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Abstract

In this paper, the Hajek-Rényi inequality and the strong law of large numbers for
asymptotically negatively associated random variables are obtained. In particular, the
classical Marcinkiewicz strong law of large numbers for negatively associated random
variables is generalized to the case of asymptotically negative association.
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1 Introduction
Let (2, F,P) be a probability space and {X,,,n > 1} be a sequence of random variables
defined on it.

A finite family of random variables {X;,1 < i < n} is said to be negatively associated
(NA) if for every pair of disjoint subsets A,B C {1,2,...,n} and any real coordinatewise
nondecreasing functions f on R* and g on R?

Cov(f(X;i€ A),g(X;,j € B)) <0. (1.1)

An infinite family of random variables is negatively associated if every finite subfamily is
negatively associated. This concept was introduced by Joag-Dev and Proschan [1].

A new kind of dependence structure called asymptotically negative association was pro-
posed by Zhang [2, 3] which is a useful weakening of the definition of negative association
(see also Yuan and Wu [4]).

Definition (Yuan and Wu [4]) A sequence {X,,,n > 1} of random variables is said to be
asymptotically negatively associated (ANA) if

p~(r)=sup{p (S, T):S, T CN,dist(S, T) = r} > 0 asr— oo, 1.2)
where
(S T) =0V { Cov(f (X, i elS),g(X/»J‘ eT)) fee c}, (1.3)
(Varf(X;,ie€ S))2(Varg(X;,j € T))?2

and C is the set of nondecreasing functions.
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It is obvious that a sequence of asymptotically negatively associated random variables is
negatively associated if and only if p~(1) = 0. Compared to negative association, asymptot-
ically negative association defines a strictly larger class of random variables (for detailed
examples, see Zhang [2]).

Consequently, the study of the limit theorems for asymptotically negatively associated
random variables is of much interest.

For example, Zhang [3] proved the central limit theorem, Wang and Lu [5] obtained
some inequalities of the maximum of partial sums and weak convergence, Wang and
Zhang [6] established the law of the iterated logarithm, and Yuan and Wu [4] showed
the limiting behavior of the maximum of partial sums.

Hdjek and Renyi [7] proved that if {X,,n > 1} is a sequence of independent random
variables with EX,, = 0 and EXﬁ <00, n>1,and {b,,n > 1} is a sequence of positive non-
decreasing real numbers, then for any € > 0 and for any positive integer m < n,

"EX? ZLEX?
26)56‘2<Z b—2/+zb—2}> (1.4)
L om

j=m+1l ]

Zi’:l Xi

b;

P| max
m<j<n

Since then, this inequality has been of concern for more and more authors (e.g., Chow [8]
and Gan [9] for martingales, Liu et al. [10] for negatively associated random variables and
Kim et al. [11] for asymptotically almost negatively associated random variables).

Inspired by Kim et al. [11], we will obtain the Héjek-Renyi inequality type for asymptot-
ically negatively associated random variables and prove the strong law of large numbers
by using this inequality.

2 Hajek-Rényi inequality for ANA random variables
Lemma 2.1 (Yuan and Wu [4]) Let {X,,n > 1} be a sequence of asymptotically negatively
associated (ANA) random variables and {a,,n > 1} a sequence of positive numbers. Then
{a,X,, n > 1} is still a sequence of ANA random variables.

From Wang and Lu’s [5] Rosenthal type inequality for asymptotically negatively associ-
ated random variables we obtain the following.

Lemma 2.2 Let 0 <r < ﬁ and N be a positive integer. Let {X,,n > 1} be a sequence

of asymptotically negatively associated random variables with p~(N) <r, EX,, = 0, and
EXﬁ < 00. Then, for all n > 1 there is a positive constant D = D(2,N, r) such that

E max

1<i<nmn

i 2 n
> x| < D(Z EX,?). (2.1)
j-1 j=1

Theorem 2.3 Let {b,,n > 1} be a sequence of positive nondecreasing real numbers and
{X1,..., X} a sequence of mean zero, square integrable ANA random variables. Let ak2 =
EX}. Then, for € >0

k n 2
. Xi _ g,
P{mk(zb—> > } S4DT) 22
- k=1

k

where D is a positive constant defined in Lemma 2.2.
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Proof First note that {)b%l, e )%‘} is a sequence of mean zero, square integrable ANA ran-
dom variables by Lemma 2.1. Thus { )b(—ll, e X—:} satisfies (1.2) for all coordinatewise increas-
ing continuous functions f and g. Without loss of generality, set by = 0. Since

k
bty (bi—bia) =1,
j=1

we get
k J
:Z<—’Zb—bi_1)) Z(b - b 1)2
j=1 j=1 b3 i=j=k b

and

=

> )bif ze}. 2.3)

isj<k 7

} C {max
1<i<k

From (2.3) we have

Y X X;
> — | > =
ol =5 = < (| Z )=o) - L [2 3 -2 =]
i<j<k j<i
Xi| €
2> -1
e {max| = 7|2 5]
1<j<k
Hence by Lemma 2.2 the desired result (2.2) follows. O

From Theorem 2.3, we can get the following more generalized Hdjek-Rényi type inequal-

ity.

