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Abstract
Saigo and Maeda (Transform Methods and Special Functions, Varna, Bulgaria,
pp. 386-400, 1996) introduced and investigated certain generalized fractional integral
and derivative operators involving the Appell function F3. Here we aim at presenting
four unified fractional integral and derivative formulas of Saigo and Maeda type,
which are involved in a product of ℵ-function and a general class of multivariable
polynomials. The main results, being of general nature, are shown to be some
unification and extension of many known formulas given, for example, by Saigo and
Maeda (Transform Methods and Special Functions, Varna, Bulgaria, pp. 386-400, 1996),
Saxena et al. (Kuwait J. Sci. Eng. 35(1A):1-20, 2008), Srivastava and Garg (Rev. Roum.
Phys. 32:685-692, 1987), Srivastava et al. (J. Math. Anal. Appl.193:373-389, 1995) and so
on. Our main results are also shown to be further specialized to yield a large number
of known and (presumably) new formulas involving, for instance, Saigo fractional
calculus operators, several special functions such as H-function, I-function,
Mittag-Leffler function, generalized Wright hypergeometric function, generalized
Bessel-Maitland function.
MSC: Primary 26A33; 33E20; 33C45; secondary 33C60; 33C70

Keywords: generalized fractional calculus operators; a general class of multivariable
polynomials; ℵ-function; H-function; I-function; generalized Wright hypergeometric
function; Mittag-Leffler function; generalized Bessel-Maitland function

1 Introduction, definitions, and preliminaries
Fractional calculus deals with the investigations of integrals and derivatives of arbitrary
orders. A remarkably large number of works on the subject of fractional calculus have
given interesting account of the theory and applications of fractional calculus operators
in many different areas of mathematical analysis (see, for very recent works, [–]).
The fractional integral operators, especially, involving various special functions have

found significant importance and applications in various fields of applied mathematics.
Since last five decades, a number of researchers like Love [], Srivastava and Saxena [],
Debnath and Bhatta [], Saxena et al. [–], Saigo [], Samko et al. [], Miller and
Ross [], and Ram and Kumar [] and so on have studied, in depth, certain properties,

©2014 Choi and Kumar; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.

http://www.journalofinequalitiesandapplications.com/content/2014/1/499
mailto:dinesh_dino03@yahoo.com
http://creativecommons.org/licenses/by/2.0


Choi and Kumar Journal of Inequalities and Applications 2014, 2014:499 Page 2 of 15
http://www.journalofinequalitiesandapplications.com/content/2014/1/499

applications, and different extensions of various hypergeometric operators of fractional
integration.
Throughout this paper, letC,R,R+, Z–

 , andN denote the sets of complex numbers, real
numbers, positive real numbers, nonpositive integers and positive integers, respectively,
and N :=N∪ {}.
Let α,α′,β ,β ′,γ ∈C. Then the fractional integral operators Iα,α

′ ,β ,β ′ ,γ
,x and Iα,α

′ ,β ,β ′ ,γ
x,∞ of a

function f (x) are defined, for �(γ ) > , as follows (see Saigo and Maeda []):

(
Iα,α

′ ,β ,β ′ ,γ
,x f

)
(x) =

x–α

�(γ )

∫ x


(x – t)γ–t–α′

F
(
α,α′,β ,β ′;γ ;  – t/x,  – x/t

)
f (t)dt (.)

and

(
Iα,α

′ ,β ,β ′ ,γ
x,∞ f

)
(x) =

x–α′

�(γ )

∫ ∞

x
(t – x)γ–t–αF

(
α,α′,β ,β ′;γ ;  – x/t,  – t/x

)
f (t)dt, (.)

where F is one of the Appell series defined by (see, e.g., [, p., Eq. ()])

F
(
a,a′,b,b′; c;x, y

)
=

∞∑
m,n=

(a)m(a′)n(b)m(b′)n
(c)m+n

xm

m!
yn

n!
(
max

{|x|, |y|} < 
)

(.)

and (λ)n is the Pochhammer symbol defined (for λ ∈C) by (see [, p. and pp.-]):

(λ)n : =

{
 (n = ),
λ(λ + ) · · · (λ + n – ) (n ∈N)

=
�(λ + n)

�(λ)
(
λ ∈ C \Z–


)
. (.)

