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1 Introduction
For x € R” and r > 0, let B(x,r) denote the open ball centered at x of radius r, CB(x, r)
denote its complement and |B(x, r)| is the Lebesgue measure of the ball B(x,r). Suppose
that §”~1 is the unit sphere in R” (1 > 2) equipped with the normalized Lebesgue measure
do.

Let Q € Ly(S"!) with 1 < s < 0o be homogeneous of degree zero. Suppose that T, rep-
resents a linear or a sublinear operator, which satisfies, for any f € L;(R"”) with compact

support and x ¢ suppf,

Taf <o [ 5Dy 8y

where ¢ is independent of f and .
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For a function b, suppose that the commutator operator Tg represents a linear or a
sublinear operator, which satisfies, for any f € L;(R"”) with compact supportand x ¢ suppf,

| Tanf ()] < co / 1669 - 509 25D ) gy, (L2)
R e =y
where ¢ is independent of f and .

We point out that the condition (1.1) in the case 2 =1 was first introduced by Soria and
Weiss in [1]. The condition (1.1) is satisfied by many interesting operators in harmonic
analysis, such as the Calderén-Zygmund operators, Carleson maximal operators, Hardy-
Littlewood maximal operators, C Fefferman singular multipliers, R Fefferman singular in-
tegrals, Ricci-Stein oscillatory singular integrals, the Bochner-Riesz means, and so on (see
[1, 2] for detalils).

Let Q € Ly(5") with 1 < s < 0o be homogeneous of degree zero and satisfy the cancela-

tion condition
/ N _
/S Q(x)do(x') =0,

where &' = x/|x| for any x # 0. The homogeneous singular integral operator T, defined by

9 )y

Tof (x) = p.v. f -
rr X —y
satisfies the condition (1.1).

It is obvious that when Q =1, T, is the singular integral operator 7.

Theorem A ([3]) Suppose that 1 < p < 00, Q € L(S™™), s > 1, is homogeneous of degree
zero and has mean value zero on S"'. If s < p, p #1 or p < s, then the operator Tq is
bounded on L,(R"). Also the operator Tq is bounded from Li(R") to WL, (R").

Let b be a locally integrable function on R”, then we shall define the commutators gen-

erated by singular integral operators with rough kernels and b as follows:

Qx-y)
d
|x_Wf(y)y

[hTQﬂMEbWﬁEM@—meﬂw=n%LJM@—b@ﬂ

Theorem B ([3]) Suppose that Q € Ly(S"™1), s > 1, is homogeneous of degree zero and has
mean value zero on S" L. Let 1 < p < oo and b € BMO(R"). If s' < p or p < s, then the com-
mutator operator (b, Tq) is bounded on L,(R™).

The classical Morrey spaces M,,, were first introduced by Morrey in [4] to study the
local behavior of solutions to second order elliptic partial differential equations. For the
boundedness of the Hardy-Littlewood maximal operator, the fractional integral operator
and the Calderén-Zygmund singular integral operator on these spaces, we refer the read-
ers to [5-7]. For the properties and applications of classical Morrey spaces, see [8—11] and
references therein. The generalized Morrey spaces M,,, are obtained by replacing * by a

function ¢(r) in the definition of the Morrey space. During the last decades various classi-
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cal operators, such as maximal, singular, and potential operators, were widely investigated
in both in classical and generalized Morrey spaces.
In this paper, we prove the boundedness of the operators T, from one generalized lo-

cal Morrey space LM59) to another LM59), 1 < p < 00, and from the space LME;‘J’I} to the
weak space WLM%’Z} .
(¢1, 92) which ensure the boundedness of the commutator operators [b, Tg] from LM;ffgl}
1_ 1.1
p- o p2’
By A < B we mean that A < CB with some positive constant C independent of appro-

In the case b € LC,{:;(,)A}’ we find the sufficient conditions on the pair
to LM59, 1< p < o0,
priate quantities. If A < B and B < A, we write A ~ B and say that A and B are equivalent.

