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1 Introduction
The theory of time scales was introduced and developed by Hilger [1] and Bohner and
Peterson [2, 3] in order to unify continuous and discrete analysis. It has been applied to
various fields of mathematics. In particular, many authors have extended some integral
inequalities used in the theory of differential, difference, and integral equations to an ar-
bitrary time scale; see, for instance, the papers [4-16] and the references cited therein.

In what follows, let us briefly comment on a number of closely related results which mo-
tivated our study. Li and Sheng [8] established several integral inequalities and studied the
boundedness properties of some nonlinear dynamic equations, one of which we present
below for convenience of the reader. In what follows, we use the following notation (some
other concepts related to the notion of time scales; see Bohner and Peterson [2]):

R denotes the set of real numbers, R, = [0,00), T is an arbitrary time scale, and the set
T* is derived from T as follows: if T has a left-scattered maximum 1y, then TX = T — {m,},
otherwise TX = T.

Theorem 1.1 [8, Theorem 3.2] Assume that u,a,b,f,g: T* — R, are rd-continuous func-
tions and let p and q be real constants satisfying p > q > 0. Then the inequality

u? (t) < a(t) + b(t) /t[f(s)up(s) +g(s)uq(s)] As, teTX

implies that, for any K > 0,

¢ 1
u(t) < {a(t) + b(t)/ e (t,a(s)) [a(s)f(s) +g(s) (ZK(qp)/pa(s) . I%Kq/p>] As} p’

where t € T* and A(t) = b(t)(f(t) + gK'TP'Pg(t)/p).
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Sun and Hassan [15] studied the following dynamic integral inequality with mixed non-

linearities.

Theorem 1.2 [15, Theorem 1] Assume that u,a,b,g,hy, hy : T* — R, are rd-continuous
functions and let A, and A, be real constants satisfying 0 < . <1 < Xy. Then, for any rd-
continuous functions ky(t) > 0 and ky(t) > 0 on T* satisfying k(t) = ki(t) — ka(t) > 0 and
w®k(t)b(o (t)) <1 for t € TX, the inequality

t

u(t) <alt)+ b(t)/ [g(s)u(s) + Iy (s)uM (o (s)) — hy(s)u’? (0 (s))]As, teTk

to

implies that
t
u(t) < a(t) + b(t) / eass(t,0(s))D(s)As, teT*,
to

where

k(£)b(o (£))

AW =b0eg@, B =T @)

D(t) = (1+ w(OB®)C0),
and
C(t) = ﬂ(t)g(t) + d(O’(t))k(t) + 91()\.1,[’11, kl) + 92()\.2, hz, kz)

The aim of this paper is to further generalize some integral inequalities on time scales
that have been reported in [7, 8, 15]. We consider the following dynamic integral inequal-

ities with mixed nonlinearities
u?(t) < a(t) + b(t) /[ t [f(S)u’” (s) + g()ul(s) + m(s)u™ (o (s))
— ()i (o (s)) + U(s) + /t s m(z’)ur(T)At] As, teTk 0
and

u?(t) < a(t) + b(t) / t w(t,s) [f(S)u” (s) + g(8)u(s) + m(s)u’ (o (s))

to

— hy(s)u™? (o(s)) +1(s) + /S m(t)u’(r)At]As, t e TX, (I1)

where p > g>0,p>r>0,0< A <p<2iy, p, q 1, A, and Ay are real constants,
u,a,b,f,g,m,hy,l,m: T% — R, are rd-continuous functions, and w : T x TX — R is a con-

tinuous function.

2 Main results

In what follows, Z denotes the set of integers, Ny denotes the set of nonnegative integers,
C,q denotes the set of rd-continuous functions. We say that a function p: T — R is re-
gressive provided 1+ uu(t)p(t) # 0, for all £ € TX. The set of all regressive and rd-continuous
functions will be denoted in this paper by R, and R* ={p e R :1 + u(t)p(¢) > 0,forall t €
T}.
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The following lemmas are very useful in the proof of our main results.
Lemma 2.1 [2, Theorem 6.1] Let u,b € C,qanda € R*. Then
u®(t) < a(t)u(t) + b(t), forallteT

yields
u(t) < ulto)ea(t, to) + / b(r)e (t,o(1))At, forallteT.