Theorem 2.4 Let {b,,n > 1} be a sequence of positive nondecreasing real numbers. Let
0<r<= z/md N be a positive integer. Let {X,,,n > 1} be a sequence of mean zero and
square mtegmble ANA random variables with p~(N) < r and EX> < co. Let crk = EX?Z,

k > 1. Then, for € > 0 and for any positive integer m < n we have

YL X 2 X of
P< max | = > e) <16De” Z A Z o) (2.4)
k=1 k Jj=m+1 1 j=1 ~m

where D is a positive constant defined in Lemma 2.2.

Proof By Theorem 2.3 we have

k
{ pIEP.Y }
P{ max >€
m<k<n bk
k
Z/l j +Pl max Zj:m+1Xi >£
2 m+l<k<n bk -2
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k k
1 . ¢
<P{— max ZX» ZS +P{ max Z’ il 7 ZE}
1<k<m ) 2 m+l<k<n by 2

n 0_2 m 0_2

-2 J J
y=m+1 "] j=1 ~m

Hence the proof is complete. d

3 Strong law of large numbers for ANA random variables

Using the Héjek-Rényi inequality for ANA random variables we will prove the strong law
of large number for ANA random variables.

Theorem 3.1 Let 0 <r < ﬁ and N be a positive integer. Let {b,,n > 1} be a sequence
of positive nondecreasing real numbers and {X,,n > 1} a sequence of mean zero, square
integrable random variables with p~(N) < r and EX> < co. Let okz = EX,%, k>1,and S, =
Yol Xi. Assume

Mlm
—
[o8)
—_
~

Y

Then, for any 0 < p < 2
(A) Esup,(ISul/b,) < oo,
(B) 0<b, t oo implies S,/b, — 0 a.s.as n — 0.

Proof (A) Note that

B ) e o [Tr(sw

By Theorem 2.3, it follows from (3.1) that

)dt<oo.

o S, 1
f P(sup |b"| >tp>dt§4D lim 2/pdtZ—
1 n " n—00 ]
k K
n 2 o)
. Oy _2
_4Dn]Lr20k2;b_i/1 t rdt<oo,

where D is a positive constant defined in Lemma 2.2.
Hence the proof of (A) is complete.
(B) By Theorem 2.4 we get

15| - )
-2 J J
P(J;‘:‘;‘nb— 26>516Df ( 7+Z@>

k j=1

But by assumption (3.1) we have

plsup P o b im p S | _16pe2 S i 3.2
supb > €= lim Py max b—_e < € Zﬁ+zb_ . (3.2)

<k<
k>m Pk m=k=n Uk jem+l ) j
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By the Kronecker lemma and (3.1) we get

0,2

m
Z—;—>0 as m — 00. (3.3)
i b

Hence, by combining (3.1), (3.2), and (3.3) we have

S
lim P{suplb—k| Zé} =0,

n— o0 kzn k
ie,S,/b,— 0as.asn— oo. O

Corollary 3.2 Let 0 <r< % and N be a positive integer. Let {X,,n > 1} be a sequence of
mean zero, square integrable ANA random variables with p~(N) <r and EXﬁ < 00. Then,
forO<t<2

Skl o 2 2 (=2t
Pl sup — > €| <4De“——supo;m ,
<k>£ Jle = —= 2t kp k
forall e > 0 and m > 1, where D is a constant defined in Lemma 2.2,

n
Sy = ZX} and or=EX?, n>1.
j=1

Corollary 3.3 Let 0 <r< ﬁ and N be a positive integer. Let {X,,,n > 1} be a sequence of
mean zero and square integrable ANA random variables with p~(N) < r and EX? < c0.

Assume that

sup 03 < 00,
n

where 02 = EX2, n > 1. Then, for 0 <t <2
(A) (S,/n'") > 0a.s.asn— oo,
(B) Esup,(|S,|/n'ty < oo for any 0 < p < 2, where S, = 27:1)(/

Finally, we consider almost convergence for weighted sums of ANA random variables
as applications of Theorem 3.1.
Theorem 3.4 Let 0 <r< % and N be a positive integer. Let {a,;,1 <i <n,n>1)} be an
array of real numbers with a,; = 0, i > n, sup, ., ZL |a,| < 00, and {b,,n > 1} be a se-
quence of positive nondecreasing real numbers such that 0 < b, 1 oo and let {X,,,n > 1} be
a sequence of mean zero, square integrable ANA random variables satisfying p~(N) <r,

EX? < 00, and (3.1). Then

n

e
Z a,l;, Y50 as.asn— oo. (3.4)

i=1 "
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Proof Define

= X; b;
Tn:Zb_:lr Cni = b_;(ani_ﬂm'ﬂ) forl<i<n.
i=1

Then we obtain

Cun = Anny

T,— 0 asn— oo by Theorem 3.1(B), (3.5)

n

3 ”b—X =Y euTs (3.6)
i=1

i=1

n n
D lewl <2sup Y laul < oo, (3.7)
i1 nzl iy
and
lim |¢,| =0 for every fixed i. (3.8)
n—0o0

Note that if an array of real numbers {c,;,1 <i < n,n > 1} satisfies Zf’zl |cui| < 00 and

lim,,, o |¢ui| = O for every fixed i then, for every sequence of real numbers d, with d, — 0

as n — 00
n
Zcm-di —0 asun— oo. (3.9)
i=1
(See Kim et al. [11] for more details.) O

Hence, from the above fact and (3.5)-(3.9), the desired result (3.4) follows.