Here � denotes the familiar gamma function.
These operators reduce to the following simpler fractional integral operators (see []):

Iα,,β ,β
′ ,γ

,x f (x) = Iγ ,α–γ ,–β
,x f (x) (γ ∈C) (.)

and

Iα,,β ,β
′ ,γ

x,∞ f (x) = Iγ ,α–γ ,–β
x,∞ f (x) (γ ∈C). (.)

Let α,α′,β ,β ′,γ ∈ C with �(γ ) >  and x ∈ R+. Then the generalized fractional differ-
entiation operators involving the Appell function F in the kernel are defined as follows
(see []):

(
Dα,α′ ,β ,β ′ ,γ

+ f
)
(x) =

(
I–α′ ,–α,–β ′ ,–β ,–γ
+ f

)
(x) (.)

=
(

d
dx

)n(
I–α′ ,–α,–β ′+n,–β ,–γ+n
+ f

)
(x)

(�(γ ) > ;n :=
[�(γ )

]
+ 

)
(.)

=


�(n – γ )

(
d
dx

)n(
xα′)∫ x


(x – t)n–γ–tα

× F
(
–α′, –α,n – β ′, –β ,n – γ ;  –

t
x
,  –

x
t

)
f (t)dt (.)
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and

(
Dα,α′ ,β ,β ′ ,γ

– f
)
(x) =

(
I–α′ ,–α,–β ′ ,–β ,–γ
– f

)
(x) (.)

=
(
–
d
dx

)n(
I–α′ ,–α,–β ′ ,–β+n,–γ+n
– f

)
(x)

(�(γ ) > ;n =
[�(γ )

]
+ 

)
(.)

=


�(n – γ )

(
–
d
dx

)n(
xα

)∫ ∞

x
(t – x)n–γ–tα

′

× F
(
–α′, –α, –β ′,n – β ,n – γ ;  –

x
t
,  –

t
x

)
f (t)dt. (.)

These operators reduce to the Saigo derivative operators as follows (see [, ]):

(
D,α′ ,β ,β ′ ,γ

+ f
)
(x) =

(
Dγ ,α′–γ ,β ′–γ

+ f
)
(x)

(�(γ ) > 
)

(.)

and

(
D,α′ ,β ,β ′ ,γ

– f
)
(x) =

(
Dγ ,α′–γ ,β ′–γ

– f
)
(x)

(�(γ ) > 
)
. (.)

Furthermore we also have (see [, p., Eqs. (.) and (.)])

Iα,α
′ ,β ,β ′ ,γ

+ xρ– = �

[
ρ,ρ + γ – α – α′ – β ,ρ + β ′ – α′

ρ + γ – α – α′,ρ + γ – α′ – β ,ρ + β ′

]
xρ–α–α′+γ–

(�(γ ) > ,�(ρ) >max
{
,�(

α + α′ + β – γ
)
,�(

α′ – β ′)}) (.)

and

Iα,α
′ ,β ,β ′ ,γ

– xρ– = �

[
 + α + α′ – γ – ρ,  + α + β ′ – γ – ρ,  – β – ρ

 – ρ,  + α + α′ + β ′ – γ – ρ,  + α – β – ρ

]
xρ–α–α′+γ–

(�(γ ) > ,�(ρ) <  +min
{�(–β),�(

α + α′ – γ
)
,�(

α + β ′ – γ
)})

, (.)

where the notation �[· · · ] represents the fraction of gamma functions, for example,

�

[
α,β ,γ
a,b, c

]
=

�(α)�(β)�(γ )
�(a)�(b)�(c)

.

Saxena and Saigo [] presented the generalized fractional integral and derivative for-
mulas of the H-function involving Saigo-Maeda fractional calculus operators. Similarly,
generalized fractional calculus formulas of the Aleph function associated with the Appell
function F is given by Saxena et al. [, ], and Ram and Kumar [].
Following Saxena and Pogány [, ], we define the Aleph function in terms of the

Mellin-Barnes type integrals as follows (see also [–]):

ℵ[z] = ℵm,n
pi ,qi ,τi ;r

[
z
∣∣∣∣ (bj,Bj),m, . . . , [τj(bj,Bj)]m+,qi
(aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi

]
:=


π i

∫
L

m,n

pi ,qi ,τi ;r(ξ )z
–ξ dξ , (.)
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where i =
√
– and


m,n
pi ,qi ,τi ;r(ξ ) =

∏m
j= �(bj + Bjξ )

∏n
j= �( – aj –Ajξ )∑r

i= τi
∏qi

j=m+ �( – bji – Bjiξ )
∏pi

j=n+ �(aji +Ajiξ )
. (.)