Lemma 2.2 [2, Theorem 1.117] Let ty € T and w: T x TK — R be continuous at (t,t),
t € TX with t > ty. Assume that w™(t, -) is rd-continuous on [ty, o (t)]. Suppose that, for each
& > 0, there exists a neighborhood U of t, independent of T € [ty, 0 (t)], such that

’w(o(t),r) —-w(s, 1) - WA(t,‘L')(O’(t) —s)‘ < sya(t) -8

, forallsel,

where w® denotes the derivative of w with respect to the first variable. Then
t
v(t) = / w(t,T)AT
to
implies that
t
vA@) = / wh(t, T)AT + w(o(t),t).
to
Lemma 2.3 [5, Lemma 2.1] Assume thata > 0 and p > q>0. Then

a?? < 9 capivg P~ dgcar

forany K > 0.

Lemma 2.4 Let u be a nonnegative function, 0 < Ay <p < Ay,¢c1 > 0,¢ >0, ky > 0, and
ko > 0. Then, fori=1,2,

(1) et + (<1) kit < 0,00, ¢i, kir p),

where

A

. )\,l' )“i = f;\. i
9[()\1') Cis ki,p) = (_l)l <_ - 1) <_) Cf lki)hl p'
4

p

Proof Set Fi(u) = (-1)"*Lcu* + (-1)'k;u?. It is not difficult to verify that F; obtains its max-
imum at « = (A;¢;/(k;p))"/®~*) and

A

oy M\ PR L
(Fi)max = (—1)l<;l - 1) (j) Cz‘p A kiAl 7 fori= 1,2.

The proof is complete. O
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Theorem 2.1 Assume that u,a,b,f,g,h, hy,l,m : T — R, are rd-continuous functions.
Then, for any rd-continuous functions ki(¢) > 0 and kx(t) > 0 on T* satisfying k(t) = ki (t) —
ky(t) > 0 and n()k(t)b(o () < 1 for t € T, the inequality (1) implies that

t 1/,
u(t) < {a(t) + b(t)/ eA@B(t,a(s))D(s)As} ’ forany K > 0,t € T, (2.1)
where

A = b () + LK@ p()g(r) + ZK PV / bom(oA,
4 p

k(t)b(o (1))
1- u()k(®)b(o (t))’

B(t) = D(t) = (1+ w(6)B(1))C(2),

and

C(y) = (t)( Lgapivg() 4 2= qKW) +/ (r)( —KUPpg(T) + p_rK’/P> AT
p to p
+ 61 (A1, 1, ki, p) + 02 (Ao, B, o, p) + a(B)f (£) + a0 () k(2) + 1(2).

Proof Define a function y by

y(t) = / [f () (s) + g()u(s) + I ()™ (0 (5)) — ha ()2 (01 (s))

/ m(t Ar]As, t e T*.

Then y(t) = 0 and

u(®) < (alt) + b(e)y(®)". 2.2)

On the basis of a straightforward computation and Lemma 2.4, we have

Y2 () = fOuP (B) + g(Ou’(t) + /t: m(T)u' (T) AT + I (t)u (o ()
—hy(O)u™2 (o (8)) +1(2)
<f&)u(¢) + g(e)ul(t) + /ttm(r)ur(r)Ar + k(t)up(a(t))
+601(A1, 1y, k1, p) + 02(Ao, ho, ko, p) + I(2). (2.3)

By virtue of Lemma 2.3, for any K > 0, we obtain

u(t) < (al) + bOY() ™ < LK@DP (a(t) + b)) + ’%KW,

W (0) < (al) + be)y®)" < ZKPP(a(e) + bo)y(e)) + £ S BT g,

AN

(2.4)