2 Generalized local Morrey spaces
We find it convenient to define the generalized Morrey spaces in the form as follows.

Definition 2.1 Let ¢(x,7) be a positive measurable function on R” x (0,00) and 1 < p <
0o. We denote by M,,,(R”) the generalized Morrey space, the space of all functions f €
LLOC (R™) with finite quasinorm

gy, = sup @Ce )M I L, esm)- (2.1)

s
x€R”,r>0

The generalized Morrey spaces M, ,(R"”) with norm (2.1) introduced by Mizuhara in
[12], which was later extended and studied by many authors (see [13, 14]). Note that the
generalized Morrey spaces M,,,(IR") with normalized form

1
Iy, = sup @) (B )| 2 I1f L, 56 (2.2)
x€R”,r>0

were first defined by Guliyev in [15].
Also, in [15], there was defined the weak generalized Morrey space WM, , = WM, ,(R")
of all functions f € WL};’C(R”) for which

_1
p @) B )| 7 If llwe, e < oc.

Iflwa,, = su
x€R™,r>0

According to this definition, we recover the Morrey space M, and weak Morrey space

WM,,,, under the choice ¢(x,7) = rE
Mp,k = Mp,(p A=n VV]\/II,,}L = WMp,w At .

Recall that in 1994 the doctoral thesis [16] by Guliyev (see also [17-20]) introduced the
local Morrey-type space LMy, given by

f 2oy, = W) I 12, 0.9 HL@(O,oo) < 00,

where w is a positive measurable function defined on (0, 00). The main purpose of [16]
(also of [17-20]) is to give some sufficient conditions for the boundedness of fractional
integral operators and singular integral operators defined on homogeneous Lie groups in
the local Morrey-type space LM, ,,. In a series of papers by Burenkov, H Guliyev and
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V Guliyeyv, etc. (see [21-24]), some necessary and sufficient conditions for the bounded-
ness of fractional maximal operators, fractional integral operators, and singular integral
operators in local Morrey-type spaces LM,y ,, were given.

Definition 2.2 Let ¢(x, r) be a positive measurable function on R” x (0,00) and 1 < p < 0.
We denote by LM,,, = LM, ,(R") the generalized central (local) Morrey space, the space
of all functions f € L;’C(R”) with finite quasinorm

_1
Wfllzm,, = sug¢(0,r)’1|B(0,r)| PNz, 0.
r>

Also by WLM,,, = WLM,,,(R") we denote the weak generalized Morrey space of all func-
tions f € WL};’C(]R") for which

1
I llweaty, = sup@(0,7)7 | B(O, )| "2 IIf lwe, o) < o°.
>0

Particularly, if 6 = 00, LMpoo,w = LM, then the generalized central Morrey spaces
LM, , are the same spaces as the local Morrey spaces LM, with w(r) = @(0,r)Lrmip,
Note that f € M,,, if and only if f(- — x),p» forms a bounded set in LM,,,.

Definition 2.3 Let ¢(x, r) be a positive measurable function on R” x (0,00) and 1 < p < co.
For any fixed xy € R” we denote by LM;’;Q} = LMl{,’fg}(R”) the generalized local Morrey
space, the space of all functions f € L;fc (R”) with finite quasinorm

|lf||LM1<f8} = [/ o + ')”LMW'

Also by WLM}fg} = WLM;’,C(,‘?}(R”) we denote the weak generalized local Morrey space of
all functions f € VVL};’C (R") for which

Wl zor = 1 Geo )y, < 00

According to this definition, we recover the local Morrey space LMI{:’C)‘\)} and weak local
-n

Morrey space WLM%’} under the choice ¢(xo,7) =77 :

{xo} _ {x0} ) {xo} _ {x0}
LM LM pfg At WILM WILM p’fg

= Aent = Aot .
P @xo,r)=r P P @lxo,r)=r P

Wiener [25, 26] looked for a way to describe the behavior of a function at the infinity.
The conditions he considered are related to appropriate weighted L, spaces. Beurling [27]
extended this idea and defined a pair of dual Banach spaces A, and By, where1/q + 1/q4' = 1.
To be precise, A, is a Banach algebra with respect to the convolution, expressed as a union
of certain weighted L, spaces; the space B is expressed as the intersection of the corre-
sponding weighted L, spaces. Feichtinger [28] observed that the space B, can be described
by

_kn
Iflls, = iupz = Xkl ey, (2.3)
>0
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where Yo is the characteristic function of the unit ball {x € R” : |x| <1}, xx is the charac-
teristic function of the annulus {x € R” : 281 < |x| < 2K}, k = 1,2,.... By duality, the space
A,(R"), called the Beurling algebra now, can be described by

o0
_kn
WFllag =Y 277 If ey (2.4)
k=0

Let Bq(R”) and Aq(R”) be the homogeneous versions of B,(R”) and A,(R") by taking
k € Z in (2.3) and (2.4) instead of k > 0 there.

