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In this paper, we establish the existence and uniqueness of fractional system involving
nonlinear Schrödinger equations. This system of time-fractional partial differential equa-
tions arises in quantum mechanics. It describes how the quantum state of some physical
system changes with time. We show that the system under consideration admits a global
solution in appropriate functional spaces. The solution is shown to be unique. The tool
based on an analytic technique from the fixed point theory and the fractional calculus is
taken in the sense of the Riemann-Liouville differential operator. We suppose that all the
functions are analytic in the open unit disk.

2 Generalized calculus
A fractional of arbitrary order originates from the Riemann-Liouville definition of a gen-
eralized integral with order α as follows [, ]:

aIα
t f (t) =

∫ t

a

(t – τ )α–

�(α)
f (τ )dτ .

The derivative operator of arbitrary order for the function f of order α >  is read by

aDα
t f (t) = (d/dt)

∫ t

a

(t – τ )–α

�( – α)
f (τ )dτ .

When a = , we shall denote Dα
t f (t) := Dα

t f (t) and Iα
t f (t) := Iα

t f (t) in the follow-up.
Newly, Alsaedi et al. [] derived an inequality for fractional derivatives as follows.

Lemma . Let one of the following assumptions be satis“ed:
• u ∈ C([,T ]) and v ∈ Cβ ([,T ]), α < β ≤ ,
• v ∈ C([,T ]) and u ∈ Cβ ([,T ]), α < β ≤ ,
• u ∈ Cβ ([,T ]) and v ∈ Cδ([,T ]), α < β ≤ β + δ, β , δ ∈ (, ),

where Cγ ([,T ]) = {u : [,T ]→R/|u(t) –u(t –h)| = O(hγ ) uniformly for  < t –h < t ≤ T }.
Then we have

Dα
t (uv)(t) = u(t)Dα

t v(t) + v(t)Dα
t u(t)

–
α

�( – α)

∫ t



(u(s) – u(t))(v(s) – v(t))
(t – s)α+

ds

–
u(t)v(t)

�( – α)t–α

point-wise.

Remark . In virtue of Lemma ., if v and u have the same sign and are both increasing
or both decreasing, then

Dα
t (uv)(t)≤ u(t)Dα

t v(t) + v(t)Dα
t u(t)

and for u = v, we get

Dα
t

(
u)(t)≤ u(t)Dα

t u(t).
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3 Fractional system
Consider the two dimensional fractional system (the nonlinear case can be found in [])

i∂α
t φ = –



�φ +

β


|z|φ + γ|φ|μφ + γ|φ|φ + λφ, (.a)

i∂α
t φ = –



�φ +

β


|z|φ + γ|φ|φ + γ|φ|μφ + λφ, (.b)

where z∈ U := {z∈ C : |z| < }, t >  and ∂α
t is the Riemann-Liouville differential operator

which is defined by ∂α
t φ(t) = Dα

t φ(t), subject to the initial conditions

(
φ(, ·) = φ

 ,φ(, ·) = φ
 ∈ U

)
.

The parameter set can be listed as
• i is the imaginary unit;
• α ∈ (, ] is the fractional order;
• � is the Laplacian;
• β >  is referred as the magnetic trapping strength;
• μ >  is the mean-field exponent;
• λ ∈R is the external driven field constant;
• γij is for the intra specific scattering lengths;
• φ, φ are wave functions of a quantum system.

The system can be written in the compact form

i∂α
t � = A� + F(�) +B�, �(·, ) = �,

where

A =

(
– 

� + 
β

|z| 
 – 

� + 
β

|z|
)
, B=

(
 λ

λ 

)
,

and

F(�) =

(
γ|φ|μφ + γ|φ|φ

γ|φ|φ + γ|φ|μφ

)
.

It is clear that F(�) and B� are locally Lipschitz continuous in the unit disk.

4 Existence solution
In this section, we deduce the existence and uniqueness for the system (.a)-(.b) with
the initial condition φ(, ·) = φ

 , φ(, ·) = φ
 .