“G
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Using inequalities (2.2)-(2.4), we conclude that

YA @) < f@O)uf (t) + g(t)ul(t) + /t m(t)u (T)AT + k(t)up(o(t))
+ 91()\.1, hl,kl,p) + 92()\2, ]/12, kz,p) + l(t)

= £(©)(ale) + b(ED(0) + (0 (ZKWW (a(t) + b(0)y(0)) + I%W)

+ /t m(r)(zl((’_p)/p (a(r) + b(t)y(r)) + EI(’“’) AT
to p p
+ k(¢) [a(o(t)) + b(o(t))y(o(t))] +01(A1, 1y, ke, p) + 02(Ao, Bo, ko, p) + ()

<f(&)(alt) + bE)y®) + g(t) (l‘—jz((q-w/lﬂ (ald) + bO)Y(2)) + I%KW)

" <£K("p)/" f tb(f)m(‘r)A‘E)y(t)

to

t a—
+ / m(r)(zl((’p)/pa(r) + p—rl(’/p> At
to p p

+k@O[a(o(8) + b(c(0))y(0(6)] + 01001, 1y, ki, p) + 02, o, K, p) + 1(E)

) B(t)
=AY+ T 0BG

) B(t)
=AY+ T 0BG

y(o (1) + C(r)
(y(6) + n(&)y (1)) + C(2),

which implies that

1 B(t)

A
m)’ (¢) < ( (&) + m)y(t) +C(@),

that is,
yA(t) < (A® B)()y(t) + D(t), teT,

where D(£) = [1 + u(t)B(t)]C(¢). Note that y,D € C,q and A @ B € fi*. By Lemma 2.1, we
get the desired inequality (2.1). This completes the proof. d

Remark 2.1 If p =1 and g(¢) = m(t) = I(¢) = 0, then (2.1) reduces to the inequality estab-
lished in Theorem 1.2.

Remark 2.2 If m(t) =0, I(¢) = 0, and 4;(t) = 0 (i = 1,2), then Theorem 2.1 reduces to The-
orem 1.1.

Remark 2.3 Theorem 2.1 can be applied on an arbitrary time scale. Thus, we immediately
obtain the following corollaries for some peculiar time scales.

Corollary 2.1 Let T = R and assume that u,a, b,f, g, h1, hy, |, m: [ty,00) = R, are contin-
uous. Then, for any continuous functions ki(t) > 0 and ky(t) > 0 satisfying k(t) = ki(t) -
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ky(t) > 0 on [ty, 00), the inequality (1) yields
t t 1/p
u(t) < {a(t) + b(t)/ exp (/ (Al(r) + Bl(r)) dr)Cl(s) ds} forany K >0,t > t,

where

Ar(t) = b()f (2) + Lgtapivp(s )g(t) + £1<(r_p)/p/tb(f)m(f)df, By(t) = k()b(t),
V4 p 7

and

t —
Ci(2) =g(t)<q1((qp)/”a(t) L qK’””) + / m(r)(rK(’p)/’”a(r) + er,/p) dt
p p 0 p

p
+ Hl(klyhlx kl:p) + 920\2’1’12;/(2’]9) + ﬂ(t)(f(t) + k(t)) + l(t)
Corollary 2.2 Let T = Z and u,a,b,f,g,h,hy,[,m : Ng — R,. Then, for any functions

ki(t) > 0 and ky(t) > 0 satisfying k(t) = ki(t) — ka(£) > 0 and k(t)b(t + 1) < 1 on Ny, the
inequality (1) implies that

- t-1 lp
u(t) < {a Z(H 1+(A2 @ B,)( )))Dz(s)} forany K > 0,t € N,

s=tp \t=s+1
where
t-1
As(t) = b (2) + ZK("”’)/pb(t)g(t) ¥ ISK(””)/” 3" b(s)m(s)
k(t)b(t +1)
By(¢) = k@b +1) Dy(t) = (1+By(1)) Ca(t),
and

t-1
Cy(t) :g(t)(zl((q_p)/pa(t) + qu/p) + Z m(s)(iK('_p)/pa(s) + EK’/")
p P p p

s=to

+ 01 (A1, iy, ki, p) + 03(Ra, o, ko, p) + a()f () + a(t + 1)k(E) + 1(¢).