If . <0 or A > n, then LM[{ﬁ’ }(R”) = ©, where O is the set of all functions equivalent to 0
on R”. Note that LM,,o(R") = L,(R") and LM,, ,(R") = B,(R");

By = LMPv‘/’|¢(0 )

,r)=rin?

W8, = WLM,,, |¢ O)riin”
Alvarez et al. [29], in order to study the relationship between central BMO spaces and
Morrey spaces, introduced X-central bounded mean oscillation spaces and central Morrey
spaces Bp,u(Rn) =LM, enpuR"), 1 € [—}7, 0. If u < —}7 or i > 0, then Bp,,l(R”) = ©. Note
that Bp _1(R") = L,(R") and Bp,o (R™) = Bp (R™). Also define the weak central Morrey spaces
. TP
WB,,u(R") = WLMp 1snp, (R?).
Inspired by this, we consider the boundedness of singular integral operator with rough
kernel on generalized local Morrey spaces and give the central bounded mean oscillation

estimates for their commutators.

3 Sublinear operators with rough kernel generated by Calderén-Zygmund

operators in the spaces LM,‘,’,‘(‘},}

In this section we are going to use the following statement on the boundedness of the
weighted Hardy operator:

H,g(t):= /Oog(s)w(s) ds, 0<t<oo,

where w is a fixed function non-negative and measurable on (0, 00).
The following theorem was proved in [30, 31].

Theorem 3.1 Let vy, vo, and w be positive almost everywhere and measurable functions
on (0,00). The inequality

esssup vo(t)H,g(t) < Cesssupvy(£)g(t) (3.1)
t>0

t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, 00) if and only if

o w(s)ds
B :=esssupvy(t) _— <
0 ¢ €SSSUP, ;oo Vi(T)

Moreover, the value C = B is the best constant for (3.1).

The following statement, containing the results obtained in [12, 13] was proved in [3].



Balakishiyev et al. Journal of Inequalities and Applications (2015) 2015:61 Page 6 of 18

Theorem 3.2 Suppose that Q € Ly(S™), s > 1, is homogeneous of degree zero and has mean
value zero on "1, Let 1 < s’ < p < 0o and ¢(x, r) satisfy the conditions

o, r) < o, t) < colx,r) (3.2)

whenever r < t < 2r, where ¢ (> 1) does not depend on t,r,x € R", and
o dt
p(x, t)”T < Co(x,r), (3.3)
r

where C does not depend on x and r. Then the operator T is bounded on M.

The following statement, containing the results obtained in [12, 13] was proved in [15,
16] (see also [17, 21-23, 32]).

Theorem 3.3 Let 1 < p < 0o and (@1, ¢2) satisfy the condition
o dt
(pl(or t)? = CQDZ(O’ 7"), (3.4)
r

where C does not depend on r. Then the operator T is bounded from LM, to LM, ,, for
p>1and from LM, to WLM, ,, forp =1.

Corollary 3.4 Let1 < p < 00 and (1, ;) satisfy the condition
o dt
(pl(x: t)? = CQOZ(x: l"), (35)

where C does not depend on x and r. Then the operator T is bounded from M,y to M,
for p>1 and from My, to WM, forp=1.

The following statement, containing results obtained in [15, 16], was proved in [30].

Theorem 3.5 Letxo € R",1 <p<o0,and Q € Ly(S"1),s>1,bea homogeneous of degree
zero. Let also, for s < p or p < s, the pair (¢1, p2) satisfy the condition

7 dt < C(p2(x0’ V), (36)

n
/°° essinfycrcoo @1(%0, T)T?
r tp

where C does not depend on r. Then the operator Ty is bounded from LMI{,’,‘&} to LM}’;‘}; Sfor

p >1and from LM}?;?I} to WLM%JZ} forp=1.

Corollary 3.6 Letl <p< o0, Q € Ly(S" ™), s > 1, be a homogeneous of degree zero. Let also,
fors' < porp<s, the pair (p1, p>) satisfy the condition

n
/ © essinfrreoo 1%, T) T2
r

741

tr

dt < Cpy(x, 1), (3.7)

where C does not depend on x and r. Then the operator T is bounded from M, to My,
for p>1 and from My, to WM, forp=1.
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Lemma 3.7 Let xy € R", 1 < p < 00, Tq be a sublinear operator satisfying condition (1.1)
with Q € Ly(S" ™), s > 1, be a homogeneous of degree zero, bounded on L,(R") for p > 1, and
bounded from L,(R") to WL,(R").