Theorem . Consider(φ
 ,φ

 ) ∈ H (U)and |γjj | ≤ |γ|, j = , . If σTα

�(α+) < , for a positive

numberσ , then there exists a unique global solution(φ,φ) for the system(.a)-(.b) such

that

(φ,φ) ∈ L∞(
[,T ],H ) ∩ L([,T ],H) × L∞(

[,T ],H ) ∩ L([,T ],H). (.)
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Moreover,

(
∂α

t φ, ∂α
t φ

) ∈ (
L([,T ];L) × C

(
[,T ];L) × L([,T ];L) × C

(
[,T ];L)). (.)

Proof The proof takes place in six steps. The first five steps concern prior estimates. Step 
addresses uniqueness.
Step . Formal “rst energy estimates.Multiplying (.a) by φ, integrating over the unit

disk U , and applying Remark ., we obtain the first estimate



∂α

t

∥∥φ(t , ·)
∥∥

L +



∥∥∥∥∂φ

∂z
(t , ·)

∥∥∥∥


L
≤ β



∫
U

|z||φ| + |γ|
μ + 

∥∥φ(t , ·)
∥∥μ+

Lμ+

+ |γ|
∫

U

∣∣φ(t , ·)
∣∣∣∣φ(t , ·)

∣∣ dz+ λ

∫
U

φφ

≤ β


‖φ‖L +

|γ|
μ + 

∥∥φ(t , ·)
∥∥μ+

Lμ+

+ |γ|
∫

U

∣∣φ(t , ·)
∣∣∣∣φ(t , ·)

∣∣ + λ

∫
U

φφ. (.)

Similarly, we multiply (.b) by φ and integrate over U to get



∂α

t

∥∥φ(t , ·)
∥∥

L +



∥∥∥∥∂φ

∂z
(t , ·)

∥∥∥∥


L
≤ β



∫
U

|z||φ| + |γ|
μ + 

∥∥φ(t , ·)
∥∥μ+

Lμ+

+ |γ|
∫

U

∣∣φ(t , ·)
∣∣∣∣φ(t , ·)

∣∣ dz+ λ

∫
U

φφ

≤ β


‖φ‖L +

|γ|
μ + 

∥∥φ(t , ·)
∥∥μ+

Lμ+

+ |γ|
∫

U

∣∣φ(t , ·)
∣∣∣∣φ(t , ·)

∣∣ + λ

∫
U

φφ. (.)

Combining (.) and (.), we have



(‖φ‖L + ‖φ‖L

)
+



(∥∥∥∥∂φ

∂z

∥∥∥∥


L
+

∥∥∥∥∂φ

∂z

∥∥∥∥


L

)

≤ β


(‖φ‖L + ‖φ‖L

)
+


μ + 

(|γ|‖φ‖μ+
Lμ+ + |γ|

∥∥φ(t , ·)
∥∥μ+

Lμ+

)

+ |γ|
∫

U

∣∣φ(t , ·)
∣∣∣∣φ(t , ·)

∣∣ + λ
∫

U
φφ

≤ β


(∥∥φ(t , ·)

∥∥
L +

∥∥φ(t , ·)
∥∥

L
)
+


μ + 

(|γ|∥∥φ(t , ·)
∥∥μ+

Lμ+ + |γ|
∥∥φ(t , ·)

∥∥μ+
Lμ+

)

+ |γ|
∥∥φ(t , ·)

∥∥
L

∥∥φ(t , ·)
∥∥

L + |λ|∥∥φ(t , ·)
∥∥

L

∥∥φ(t , ·)
∥∥

L .