Theorem 3.5 Let 0 <r< ﬁ and N be a positive integer. Let {a,;,1 <i <n,n > 1} be an
array of real numbers with a,; = 0, i > n, Sup,.5; Zle |@,i| < 00, and {b,,n > 1} be a se-
quence of positive nondecreasing real numbers such that 0 < b, 1 oo and let {X,,n > 1}
be a sequence of mean zero, square integrable ANA random variables with p~(N) <r and
sup,, 02 < 00, where o> = EX2, n > 1. Then, for some 0 <t <2

n
am'Xi
E — 0 a.s.asn— o0.
i/t
i=1

Proof By putting b, = n'/* from Corollary 3.3 and Theorem 3.4, the result follows and the
proof is omitted. d

Now we prove the Marcinkiewicz strong law of large numbers for ANA random vari-
ables by using Theorem 3.1. The method of proof is the same as that used in the classical
Marcinkiewicz strong law of large numbers for i.i.d. random variables (see Stout [12, The-
orem 3.2.3]).
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Theorem 3.6 Let 0 <r< ﬁ and N be a positive integer. Let {X,,,n > 1} be a sequence of
identically distributed ANA random variables with EX; = 0, E|X;|* < oo for some 0 < £ < 2
and p~(N) <r. Then

n

Z ﬁ —0 as.asn— Q. (3.10)
n

j=1

Sketch of proof To prove (3.10) it suffices to show that

noox+
Z —]1 —0 as.asm— 00 (3.11)
j-1 1t
and
n )<F
—4— — 0 as.asn— 00, (3.12)
j-1 nt

where X" = max(Xj,0) and X = max(-Xj,0).

Note that {X/,j > 1} and {X[,j > 1} are sequences of identically distributed ANA ran-
dom variables. We only show (3.11). Equation (3.12) can be proved similarly.

SetY) = X;' Ant ,j=1,2,...,n. Then {Y},1 <j < n} isasequence of identically distributed
ANA random variables.

Note that E|X; | < 00 < Y, P(1X;| > nt) < 0.

P(Y;#X7) = P(X; Ant #X) < P(X{ >n7) < P(1Xa] > nt).
So

P(Y; # X/ o) =0. (3.13)
We will prove

1
i

n ZEY,«—)O a.s.as n — oo. (3.14)

Jj=1

Notice that

ZVEY, A v, 1. 1
E T = E nt(EXTI(X) < nt) +niP(X] > nt))
t

n=1 n=1
o0 o0
= S W EXI(X; <nt)+ Y P(X{ > nt)
n=1 n=1
o0 n oo
<N w it Y EX{I((k-D7 <X <ki)+ Y P(Xi| > nt)
n=1 k=1 n=1

o0 o0
1 1 1
< § EX{I((k-1)7 <X{ <k?) § nt+ E|IX |
k=1 n=k
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<CZk EXTI((k-1)F < Xf <kt) + E|X|f
< CEIX; | < 0. (3.15)

By Kronecker’s lemma and (3.15) we see that (3.14) is true.

We also have

ad 2
> W TE(Y, - EY,)

o0
<CY nwiEY?

n=1

o0
=CY wiE(X Ant)’

n=1

oo
<CY W TE(XG)I(X] <n

n=1 n=1

=
+
=
~
3
A\
N
=

<CZn rZEX* (/<—1)z <X*<kt)+E|X1|
n=1
_CZEX+ %<X+<k Z L EX)
n=k
<CZk PEX) I((k-1)F < X7 <ki)+EX |

oo
<CY K TUEE(X) I((k - 1)7 <X} < ki) + EIX|f

k=1
< CE|X;|f < o0. (3.16)
By Theorem 3.1 and (3.13)-(3.16) the proof of (3.11) is complete. O

Theorem 3.7 Let 0 <r< ﬁ and N be a positive integer. Let {a,;,1 <i <n,n > 1} be an

array of real numbers with sup, ., >, |a,| < 00 and let {X,, n > 1} be a sequence of iden-
tically distributed ANA random variables with random variables with p~(N) <r, EX; =0,
and E|X;|* < oo for 0 < t < 2. Then, for some 0 <t <2

" X

Z ”i/ ' >0 a.s asn— oo. (3.17)
n t

i-1

Proof Basically, using the ideas in the proof of Theorem 3.4 and Theorem 3.6, we can
obtain (3.17) and the proof is omitted. O
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