Theorem 2.2 Assume that u,a,b,f,g,h, hy,l,m: T* — R, are rd-continuous functions,
w(t,s) is defined as in Lemma 2.2 such that w(o (t),t) > 0 and w(t,s) > 0 for t,s € T with
s < t. Then, for any rd-continuous functions ki(t) > 0 and ky(t) > 0 on T* satisfying k(t) =
ky(t) = ky () > 0 and p(£)B(t) <1 for t € TX with

t
B(t) = w(o (8),t)k(D)b(o (8)) + f wh(t,$)k(s)b(0 (s)) As,

to

the inequality (1) implies that

t 1/
u(t) < {zz(t) +b(¢) / eA®B(t,a(s))D(s)As} ’ forany K > 0,t € T, (2.5)
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where

A(t) = w(o (t), ) Alt) + / twA(t,s)A(s)As, B(t) = YIS

C() =w(o(®),£)C(t) + [ t wh(t,5)C(s)As,  D(t) = (1+n@®)B(t)C(®),

to

A and C are defined as in Theorem 2.1.

Proof Define a new function z by

2(t) = f w(t,s) [f (8)u(s) + g()u(s) + i (8)u1 (0 (5)) = ha(s)u™ (0 (s)

to

+1(s) + /;Sm(r)u’(t)Ar:| As, teTk (2.6)
Then z(ty) = 0 and
u(®) < (alt) + b()z(®)"”. 2.7)
Using Lemmas 2.2-2.4 and combining (2.6) and (2.7), we deduce that
Z2(t) = w(o (8), ) [f(t)u"(t) +g(Oul(t) + hy (t)uM (o) - hy(t)u™? (o)
+1(t) + /tt m(r)u’(r)m]
+ ft t wh(t,s) [f (s)ut? (s) + gs)u’ (s) + I (s)u™ (0 (s)) = ha(s)u™ (0 (5))
+1(s) + ftsm(r)ur(t)Ar} As
< (w(a(t), £)k()b(o () + /t twA(t,S)k(s)b(a(s)) As)z(a(t))
+ <w(a(t),t)A(t) + /t twA(t, s)A(s)As)z(t)

+w(a(t),t)C(t) + /twA(t,s)C(s)As

to

- B(t) - "
=A()z(t) + TR M(t)B(t)Z(O(t)) +C(), teT~

Similar to the proof of Theorem 2.1, we obtain (2.5). The proof is complete. O

Remark 2.4 The inequality established in Theorem 2.2 generalizes that reported in [7,
Theorem 3.2].

On the basis of Theorem 2.2, the following two corollaries are easily obtained.



Tian et al. Journal of Inequalities and Applications (2015) 2015:12 Page 8 of 10

Corollary 2.3 Let T = R and assume that u,a,b,f,g,h,hy,l,m : [ty,00) — R, are con-
tinuous. Suppose further that w(t,s) and its partial derivative dw(t,s)/dt are real-valued
nonnegative continuous functions for t,s € [ty, 00) with s < t. Then, for any continuous func-
tions ki(t) > 0 and ky(£) > 0 on [ty, 00) satisfying k(t) = ki (t) — ko(t) > 0, the inequality (I1I)
implies that

t to 1/p
u(t) < {a(t) + b(t)/ exp(/ (Al(r) +l§1(r)) dr)é‘l(s) ds} forany K >0,t > t,

0

where
Aue) = wlt, 0 Ay(0) + /t ws) o as
B(0) = wit, DK(OB(0) + / P8 ko) ds,
Cit) = wlt, ) Co(0) + /t : aw;? 9 i) ds,

A; and Cy are the same as in Corollary 2.1.