Ifp>1ands <p, then the inequality

oo
n _n_1
I Tof |2, Bexor) SV”/ Iz, (Baoent ? dt

2r

holds for any ball B(xy,r) and for all f € L;OC (R™).
Ifp>1and p <s, then the inequality

o0
n_n n_n_q
1 Tof |2, Beory) ST7 ‘/ W, Bt ® # dt
2r

holds for any ball B(xy,r) and for all f € LLOC(R").
Moreover, for s > 1 the inequality

o]

| Tof llwiy B S V"/ N 2y (B o)) Bt (3.8)

2r
holds for any ball B(xo,r) and for all f € LY°°(R").

Proof Let1<p<ooands <p.Set B=B(xg,r) for the ball centered at xy and of radius r.
We represent f as

f=h+f A0V =fO)x2s0), L) =fO)xewpR () >0, (3.9)

and have

1 Tof e < 1 TofillL, @ + 1 Tof2ll,@)-

Since fi € L,(R"), Tqofi € L,(R") and from the boundedness of T on L,(R”) it follows
that

I Tafillz,» < ITofillL,®n < CllhillL,®n = CllfllL,es)

where constant C > 0 is independent of f.

Note that
1
s S
Le(B(xo,t)) — ( /B (v-s0 t)|9(y)| d)’)
1

= </B(o,z+x-x0|) [20)f dy) E
_ < /0 g [5 _|e)[do (y’)>%

, (3.10)

|-

Y

= o |1l ,(sn-1)|B(0, £ + [x = x0])

where ¢g = (nv,) ™ and v, = |B(0,1)|.
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Itis clear thatx € B,y € C(2B) implies %|xo -y <|x—y|l < %Ixo —y]. We get

FOIRE-I

Tofa(x)| <2"¢
| | Cap  lxo—yI"

By the Fubini theorem we have

FOlS2x - )1 y)l
Q
Cop X0 —yI" / rollse- y)|/ 0~ VHI v
<[] yollew-nlas:
2r  J2r<|xg-y|<t

o0 dt
5‘/ V(y)||9(x_y)|dytn+l
2r B(xg,t)

Applying the Holder inequality, we get

FOIS2Ax— )| / _1.1 dt
— " dy< Q(x B(xo, res
G(ZB) |x0—y|n VN ) |V||Lp(3xo t)) || Ls(ont | ( 0 ‘ t”+1
o0 1 =11 dt
5/2 W 2, Bontr) | B (%05 £ + 16 = x0) | * I stnj
.
o0
1-1 dt
S/ I 11, (Beor2) | B0, 2)| g
2r
o0 dt
~ /Zr |lf||Lp(B(xo,t))t§T- (3.11)
Moreover, for all p € [1,00), the inequality
n [ dt
I Tof2llz,@ SrP I llzyBeon =g (3.12)
2r tr
is valid. Thus
T dt
1Tof L,m S WfllL,ee + 77 ; ”f”Lp(B(xo,t))F-
r
On the other hand,
n * dt n [ dt
Wiiyen ~rFWflpen [ <rF [ 1l mner- (313)
»(2B) bom) | s Bo00) Ty
Thus

< I e dt
1 Tof L, Sr? VNl o) =7 -
2r tr

When 1 < p < s, by the Fubini theorem, the Minkowski inequality and (3.10), we get

%) d p 1_17
||Tgf2||Lp<B>s< /B ( f2 ; t)lf(y)||9(x—y>ldytnf1> dx)

<[] olac-nl, b
= o Bro) Ly(B) i+l
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1.1 [ dt
= Bl /zr /B<xo,t> rollec =2, Y ot

11 [0 Lodt
< B0 [ [ OB+ i) dy
2 JB(xo,0) t

n_n [ 1 dt
Sre s/ Hf||L1(B(xo,t))|B(x0;t)|Stml
2r

wlx

B
re

%

o0
/ Wl oyt 5 dt. (3.14)
2,

r

Let p =1 < s < 0o. From the weak (1,1) boundedness of T and (3.13) it follows that

ITofillwiie < I ToAlwney S Wl ey

. dt
= fll o8 ST |[f||L1(B(xo,t))tnT~ (3.15)
2r
Then from (3.12) and (3.15) we get the inequality (3.8). O

