate of convergence of operators of type
(1.5) to f(x0,90) as (x,7, 1) tends to (xo, Y0, o) and the paper is ended with an example to
support our results.

2 Preliminaries
In this section we introduce the main definitions used in this paper.

Definition1 A function H € L;(R?) is said to be radial, if there exists a function K : R} —
R such that H(z,s) = K(+/£2 + s2) a.e. [24].

Definition 2 A point (xo,y0) € D is called a p-generalized Lebesgue point of function
feLi(D)if

h prk
W/o /0 f (& + 0,5 +y0) —f (%0,0)| dt ds = 0,

lim
(k)= (0,0) [
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where () : R — R, absolutely continuous on [—§y, §o], increasing on [0, §] and ©1(0) =
0 and also ua(s) : R — R, absolutely continuous on [-§, 8], increasing on [0,80] and
12(0) = 0. Here 0 < /1, k < 89 [25].

The following two examples are simple applications to a generalized Lebesgue point and

u-generalized Lebesgue point of some functions that belong to L; (R?).
Example 1 Let g:R? — R be given by

1, if (t,s) = (0,0),

8(ts) = i if (¢,5) € R*\(0,0).

-1
VIEL+E)VIsI(L+s])?

Now, if u1(t) = the! and Uals) = sées, then the origin is a p-generalized Lebesgue point of
g € Li(R?) but not a generalized Lebesgue point.

Example 2 Let f : R? — R be given by

e ) if (¢,5) € (0,1] x (0,1],
f(tr S) = . 2

0, if (¢,s) € R*\(0,1] x (0,1].
If we take pu,(¢) = ¢4+ and Ua(s) = si*l, then the origin is a p-generalized Lebesgue point
of f € L1(R?). On the other hand, if we take & = % and p =1, then the origin is also a
generalized Lebesgue point. Clearly, this example shows that generalized Lebesgue points

are also pt-generalized Lebesgue points.

Definition 3 (Class A) Let H, : R2 x A — R bearadial function i.e., there exists a function
K; : R x A — R such that the following equality holds for (¢,s) € R? a.e.:

H)\(t,S) = I()L(V 2+ 82),

where A is a given set of non-negative numbers with accumulation point Ay.

H, (t,s) belongs to class A, if the following conditions are satisfied:

(@) H,(t,s) = Ky (v/£2 + s2) is even, non-negative and integrable as a function of (s, £) on
R? for each fixed A € A.

(b) For fixed (x0,70) € D, K;.(,/«3 + y3) tends to infinity as A tends to Ao.

(c) limx,0) > (x0,90,20) ff]Rz Kk(m) dtds=1.

(d) lim; 5, [sup, _ /7 Ko (V2 + 57)] = 0, V€ > 0.

(©) Timy sy [ o KV +s%) dtds = 0, VE > 0.

(f) K,\(m) is monotonically increasing with respect to ¢ on (—o0, 0] and similarly
KW +s2)is monotonically increasing with respect to s on (—00,0] for any A € A.
Analogously, K; (v/£2 + s2) is bimonotonically increasing with respect to (,s) on
[0,00) X [0, 00) and (—00, 0] x (—o0,0] and bimonotonically decreasing with respect
to (¢,s) on [0,00) x (—00,0] and (—00, 0] x [0,00) for any A € A.

Throughout this paper we assume that the kernel H; (¢, s) belongs to class A.
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3 Existence of the operator
Lemma 1 If f € L1(D), then the operator L,(f;,y) defines a continuous transformation
over L1(D) [26].

4 Pointwise convergence

The following theorem gives a pointwise approximation of the integral operators of type
(1.5) to the function f at a p-generalized Lebesgue point of f € L;(D) where D = (a, b) x
(¢c,d) is a bounded region in R?, which is closed, semi-closed or open.