Employing the Gagliardo-Nirenberg inequality and utilizing the inequality

∥∥ϕ(t , ·)∥∥L ≤ ‖ϕ(t , ·)‖L + 

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yield



(∥∥φ(t , ·)

∥∥
L +

∥∥φ(t , ·)
∥∥

L
)
+


(∥∥∇φ(t , ·)

∥∥
L +

∥∥∇φ(t , ·)
∥∥

L
)

≤ β


(‖φ‖L + ‖φ‖L

)

+
Kμ

μ + 
(|γ|∥∥∇φ(t , ·)

∥∥μ

L

∥∥φ(t , ·)
∥∥

L + |γ|
∥∥∇φ(t , ·)

∥∥μ

L

∥∥φ(t , ·)
∥∥

L
)

+ K |γ|
∥∥∇φ(t , ·)

∥∥
L

∥∥φ(t , ·)
∥∥

L

∥∥∇φ(t , ·)
∥∥

L

∥∥φ(t , ·)
∥∥

L

+ |λ|∥∥φ(t , ·)
∥∥

L

∥∥φ(t , ·)
∥∥

L

≤ β


(∥∥φ(t , ·)

∥∥
L +

∥∥φ(t , ·)
∥∥

L
)

+
Kμ

μ + 
(|γ|∥∥∇φ(t , ·)

∥∥μ

L

∥∥φ(t , ·)
∥∥

L + |γ|
∥∥∇φ(t , ·)

∥∥μ

L

∥∥φ(t , ·)
∥∥

L
)

+ K |γ|
(∥∥∇φ(t , ·)

∥∥
L

∥∥φ(t , ·)
∥∥

L +
∥∥∇φ(t , ·)

∥∥
L

∥∥φ(t , ·)
∥∥

L
)

+ |λ|(‖φ‖L + ‖φ‖L
)
+ |λ|,

where Kμ >  and K > . Now let ‖∇φ(t , ·)‖m
L := max{‖∇φ(t , ·)‖L ,‖∇φ(t , ·)‖μ

L} and
‖∇φ(t , ·)‖m

L := max{‖∇φ(t , ·)‖L ,‖∇φ(t , ·)‖μ

L}, we conclude that



∂α

t

(∥∥φ(t , ·)
∥∥

L +
∥∥φ(t , ·)

∥∥
L

)
+


(∥∥∇φ(t , ·)

∥∥
L +

∥∥∇φ(t , ·)
∥∥

L
)

≤
(

|λ| + β



)(‖φ‖L + ‖φ‖L
)

+
(

Kμ

μ + 
+K

)
|γ|

(∥∥∇φ(t , ·)
∥∥m

L

∥∥φ(t , ·)
∥∥

L +
∥∥∇φ(t , ·)

∥∥m
L

∥∥φ(t , ·)
∥∥

L
)
+ |λ|.

By applying the generalized Gronwall lemma to the last assertion, we find that

sup
t∈[,T ]

(∥∥φ(t , ·)
∥∥

L +
∥∥φ(t , ·)

∥∥
L

)
+

∫ T



(∥∥φ(t , ·)
∥∥

H +
∥∥φ(t , ·)

∥∥
H

)
dt

≤
∫ T



(∥∥φ(t , ·)
∥∥

L +
∥∥φ(t , ·)

∥∥
L

)
dt

+
∫ T



(∥∥∇φ(t , ·)
∥∥m

L

∥∥φ(t , ·)
∥∥

L +
∥∥∇φ(t , ·)

∥∥m
L

∥∥φ(t , ·)
∥∥

L
)
dt + C,T ,

where C,T is a constant depending on α, β , μ, Kμ, K , |γ|, T , |λ|, φ
 , and φ

 .
Step . L∞-bounds. In this step, we proceed to compute the L∞-bounds on φ and φ.

Multiplying (.a) by �φ = ∂φ
∂z

and integrating over U yield



∂α

t

(∥∥∥∥ ∂

∂z
φ(t , ·)

∥∥∥∥


L

)
+



(∥∥∥∥∂φ

∂z
(t , ·)

∥∥∥∥


L

)

≤ β



∫
U

∣∣∣∣φ
∂φ

∂z

∣∣∣∣(t , ·) + |γ|
∫

U
|φ|μ

∣∣∣∣φ
∂φ

∂z

∣∣∣∣(t , ·)
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+ |γ|
∫

U
|φ|

∣∣∣∣φ
∂φ

∂z

∣∣∣∣(t , ·) + |λ|
∫

U

∣∣∣∣φ
∂φ

∂z

∣∣∣∣(t , ·)