Theorem 3.8 Letxy € R”,1 < p <00, Tq be a sublinear operator satisfying condition (1.1)
with Q € Ly(S"™Y), s > 1, be a homogeneous of degree zero. Suppose that the operator Tq
is bounded on L,(R") for p > 1 and bounded from L,(R") to WL(R"). Let also, for s' < p,
p # 1, the pair (1, ¢2) satisfy the condition

dt < Cy(xo,71), (3.16)

n
f"’ essinf;r.oo ¢1(%0, T)T?
n
” tp+1

and for 1 < p < s the pair (g1, ¢2) satisfy the condition

°° essinf, X0, T T u
/ t<1:<;o_§fll( 0 ) dtf C(pz(xo,r)ﬁ, (317)
r

gpst

where C does not depend on r.
Then the operator Tq, is bounded from LMl{fgl} to LM%;Z}. Moreover,

1 Taf 01 S W1 -
Qf LMP,SZ v LMpvgl

Also the operator Tq, is bounded from LMEC(/?I} to WLMix(/?Z] and

<
I Tﬂf"mMm} S ”f”LMfﬁl)’

Proof Let 1< p < oo and s’ < p. By Lemma 3.7 and Theorem 3.1 with v5(r) = ¢y (x0,7) 72,

-1 _n_g
vi(r) = @1(x0,7) 7P, g(r) = I Il (Bexo.7)» and w(r) = "™ we have

dt

t§+1

o0
1T 0 S 500025010 [ 1
92 r>0 r

g
S sup @i (o, 7)1 Pl a0 = N, 000
>0 Pp1



Balakishiyev et al. Journal of Inequalities and Applications (2015) 2015:61 Page 10 of 18

Let 1 <p<s. By Lemma 3.7 and Theorem 3 1 with vy(r) = @y (%0, )7L, 11(7) = @1(%0,
P RS g(r) = If Iz, Bxor)> and w(r) = r~ 757! we have

n dt

1
ITof Il , w0} S sup@a(xo,r)~ 1 s IlfllL Blxo) THm1
LMy pl +1
92 r>0 tr

r

< sup @y (%0, 1) 7P If Nl 8w = “f||LM1(f£)'
91

>0

Alsoforp=1
N e dt
I Taf I, pytx01 < SUP @2(%0,7) WLy Beo.) St
Lyo r>0 r 4
S Sup(pl(x(): ”f”Lp B(x0,r)) ”f”LM(XO)- O
>0 Ly

Corollary 3.9 Let xo € R", 1 < p < 00, Tq be a sublinear operator satisfying condition
(1.1), with Q € Ly(S"™), s > 1, being a homogeneous of degree zero and bounded on L,(R")
for p>1, and bounded from L;(R") to WL (R").

Let also, for s' < p, p #1, the pair (p1, >) satisfy the condition

X

nq dt =< C(DQ(.?C, 7'), (3'18)

/ * essinfrercoo @1 (%, T)T
r tp

and, for 1< p <s, the pair (¢1, 2) satisfy the condition

n
* essinf, X, T)TP n
/ mio_ozll( ) dt < Coy(x,r)rs
r

(s

(3.19)

where C does not depend on x and r.
Then the operator Tg, is bounded from My, to M, ,. Moreover,

1T Mgy S 1 gy -

Also the operator Tq is bounded from M, to WM 4, and

1T lwntyy S W1y, -

Corollary 3.10 Let 1 < p < 0o and (@1, ;) satisfy condition (3.16). Then the operator T is

bounded from LMSS) to LM for p > 1 and from LMl’i;’1 to WLM™).

Let f € L1°°(R"). The rough Hardy-Littlewood maximal function Mg, is defined by

Maf)=sup e | [t o)y

t>0 |B X5

Then we can give the following corollary.

Corollary 3.11 Let1 < p < oo, Q € Ly(S" ™). Fors' < p, p #1, the pair (@1, ¢,) satisfies con-
dition (3.16) and, for 1 < p < s, the pair (@1, ¢2) satisfies condition (3.17). Then the operators

Mg and Tq are bounded from LMy} to LMy, for p > 1, and from LM{) to WLM{™).
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Corollary 3.12 Let1 < p <00, Q € Ly(S"™Y). Fors' < p, p #1, the pair (¢1, ¢,) satisfies con-
dition (3.18) and, for 1 < p < s, the pair (¢1, ¢2) satisfies condition (3.19). Then the operators
Mg and Tq, are bounded from M, to M,,,, and from My, to WM, .