Theorem 1 If (xo,0) is a u-generalized Lebesgue point of f € L1(D), then

lim L (f;%,9) = f(x0,%0)
(52— (0,7040) Wfixy) =/ (%0, 50

on any set Z on which the functions

x0+8 y0+8
Sf K (V=27 + (s =9)?) {1 (1 = %ol) Y| {122 (s - o] }; | de ds (4.1)
X0 — Jo—
and
K01 (lx—xol)  and  K(0)2(ly - yol) (4.2)

are bounded as (x,y, \) tends to (x9,0, o)

Proof Suppose that (xo,y0) € D is a u-generalized Lebesgue point of f € L (D). Therefore,
for all given € > 0, there exists § > 0 such that for all /1, k satisfying 0 < /1, k < §, the following
inequality holds:

/x0+5 /yws [f(t,5) —f(x0,70)| dt ds < &1 () 2 (k). (4.3)

%0 o—

If we follow the same strategy as used in the proof of Theorem 4.1 in [18], then we obtain
|La(f5%,5) = f(x0,%0)| < //DLf(t,s) — £ (%0, 50)| K. (v (E = %)2 + (s — 9)?) dt ds

) //Rzlﬁ(\/m) dtds—1

+ |f (%0, 0)] //RZ\DK,\ (V(E=x)?+ (s—y)?) dt ds

+ lf(xo,yo

=h+L+15.
In view of conditions (c) and (d) of class A, I, — 0, and I3 — 0 as A — A, respectively,
= {// +/f }Lf(t,s) —f(xo,yo)|1(k( (£ —x)2 + (S—y)z)dtds
D\Bjs Bs
=In+ 1y,

where Bs := {(s,£) : (s —x0)% + (£ — y0)? < 82, (%0, y0) € D}.
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Since K; (v/t* + s2) is monotonically decreasing on D\B;, the inequality
In < Ko (V2= D8IV2) (If i) + f (%0, 30)| 16— alld — c])
holds. Hence by condition (d) of class A, I1; — 0 as (x,y, 1) = (0,0, A0)-

Now, we prove that /1, tends to zero as (x,y, 1) tends to (x¢, Y0, %o). It is easy to see that

the following inequality holds for I, i.e.:

x0+8 Y0 %0 Y0
= ,8) —f (0, JE—x2+(s—y)?
Iy < {/xo ./yg—6+-/xo—5»/yo—5}lf(t 8) —f (%0, 70)| K. (v/(t = %) + (s — )2) dt ds
X0 Yo+d x0+8  pyo+d
,8) —f (0, JE—22+ (s—y)?
+{/xos/yo +/x0 /yo }V(t 8) = f (60, y0) | K3 (V (£ = %) + (s - 9)?) dt dis

= Doy + Do + 123 + I124.

Let us consider the integral I}5;. In view of (4.3), for every € > 0 there exists § > 0 such that

xo+h 50
/ 1F(t,5) — f (i 0)| it ds < 102 () oK)

yo—k

holds for all 0 < i1,k < 6.
Let us define a new function by

toryo
F(t,s) = / / V(u, V) —f(xo,yo)| dudv. (4.4)
X0 ¢S
For all ¢ and s satisfying 0 < £ —xp < § and 0 < ¥y — s < § we have

|E(t,9)] < et = x0) 12 (yo - 9)- (4.5)

In view of (4.4) and (4.5) and applying the method of bivariate integration by parts to I
(see Theorem 2.2, p.100 in [14]) we have

x0+6 Y0
I < / / e = x0) 1200 — )| i (v T = 2 1 (5 —9)?)|

X0 yo—4

x0+68
renal®) [ pule—w0)|dki (VE= 2+ G0 =3 -3P)

70
+ep1(8) aﬂz(yo—s)‘dl<x(\/(xo+5—x)2+(S—}’)2)‘
Yo~

+ e (8)28)K (v (o + 8 —x)2 + (yo — 6 — 9)2).

Let us define the variations:

\/ZOJrS—x \/;0_5_};(1<)»( /12 + 52)), Xog—X < U<Xy+ 8 —x,

Bi(u,v) := Yo—8—y<V=yo—J
0, otherwise,

x0+8—x
K, (/& “5—9)2), x-x< 85— x,
By() = VTG + (vo 7)), Xo-x=<u<xo+8-x

0, otherwise,
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By(v) = Voo (Ko (y/ (00 =2 +8)? +52), y0-8-y<v=yo—J,
0, otherwise.