≤ κ

(∫
U

∣∣∣∣φ
∂φ

∂z

∣∣∣∣(t , ·) +
∫

U
|φ|μ

∣∣∣∣φ
∂φ

∂z

∣∣∣∣(t , ·) +
∫

U
|φ|

∣∣∣∣φ
∂φ

∂z

∣∣∣∣(t , ·)

+
∫

U

∣∣∣∣φ
∂φ

∂z

∣∣∣∣(t , ·)
)
,

where κ is a positive constant depending on β , λ, γ, and γ. In view of the Young and
the Cauchy-Schwarz inequalities, we deduce that

∂α
t

∥∥∥∥ ∂

∂z
φ(t , ·)

∥∥∥∥


L
+

∥∥∥∥∂φ

∂z
(t , ·)

∥∥∥∥


L

≤ κ̃
(‖φ‖L + ‖φ‖μ+

Lμ+ + ‖φ‖L‖φ‖L + ‖φ‖L
)
,

where κ̃ is a positive constant concerning α, β , μ, λ, γ, and γ. Again by employing the
Gagliardo-Nirenberg inequality

∂α
t

∥∥∥∥ ∂

∂z
φ(t , ·)

∥∥∥∥


L
+

∥∥∥∥∂φ

∂z
(t , ·)

∥∥∥∥


L
≤ κ̂

(‖φ‖L + ‖φ‖L
)
,

where κ̂ is a positive constant depending on α, β , μ, λ, γ, and γ. By the regularity
assumptions on the initial conditions that ∂

∂zφ|t= ∈ L(U), we therefore have

φ ∈ L∞(
[,T ],H ) ∩ L([,T ],H).

Similarly, multiplying (.b) by �φ = ∂φ
∂z

and integrating over U leave us with

φ ∈ L∞(
[,T ],H ) ∩ L([,T ],H).

Step . Second estimate: converge solution. Consider the system

i∂α
t φn = –



�φn +

β


|z|φn + γ|φn|μφn + γ|φn|φn + λφn, (.a)

i∂α
t φn = –



�φn +

β


|z|φn + γ|φn|φn + γ|φn|μφn + λφn, (.b)

subject to the initial conditions

(
φn(, ·) = φ

n,φn(, ·) = φ
n ∈ U

)
.

In a similar manner to Step , we can see that the approximate solution (φn,φn) is
bounded in L × L. Multiplying (.a) by �φn = ∂φn

∂z
and integrating over U



∂α

t

(∥∥∥∥ ∂

∂z
φn(t , ·)

∥∥∥∥


L

)

≤ 


(∥∥∥∥∂φn

∂z
(t , ·)

∥∥∥∥


L

)
+

β



∫
U

∣∣∣∣φn
∂φn

∂z

∣∣∣∣(t , ·) + |γ|
∫

U
|φn|μ

∣∣∣∣φn
∂nφn

∂z

∣∣∣∣(t , ·)
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+ |γ|
∫

U
|φn|

∣∣∣∣φn
∂φn

∂z

∣∣∣∣(t , ·) + |λ|
∫

U

∣∣∣∣φn
∂φn

∂z

∣∣∣∣(t , ·)

≤ σ

(∫
U

∣∣∣∣φn
∂nφn

∂z

∣∣∣∣(t , ·) +
∫

U
|φn|μ

∣∣∣∣φn
∂φn

∂z

∣∣∣∣(t , ·) +
∫

U
|φn|

∣∣∣∣φn
∂φn

∂z

∣∣∣∣(t , ·)

+
∫

U

∣∣∣∣φn
∂φn

∂z

∣∣∣∣(t , ·)
)
,

where σ is a positive constant relating on β , λ, γ, and γ. By applying the Young and
the Cauchy-Schwarz inequalities and the Gagliardo-Nirenberg inequality, respectively, we
propose that

∂α
t

∥∥∥∥ ∂

∂z
φn(t , ·)

∥∥∥∥


L
≤ σ̂

(
‖φn‖L + ‖φn‖L +

∥∥∥∥∂φn

∂z
(t , ·)

∥∥∥∥


L

)
, (.)

where σ̂ is a positive constant depending on α, β , μ, λ, γ, and γ. Similarly for φn we
impose

∂α
t

∥∥∥∥ ∂

∂z
φn(t , ·)

∥∥∥∥


L
≤ σ̃

(
‖φn‖L + ‖φn‖L +

∥∥∥∥∂φn

∂z
(t , ·)

∥∥∥∥


L

)
. (.)