Remark 3.13 Note that, in the case s = oo, Corollary 3.9 was proved in [33]. The condition
(3.16) in Theorem 3.8 is weaker than condition (3.4) in Theorem 3.3 (see [33]).

4 Commutators of linear operators with rough kernel generated by
Calderon-Zygmund operators in the spaces LM,{,’,(;},}
Let T be a linear operator; for a function b, we define the commutator [, T] by

[b, T1f (%) = bx) Tf (x) - T(bf)(x)

for any suitable function f. Let T be a Calderén-Zygmund singular integral operator.

A well-known result of Coifman et al. [34] states that the commutator [b, Tlf = be -

T(bf) is bounded on L,(R"), 1 < p < oo, if and only if b € BMO(R"). The commutator of

Calderén-Zygmund operators plays an important role in studying the regularity of solu-

tions of elliptic partial differential equations of second order (see, for example, [8-10, 35]).
The definition of a local Campanato space is as follows.

Definition 4.1 Let1 <g<ocoand 0 <A< % A function f € L};’C(R”) is said to belong to
the LC};‘A0 '(R") (local Campanato space), if

1 . 1/q
x0} = T 1.9 - X0, d )
”f”LC‘(i.}?} Sup( |B(XO; r)|1+kq /B(xo,r) lf(y) fB( o )| y) =%

r>0

where
£ . f)d
Blxor) = Tor 7 .
0N = B0 1) Jaor © 0
Define

LC R = {f € Ly (R") < f o) < 00},
q>

In [36], Lu and Yang introduced the central BMO space CBMO,(R") = LC% (R™). Note
that BMO(R") C (N CBMOE;‘O}(R”), 1 < g < 0o. The space CBMO,{;‘O}(]R”) can be re-
garded as a local version of BMO(R"), the space of bounded mean oscillation, at the origin.

g>1

But they have quite different properties. The classical John-Nirenberg inequality shows
that functions in BMO(R") are locally exponentially integrable. This implies that, for any
1 < g < 00, the functions in BMO(RR") can be described by means of the condition:

BCR”

sup (15 [ 10 —fsl"dy)uq <o0,

where B denotes an arbitrary ball in R”. However, the space CBM O({Ixo}(R”) dependsong.If
1 < g2, then CBMO,{;;O} (R™) ; CBMO;’;O}(R”). Therefore, there is no analogy of the famous
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John-Nirenberg inequality of BMO(R") for the space CBMOE;‘O] (R™). One can imagine that
the behavior of CBMO,{;CO} (R”) may be quite different from that of BMO(R”).

We will use the following statement on the boundedness of the weighted Hardy operator:

Hg(r) = / oo<1+1n f)g(t)w(t)dt, re (0,00),
P r

where w is a weight.

The following theorem was proved in [37].

Theorem 4.2 ([37]) Let vy, vo, and w be positive almost everywhere and measurable func-

tions on (0,00). The inequality

esssup v, (r)H,g(r) < Cesssup v, (r)g(r) (4.1)

r>0 >0

holds, for some C > 0 for all non-negative and non-decreasing g on (0,00), if and only if

t)dt
=sup vy(r) (1 +1In —) L < 00. (4.2)
r>0 SUDP¢cscc0 vi(s)

Moreover, the value C = B is the best constant for (4.1).
Remark 4.3 In (4.1)-(4.2) it is assumed that 0 - 0o = 0.

Lemma 4.4 Let b be a function in LC;C){’}(R”), 1<g<00,0<Ac< %, and ri,ry > 0. Then

)nbnmxo

(;/ |b(y) - b )|qdy)% <c(1+
|B(x07r1)|1+)hq B(xg,r1) o a

where C > 0 is independent of b, r1, and r,.

In [3] the following statement was proved for the commutators of singular integral op-

erators with rough kernels, containing the result in [12, 13].

Theorem 4.5 Suppose that Q € Ly(S"™), s > 1, is homogeneous of degree zero and b €
BMO(R"). Let 1 <5’ < p < 00, ¢(x,7) satisfy the conditions (3.2) and (3.3). Then the op-
erator [b, Tq) is bounded on My,

Lemma 4.6 Letxyo € R",1<p<oo,be LC},’;‘,’A](R”) 117 = p1 + p—, and 0 < A < .Letalso Tq
be a linear operator satisfying condition (1.1) with Q € Ly(S"),s>1,bea homogeneous of
degree zero and bounded on L,(R") for 1< p < o0.