Corollary 2.4 Let T = Z and u,a,b,f,g, 1, hy,l,m : Ng — R,. Assume that w(t,s) and
Aw(t,s) are real-valued nonnegative functions for t,s € No with s < t. Then, for any func-
tions ki(t) > 0 and ko (t) > O satisfying k(t) = ky(¢) — ky(¢) > 0 and Bz(t) <1on Ny with
t-1
By(t) =w(t + 1L, O)k(t)b(t +1) + Z Aqw(t, s)k(s)b(s + 1),

s=tg

the inequality (1) yields

t-1 / t-1 1p
u(t) < [a(t) + b(t) Z( l—[ (1 +(Ay @Bz)(r))>bz(s)] forany K >0,t € Ny,

s=ty \r=s+1

where Ayw(t,s) = w(t +1,s) — w(t,s) for t,s € Nog with s <t,

t-1 .
Ag() = wit +1,0)Ax(1) + g; Ayw(t,5)As(s),  By(t) = %}Zt),

_ -1 ) ) )
Cot) =w(t +1,£)Cy(t) + Z Aw(t, s)Cy(s), Da(®) = (1+ B2(6)) Co(0),

Ay and C, are defined as in Corollary 2.2.

Remark 2.5 By choosing possible values of k; and ky, one can derive many explicit
estimates for dynamic integral inequalities of types (I) and (II). For instance, if we let
ki = ky > 0, then B(¢) = B(t) = 0. In this case, Theorems 2.1 and 2.2 take simpler forms.

3 Example

The following example illustrates possible applications of our main results.
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Example 3.1 Counsider the following dynamic equation

[ulﬁ’(t)]A = F(t, U(t,u(t), u(o(t))), /tH(r, u(r))At),

to

(3.1)
ul(ty) = Co, teTk,

where Cy is a real constant, F,U : T x R x R — R, H: T x R — R are continuous func-
tions. Assume that, for t € T,

[F( U, V)| < 1U|+ VI,
|U(t,%,9)| <f@xl + g@)|x]7 + @)y - ha(8)]y1*2, (32)
|H(t,2)| < m(d)l2l",

wherep>¢g>0,p>r>0,0< XA <p<Ary, p, q 1, A1, and Ay are real constants, f, g, hi,

hy, and m are nonnegative rd-continuous functions on T¥. Then every solution u of (3.1)
satisfies, for any K > 0,

t 1/p
|u(t)| < {|C0| +/ eA(t,o(s))C(s)As} , teTk (3.3)
to
where
q r ‘
A(t) =f(t) + KU PPg(t) 4 —KIPIP / m(t)At
p p to
and
_ _ t
C(@) = (ZI((‘I_”)/P|C0| + uK’m’)g(t) + (ZI((’_")/”|C0| + uK””) f m(T)At
p p p p to
+01(A1, By, ki, p) + 02(Aa, ha, ko, p) + | Colf (2),
where ki(£) > 0 and ky(t) > 0 are any rd-continuous functions satisfying k(t) = ki (¢) —kx(£) =

0 for t € Tk,
As a matter of fact, the solution u of (3.1) satisfies the following equivalent equation

W (t)=Cy+ /tF<S, LI(S, u(s),u(a(s))), /SH(t,u(t))At> As, teTX (3.4)
It follows now from (3.2) and (3.4) that

()] < |C0|+/

to

F(s, Ll(s, u(s), u(a(s))), /SH(‘L', u(t))At) ‘As

0

<|Col+ / [f(s)\u(s)\p+g(s)!u(s)\q+ / () |u(@)| At

to

+ hl(s)’u(a(s))’Al - hg(S)’M(O’(S))’AZ] As, teTk (3.5)

Using Theorem 2.1 in (3.5), we conclude that (3.3) is satisfied.
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