The integration path L = Liγ∞, γ ∈ � extends from γ – i∞ to γ + i∞, and is such that the
poles of�(–aj–Ajξ ), j = ,n (the symbol ,n is used for , , . . . ,n) do not coincidewith the
poles of �(bj + Bjξ ), j = ,m. The parameters pi,qi ∈N satisfy  ≤ n≤ pi,  ≤m ≤ qi, and
τi >  for i = , r. The parameters Aj,Bj,Aji,Bji >  and aj,bj,aji,bji ∈ C. An empty product
in (.) is interpreted as unity. The existence conditions for the defining integral (.) are
given below:

ϕl > ,
∣∣arg(z)∣∣ < π


ϕl (l = , r) (.)

and

ϕl ≥ ,
∣∣arg(z)∣∣ < π


ϕl and �(ζl) +  < , (.)

where

ϕl :=
n∑
j=

Aj +
m∑
j=

Bj – τl

( pl∑
j=n+

Ajl +
ql∑

j=m+

Bjl

)
(.)

and

ζl :=
m∑
j=

bj –
n∑
j=

aj + τl

( ql∑
j=m+

bjl –
pl∑

j=n+

ajl

)
+


(pl – ql) (l = , r). (.)

Remark For τi = , i = ,n, in (.), we get the I-function defined as follows (see Saxena
[]):

Im,n
pi ,qi ;r[z] = ℵm,n

pi ,qi ,;r[z] = ℵm,n
pi ,qi ,;r

[
z
∣∣∣∣ (bj,Bj),m, . . . , (bj,Bj)m+,qi
(aj,Aj),n, . . . , (aj,Aj)n+,pi

]

:=


π i

∫
L



m,n
pi ,qi ,;r(ξ )z

–ξ dξ , (.)

where the kernel 
m,n
pi ,qi ,;r(ξ ) is given in (.). The existence conditions for the integral in

(.) are the same as given in (.)-(.) with τi =  and i = , r.
If we set r = , then (.) reduces to the familiar H-function as follows (see []):

Hm,n
p,q [z] = ℵm,n

pi ,qi,; [z] = ℵm,n
pi ,qi,;

[
z
∣∣∣∣ (bp,Bp)
(ap,Ap)

]

:=


π i

∫
L



m,n
pi ,qi ,;(ξ )z

–ξ dξ , (.)

where the kernel 
m,n
pi ,qi ,;(ξ ) can be obtained from (.).
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A general class of multivariable polynomials is defined and studied by Srivastava and
Garg []:

Sh,...,hsL =
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
xk
k!

· · · x
ks
s
ks!

(hi ∈N, i = , . . . , s), (.)

where h, . . . ,hs are arbitrary positive integers and the coefficients A(L;k, . . . ,ks), (L,hi ∈
N; i = , . . . , s) are arbitrary constants, real or complex. Evidently the case s =  of the poly-
nomials (.) would correspond to the polynomials due to Srivastava [] as

Shl (x) =
[l/h]∑
k=

(–l)hk
k!

Al,kxk (l ∈N).

Some multidimensional fractional integral operators involving the polynomial given as
(.) are defined and studied by Srivastava et al. [].
Here, in this paper, we aim at presenting four unified fractional integral and derivative

formulas of Saigo and Maeda type [], which are involved in a product of ℵ-function
(.) and a general class of multivariable polynomials (.). The main results, being of
general nature, are shown to be some unification and extension of many known formu-
las given, for example, by Saigo and Maeda [], Saxena et al. [], Srivastava and Garg
[], Srivastava et al. [] and so on. Our main results are also shown to be further spe-
cialized to yield a large number of known and (presumably) new formulas involving, for
instance, Saigo fractional calculus operators, several special functions such asH-function,
I-function, Mittag-Leffler function, generalized Wright hypergeometric function, gener-
alized Bessel-Maitland function.

2 Fractional integral formulas
Here we establish two fractional integration formulas for ℵ-function (.) and a general
class of polynomials defined by (.).