Then, for s' < p, the inequality

n o t -2 1
16 Tl S W [ (10108 )0 H g

r

holds, for any ball B(xo,r) and for all f € L;OIC (R™).
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Also, for p; < s, the inequality

n_n [ E\ -y
[ Talf |y S WM hr™ [ (140D JE W gyt

holds, for any ball B(xo,r) and for all f € LLOIC (R™).

Proof Letl<p<oo,be LCI{;OA}(]R”), and 1 p_1 + . As in the proof of Lemma 3.7, we

represent the function f in the form (3.9) and have

(b, TQlf (x) =1 + ]2 +J3 + Ja = (b(x) — bp) Tofi (x)
— Ta((b() = be)fi) (%) + (b(x) — bg) Tafa(x) — Ta((b(-) - be)f) ().

Hence we get
|6, Talf [, ) < Wllpier + W2lpcer + W3l + Walz, e
From the boundedness of Tq on L,(R") and Lemma 4.4 it follows that

”]1||Lp H (b( bB)Tin()HLp(]R”)
=< [ (&¢) - bs) ||Lp2<w> I TQfl(’)”LPI(Rw

= Clib|l

kol 22 f e

o0
B _j_n
_C||b||ch0 rp2+p1+n |[f||Lm(zB)/ t pndt
2r

n o0 t -2 1
”b” pxo/\)rp /2 (1 +1In ;)tﬂ 71 |Lf||Lp1(B(xo,t)) dt.
2 r

From Lemma 4.4 for J, we have

Vol < | Ta(bO) = ba)fil oo
S @O - el en)

S ||b() - bB ||Lp2 (R™) ”_fl ||Lp1 (R")

o0
_1-=
S 0Bl B f o / £ de
2r

n o t UL |
”b”LCxO / (1+1n ;)tn £1 |[f||Lp1(B(x0,¢)) dt.

2r

For J3, it is known that x € B, y € C(2B), which implies %|x0 -y <|x—-y|l < %lxo —9l.
When s’ < py, by the Fubini theorem and (3.10), and applying the Holder inequality, we
have

lf(y)l
yl”

~ f / 190 - )| [f )| dye " di
2r 2r<|xo—yl<t

|Tszf2(x)|§c(>ﬁ( 29|
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< / / Q06— || 0)| dyt " de
2r  J B(xo,t)

oo
5[ 11z, B0 | 26 = )
2r

11
s 41-n
x0t>|B(’“0’ | T

o R

tn+1

o0 1
5/ |lf||Lp1(B(x0,t))|B(x0,t+ lx —xol)|°
2r

S /;O t7p£171”f||Lp1(B(xo,t)) dt.
Hence, from Lemma 4.4 we get
sl = [ (5C) = b5) T, gy
<160 =50) Ly [ EF 1 0
< 166 = 8) o™ [ EF W 00

o t i
+1A -]
<ol (xo»rf’ / (1+ln;)t P e,y B A
2

le r

4 *© L\ m-n1
||b||LCxo /zr (1+ln;>t P Wf iy, B, G-

When p; < s, by the Fubini theorem, the Minkowski inequality, (3.10) and from
Lemma 4.4, we get

||13||L,,<B)s(f8(/2 ; tlf(y)llbx) b2 - y>|dytn+1) dx)p
dt

=L le0 -2l md s
<[ / PO = sl 12 =)

Y 11 dt
<16l rpf” o / / PO =91 Do
A e
< bl oy 55" / s sty | B (o £ + o — 1) -5
Cpai 2r t
n_n [ t A+ 2T _q
”h”LCxO yre 3/ <1+1n;>t" TsTh ”f”Lpl(B(xo,t))dt' (4.3)
2r

For x € B, by the Fubini theorem, applying the Holder inequality, and from Lemma 4.4
we have

| Ta((b() - bg)f2) (%)

)l
S b(y)-b - d
Nﬁ(23)| 0) = a2 y)||x—)’|” i’
lf(y)
<
S [0 100 Bollote - 2
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0 dt
~/ / [60) - b3 ][220 - )| [ )] dy—s
2r 2r<|xo—y|<t ¢
00 dt
5/ / |b(y)—bB(xo,t)HQ(x_y)Hf(y)|dytnj
2r  J B(xq,t)
00 dt
* / 1bB(xo,1) = DBxo,0)] / ’Q(x _y)| [f()/)| dy n+l
2r B(xo,t) £

o0 _1_1 dt
5/2 H (b(')_bB(xOJt))fHLp(B(xo,t)) HQ(~—y) ”LS(B(xo,t))|B(x0’t)|l i StnT

r

o0
+ /2 165620, = b, 1 1y Bezo.0 [ 2 = D)1 gy B0, D]~ Pl g

r

)
1-n
S ‘/2 ”b() - bB(x(),t) ||Lp2 (B(x0,)) ”f”Lpl Bt 7 dt
r

*© L\ -1
+||b||LCxof <1+ln;)t PLNf Ny, (B, 42

P2r J2or

*© L\ m—2
”b”Lc"O /2r <1+1n;)t P f Ny, (Blxo ) 2.