Combining (.) and (.), then we have

∂α
t

(∥∥∥∥ ∂

∂z
φn(t , ·)

∥∥∥∥


L
+

∥∥∥∥ ∂

∂z
φn(t , ·)

∥∥∥∥


L

)

≤ σ

(
‖φn‖L + ‖φn‖L +

∥∥∥∥∂φn

∂z
(t , ·)

∥∥∥∥


L
+

∥∥∥∥∂φn

∂z
(t , ·)

∥∥∥∥


L

)
, (.)

where σ := σ̂ + σ̃ .
Step . Third estimate. In this step we argue for an estimate the upper bound of the

fractional derivative operator ∂α
t . Now we introduce the functions

�n(t) :=
∥∥∥∥∂φn

∂z
(t , ·)

∥∥∥∥


L
+

∥∥∥∥∂φn

∂z
(t , ·)

∥∥∥∥


L
,

�n(t) :=
∥∥∥∥∂φn

∂z
(t , ·)

∥∥∥∥


L
+

∥∥∥∥∂φn

∂z
(t , ·)

∥∥∥∥


L
.

Operating on (.) by Iα and employing the Sobolev inequality yield

�n(t)≤ � + σ

(∫ t



(t – τ )α–

�(α)
�n(τ )dτ +

∫ t



(t – τ )α–

�(α)
�n(τ )dτ

)

≤ � +
σTα

�(α + )
sup

t∈[,T ]
�n(t) + σ

∫ t



(t – τ )α–

�(α)
�n(τ )dτ . (.)

A computation implies that

sup
t∈[,T ]

�n(t) ≤ �

 – σTα

�(α+)

+
σ

 – σTα

�(α+)

∫ t



(t – τ )α–

�(α)
�n(τ )dτ

:= M +M  sup
t∈(,T ]

∫ t



(t – τ )α–

�(α)
�n(τ )dτ . (.)
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By induction, we find that for all t ∈ [,T ] and n

sup
n

sup
t∈[,T ]

�n(t)≤ MEα,(MT ), (.)

where M is a positive constant depending on α, σ , �. Thus, we have

sup
n

(∥∥∂α
t φn(t , ·)

∥∥
L +

∥∥∂α
t φn(t , ·)

∥∥
L

) ≤ MT ,α . (.)

Step . Convergence of the approximate solution. Let

�n :=
∥∥φn(t , ·)

∥∥
L +

∥∥φn(t , ·)
∥∥

L ;

the Young inequality shows

∂α
t �n(t) ≤ L

(
�n(t) +�n–(t)

)
. (.)

Applying the Gronwall lemma to (.), we attain

�n(t)≤ L̃α

∫ t


�n–(s)ds, (.)

where L̃α is a constant depending on all the coefficients of the system (.a)-(.b) and its
initial condition. Thus we have

�n(t)≤ (̃Lαt)n–

(n – )!
sup

s∈[,T ]
�(s);

therefore, the sequence (φn,φn) is a Cauchy sequence in the space L∞([,T ],L(U)).
This completes the existence proof. The next step shows the uniqueness.
Step . Uniqueness. Let (φ,φ) and (ϕ,ϕ) be two solutions for the system (.a)-(.b)

with the same initial condition (φ
 ,φ

 ) ∈ H (U). Assume that u = φ – ϕ and v= φ – ϕ

satisfy the system

i∂α
t u = –



�u +

β


|z|u + γ|u|μu + γ|v|u + λv, (.a)

i∂α
t v= –



�v+

β


|z|v+ γ|u|v+ γ|v|μv+ λu. (.b)

As in Step , we multiply (.a), (.b) by u, v, respectively, integrate over U and sum
up, and we conclude that