Taking the above variations into account and applying the method of bivariate integration

by parts to the last inequality, we have

x0—x+8  Ly0-y
Iy < —8[ / [Bi(£,8) + Ba(t) + Bs(s) + K (v/(x0 — x + 8)% + (3o — 8 — 9)?) ]
x 0

0—X —y=8
x (e =x0 + ) {12y - s -9} de ds

= S(il + iz + ig + l4)

Remark 1 If the function g : R? — R is bimonotonic on [a;, ;] x [B1, 2] C R? then the

equality given by
oy f2
V(g lon el x [B1,B2)) = \/ \/ (e(8:9) = |g(e, 1) - glen, B) — glez, 1) + &Ltz )]
a1 fr

holds [14, 27].
Splitting #; into two parts yields
xX0—X+8  pyo-y x0—x+3
_{/ / f / }Bl(t 9t - x0 + 0} {1alyo -5 - )} de ds
xo—% X0—% Yo—y=9d
=ip + .

Using Remark 1 and condition (f) of class A, we can write for iy

X0—x+8  pyo—y x0+6—x 0 x0+6—x s
in= —/ / |:{ \/ \/ + \/ \/}K;L Vuz + v2)j|
omx 0 toyo-by

X {ul(t—xo +x)};{u2(yo —s—y)};dtds
x0—X+6 0—
=/ /y y(KA(\/tZ+(yo—5—y)2)—1<x(\/s2+(x0+8—x)2)—2KA(|t|)
x0—X 0
+K,\(Vt2+s2)+2Kx(|xo+5—x|)—K,\(\/(yo—S—y)2+(x0+8—x)2))

X {ul(t—xo +x)};{u2(yo —s—y)};dtds.

Using the same method for i15, we have

x0—x+3 0
iu:/ / (K.(VE + (o =8 = 9)?) + K. (V82 + (%0 + 8 — x)?)
x Yo-y-o

0—X

K (VE2 +52) — K. (v (50 = 8 = )% + (x0 + 8 —x)2))

x (e =0 +2)} {palyo —s - 9)} deds.
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Making similar calculations for i; and i3 and collecting the obtained terms, we may write

x0—X+8 0
i1+i2+i3+i4:—/ / I(k(\/t2+s2){u1(t—x0 +x)};{uz(yo—s—y)};dtds
x Yo—y—6

x0—%+6 0—

+f /y y(KA(\/tz+s2)—2KA(|t|))
x0—X 0

X {m(t—xo +x)};{u2(yo —s—y)};dtds.

Hence the following inequality holds for I;5;:

x0+68 , ,
Iy < e / f K (VE=27 + 5= 92) | {sa(e - o)} | {12000 - )Y, | de s
Jo—
+ 26K, (0) 1 (8) pa (yo - y1)-

By a similar argument to the evaluation of the integral I;5;, we can easily obtain the fol-
lowing inequalities for 123, [123, and [124:

1122<5/ 5/ K.(V(t—x)?+(s- y)2)|{lt1(xo—t)};||{,u2()/0—5)};|dtd3
x0-8 Jyo—

+ 26K, (0) (11 () (170 — ¥1) + pa(8)ua (|x0 — 1))

+4K;,(0) (120 — 1) 2 (Iyo — ¥1)
Y0+6
1123<€/ [ K (V£ =)+ (s— y))|{lt1(0—t}H{M2(S yo}!dtds
x0—6
+ 26K, (0) 2 (8) pa (%0 — 1),

x0+8 y0+8 , ,
s <e / f K (V2P + =) [{pa(t — x0) .| {1eals — 300}, | it .
Yo

Hence the following inequality is obtained for I, i.e.:

x0+8 y0+5 , ,
hh<e f / =22+ 5= ) (10 — ) Yl (1o — s1) )| e s
x5 Jyo-
+4¢K;,(0) (111(8) 2 (Iyo = y1) + p2(8)pa (o — x1))

+4eK; (0)p1 (%0 — 1) 12 (Iyo - ¥1).-

The remaining part of the proof is obvious by the hypotheses (4.1) and (4.2). Hence /1, — 0
as & — Ag. Thus the proof is completed. 0

The following theorem gives a pointwise approximation of the integral operators of type
(1.5) to the function f at a u-generalized Lebesgue point of f € L;(R?).