Then for J, we have

allz, ) < | Ta(b() - bg)fs ||Lp(]Rn)

n o0 t y— |
Sl f (1+1n;)t” 1 Ny, gt

2r

When p; < s, by the Fubini theorem, (3.10), and the Minkowski inequality, we get

ITaf L) (/(foo xot}[f(y)Hsz(x )| dy M) dx)’%

dt
=[] rollec-nl,p b

B[ folac -l
< s =y ly —
2r  J B(xg,t) Ls(B) ¢+l
n_n [ 1dt
Sre S/ ||f||L1(B(x0,t))|B(x0rt+ Ixo—y|)|s proey
2r
o0
n_n n_n_3
Srevs / £5 20 |f Iy, (Blxg.0)) At (4.4)
2r
Now combining all the above estimates, we end the proof of Lemma 4.6. O

The following theorem is true.

Theorem 4.7 Suppose that xy € R”,1 < p < 00, Tq, is a linear operator satisfying condition
(1.1) with € Ly(S"™), s > 1, is homogeneous of degree zero and bounded on L,(R"). Let
{x0} 1
beLCpM(R”) 5= +p—2 0<i<i.
Let also, for s' < py, the pair (¢1, ¢2) satisfy the condition

o0 t inf,. ,7)TP
/ (1 +1n—) essinficrcoo 000, T2 ) o o, (4.5)

r tl_’+1 ni
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and, for py < s, the pair (g1, 2) satisfy the condition

o t\ essinf, , Z n
f (1 + ln) infcree WO T W et (4.6)
r r tp sl

where C does not depend on r.
Then the operator [b, Tq] is bounded from LM, ng&} to LM nggz} Moreover,

<
|16, Talf |y S 11l oo 1 -

Proof The statement of Theorem 4.7 follows by Lemma 4.6 and Theorem 4.2 in the same
manner as in the proof of Theorem 3.8. d

Corollary 4.8 Suppose that xy € R", Q € Ly(S§"™) with s > 1, is homogeneous of degree
zero. Let1<p<oo,be LCIE’;‘,’A}(R"), % = pil + piz, and 0 < A< % Let also, for s’ < py, the pair
(@1, ¢2) satisfy the condition (4.5), and, for p < s, the pair (@1, @) satisfy the condition (4.6).

Then the operator [b, Tq] is bounded from LMSS) to LMSY).

Corollary 4.9 Let Tq be a linear operator satisfying condition (1.1) with Q € Ly(S"1),s > 1,
being homogeneous of degree zero and bounded on L,(R"). Suppose 1 < p < 00 and b €
BMO(R"). Let also, for s' < p, the pair (p1, >) satisfy the condition

00 t inf, T)Tp
/ (1 +1n -> essinficceo O TTY ) o, (4.7)
, r tl—g+1

and, for p < s, the pair (@1, ¢2) satisfy the condition

e t\ essinf, , TP n
f (1 +1n -) inficreo WE T W et (4.8)
r r gpstl

where C does not depend on x and r.
Then the operator [b, Tq] is bounded from M,y to M,,,,. Moreover,

|15, TQVHMIW S 1Blsaolf 11, -

Corollary 4.10 Suppose that Q € Ly(S"™) with s > 1, is homogeneous of degree zero. Let
1< p < oo and b e BMO(R"). Let also, for s' < p, the pair (¢1, ) satisfy the condition
(4.7) and, for p < s, the pair (@1, @) satisfy the condition (4.8). Then the operator [b, Tq] is
bounded from My, to My, .

Remark 4.11 Note that the boundedness of sublinear operators with rough kernel and its
commutator on the generalized central (local) Morrey spaces LM, , were studied in [38].
Also, in the case s = 0o Corollary 4.8 was proved in [30] and Corollary 4.10 in [33].
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