∂α

t

(∥∥u(t , ·)∥∥
L +

∥∥v(t , ·)∥∥
L

)

≤ 

(∥∥∇u(t , ·)∥∥

L +
∥∥∇v(t , ·)∥∥

L
)
+

(
|λ| + β



)(∥∥u(t , ·)∥∥L +
∥∥v(t , ·)∥∥L

)

+
(

Kμ

μ + 
+K

)
|γ|

(∥∥∇u(t , ·)∥∥m
L

∥∥u(t , ·)∥∥
L +

∥∥∇v(t , ·)∥∥m
L

∥∥v(t , ·)∥∥
L

)
.
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By applying the generalized Gronwall lemma, we conclude that

sup
t∈[,T ]

(∥∥u(t , ·)∥∥
L +

∥∥v(t , ·)∥∥
L

) ≤ ρ,

where ρ is an arbitrary constant depending on α, β , μ, Kμ, K , |γ|, T , |λ|, φ
 , and φ

 .
Hence we complete the proof. �

5 Numerical scheme
The system is solved in a bounded interval J= [a,b], where a < b. We utilize a grid with
size h and grid point zj = z + jh, j = , . . . ,m, where m +  ∈ N is an odd number of grid
points. Consequently, h = b–a

m . The time grid is posed by tn = ns, n ∈N, where s>  is the
time step measure. We put (φk)nj := φk(zj , tn), where k = , , j = , . . . ,m, and n ∈ N. We
split the system (.a)-(.b) into the three subsystems

i∂α
t φ =

β


|z|φ + γ|φ|μφ + γ|φ|φ, (.a)

i∂α
t φ =

β


|z|φ + γ|φ|φ + γ|φ|μφ, (.b)

i∂α
t φk = –



�φk, k = , , (.)

i∂α
t φ = λφ, i∂α

t φ = λφ, (.)

assumed on [tn, tn+] and subject to some initial conditions. We may solve these systems
as follows:
Step . Equations (.a) and (.b) can be solved by using numerical methods (see []);

thus we get an approximate solution in the interval [tn, tn + s
 ],

(φk)
j ≈ Eα,

(
–isα



(
β


zj + γ

∣∣(φ)nj
∣∣μ + γ

∣∣(φ)nj
∣∣

))
(φ)nj , (.)

where

Eα,ρ(z) =
∞∑

k=

zk

�(αk + ρ)

is the Mittag-Leffler function. Similarly for (φ)
j .
Step . Equation (.) can be solved, in the interval [tn, tn+], by using the method sug-

gested in [], yielding

(φk)


j =

∞∑
m=

Eα,

(
–isα



(
π



)

m
)

sin

(
mπz


)∫ 


(φk)
j (t ,w) sin

(
mπw


)
dw, (.)

for some initial conditions depending on (φk)
j .
Step . The equations of (.) are solved in the interval [tn, tn+] implying

(φ)



j = cosα(λs)(φ)



j + i sinα(λs)(φ)


j ,

(φ)



j = i sinα(λs)(φ)



j + cosα(λs)(φ)


j ,

(.)

where cosα and sinα are the fractional trigonometric functions [].
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Figure 1 Numerical solutions of the system (3.1a)-(3.1b). Solutions of the system (3.1a)-(3.1b), for
different values of α ∈ (0, 1). They are plotted in three dimensions, t ∈ [0, 5], with the initial wave function of a
quantum system φ0

1 = φ0
2 = 0 and z = (x, y), 0 ≤ x < 1, 0≤ y < 1. The iterations k of the algorithm are taken

from 1 to 1,000. (a) α = 0.1, (b) α = 0.5, (c) α = 0.75, and (d) α = 0.9. We conclude that the increasing value of
α implies increasing wavelets of solutions.

Step . We solve the problem (.a) and (.b) in the interval [tn + s
 , tn+] employing

(φ)



j to introduce (φ)





j .
Step . Similarly, we solve (.) and (.) in the interval [tn + s

 , tn+] to imply (φk)n+j (see
Figure ).
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