Theorem 2 Suppose that the hypothesis of Theorem 1 is satisfied for D = R2. If (xo,y0) is a
wu-generalized Lebesgue point of f € L1(R?) then

lim L, (f;%,9) = f(x0,%0)-
(y,2)— (x0,50,10) W{fix.5) = (%0, 50)
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Proof The proof of this theorem is quite similar to the proof of Theorem 4.2 in [18] and
thus is omitted. O

5 Rate of convergence

In this section, we give a theorem concerning the rate of pointwise convergence.

Theorem 3 Suppose that the hypotheses of Theorem 1 and Theorem 2 are satisfied. Let

x0+8 0+8
A&x,y)—/ / K (V=22 +(s-9)?)
%0=8 Jyo~
x |{ra (12 = 2ol [ [{1e2 (s = yo) || de s
for § > 0 and the following assumptions be satisfied:

(i) AA,8,x,9) — 0as (x,9,1) = (x0,90, Ao) for some § > 0.
(ii) Forevery& >0

K.(§) = o(A(X,8,%,9))

as (x,5, 1) = (%0, Y0, Lo).
(ili) Forevery& >0

f/ K,\(«/t2 +sz)dtds=o(A(A,8,x,y))
E<vs2+12

as (x,5, 1) = (%0, Y0, o).
Then at each j1-generalized Lebesgue point of f € Li(R?) we have as (x,y,1) — (%0, 50, %)

|L,\(f;x,y) —f(xo,y0)| = o(A(A,S,x,y)).

Proof Under the hypotheses of Theorem 1 and Theorem 2 we can write

’Lk(f;xry) _f(xOryO)‘
x0+8 Y0+8
N / K (V=27 + (5= 92) {1 (10 — 1) | {122 (1o  s1) )| de s
x0-8 Iy
+4eK;.(0) (11(8) a2 (Iyo — 1) + pa(8)pa (10 — 1))
+4eK;,(0) i (Jo — #1) 2 (1y0 — ¥1)

2 2
+ K, (V2 = D8/V2)If ll, w2y + [f (0, 70) |/ff ppp— K, (V2 +2) dt ds

+ lf(xod’o)|

// Kk(\/(t—x)2 + (s—y)z) dtds—1]|.
R2

From (i)-(iii) and using conditions of class A, we have the desired result i.e.,

L (f5%,9) = f (%0,30)| = 0(A(,8,,9)). O
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Example 3 Let A = (0,00), Ao =0, and

1 —(t2+32)
H,(t,s) = ——e & .
3.(8,8) =y

To verify that H, (¢, s) satisfies the hypotheses of Theorem 1 and Theorem 2 see [15].
Let (xo,90) = (0,0), p1(¢) = t and p(s) = s. Hence we obtain

+8 o) St
AL S,%,9) —/ / 4nk dtds

ol ot )

In order to find for which § > 0 the condition (i) in Theorem 3 is satisfied, let A(A, §,%,y) —
0 as (x,,A) — (0,0,0). Hence

lim AN, 8,%,9)=0
(%,9,4)—(0,0,0) ( _)/)

if and only if §2 = o(1). Consequently, the following equality holds:
A(X, 8,x,9) = O(R).

Finally, in order to get finite limit values from the expressions

. . 1 (x2+y2)
lim K.(0)ui(lxo —x[) = lim ——e x|,
(x9,1)—> (x0,50,20) (1) —(0,0,0) 47T A

lim  KGOua(o—yl)=  fim e H ),
(%,9,1)— (%0,90,10) (%,9,1)—(0,0,0) 47T A

—24?) (2%
the rates of convergence ﬁe @ —ooand |x| > 0 and also —e~ % — o0 and

ly] = 0 must be equivalent. Note that |x| = |y| = O(A).
Hence

’L,\(f;x,y) —f(xo,yo)‘ = O(A(A,S,x,y)) =o()).
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