Theorem  Suppose that α,α′,β ,β ′,γ , z,ρ ∈C, �(γ ) > , μ > , λj ∈ �+ (j = , . . . , s), and

�(ρ) +μ min
≤j≤m

�(bj)
Bj

>max
{
,�(

α + α′ + β – γ
)
,�(

α′ – β ′)}.
Further suppose that the constants aj,bj,aji,bji ∈ C, Aj,Bj,Aji,Bji ∈ R+ (i = , . . . ,pi; j =
, . . . ,qi), and τi >  for i = , r. If the conditions given in (.)-(.) are satisfied, then
the following relation holds true:

{
Iα,α

′ ,β,β′ ,γ
+

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)

× ℵm,n
pi ,qi ,τi ;r

[
ztμ

∣∣∣∣ (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
(bj,Bj),m, . . . , [τj(bj,Bj)]m+,qi

])}
(x)

= xρ–α–α′+γ–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj
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× ℵm,n+
pi+,qi+,τi ;r

[
zxμ

∣∣∣∣ ( – ρ –
∑s

j= λjkj,μ), ( – ρ + α + α′ + β – γ –
∑s

j= λjkj,μ),
(bj,Bj),m, ( – ρ + α + α′ – γ –

∑s
j= λjkj,μ),

( – ρ + α′ – β ′ –
∑s

j= λjkj,μ), (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
( – ρ + α′ + β – γ –

∑s
j= λjkj,μ), ( – ρ – β ′ –

∑s
j= λjkj,μ), . . . , [τj(bj,Bj)]m+,qi

]
. (.)

Proof In order to prove (.), first expressing the general class ofmultivariable polynomials
occurring on its left-hand side as the series given by (.), replacing the ℵ-function in
terms of Mellin-Barnes contour integral with the help of (.), interchanging the order of
summations, we obtain the following form (say I):

I =
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

×
{


π i

∫
L

m,n

pi ,qi ,τi ;rz
–ξ

(
Iα,α

′ ,β ,β ′ ,γ
+ tρ+

∑s
j= λjkj–μξ–)(x)dξ

}

=
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

× 
π i

∫
L
xρ–α–α′+γ+

∑s
j= λjkj–(zxμ

)–ξ

×
∏m

j= �(bj + Bjξ )
∏n

j= �( – aj –Ajξ )∑r
i= τi

∏qi
j=m+ �( – bji – Bjiξ )

∏pi
j=n+ �(aji +Ajiξ )

× �(ρ +
∑s

j= λjkj –μξ )
�(ρ +

∑s
j= λjkj –μξ + γ – α – α′)

× �(ρ +
∑s

j= λjkj –μξ + γ – α – α′ – β)�(ρ +
∑s

j= λjkj –μξ + β ′ – α′)
�(ρ +

∑s
j= λjkj –μξ + γ – α′ – β)�(ρ +

∑s
j= λjkj –μξ + β ′)

dξ .

Finally, re-interpreting the Mellin-Barnes contour integral in terms of the ℵ-function, we
are led to the right-hand side of (.). This completes proof of Theorem . �

In view of the relation (.), we obtain a (presumably) new result concerning the Saigo
fractional integral operator [] asserted by the following corollary.

Corollary  Let α,β ,γ ,ρ, z ∈ C, �(α) > , μ > , λj ∈ �+ (j = , . . . , s), and

�(ρ) +μ min
≤j≤m

(�(bj)
Bj

)
>max

{
,�(β – γ )

}
.

Then the following relation holds true:

{
Iα,β ,γ+

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)

× ℵm,n
pi ,qi ,τi ;r

[
ztμ

∣∣∣∣ (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
(bj,Bj),m, . . . , [τj(bj,Bj)]m+,qi

])}
(x)

= xρ–β–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj
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× ℵm,n+
pi+,qi+,τi ;r

[
zxμ

∣∣∣∣ ( – ρ –
∑s

j= λjkj,μ), ( – ρ + β – γ –
∑s

j= λjkj,μ),
(bj,Bj),m, ( – ρ + β –

∑s
j= λjkj,μ),

(aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
( – ρ – α – γ –

∑s
j= λjkj,μ), . . . , [τj(bj,Bj)]m+,qi

]
, (.)

where the conditions of the existence of (.) follow easily with the help of (.).

It is remarked in passing that the corresponding results concerning Riemann-Liouville
and Erdélyi-Kober fractional integral operators can be obtained by putting β = –α and
β = , respectively, in (.).

Theorem  Suppose that α,α′,β ,β ′,γ , z,ρ ∈C, �(γ ) > , μ > , λj ∈ �+ (j = , . . . , s), and

�(ρ) +μ max
≤i≤n

(�(ai) – 
Ai

)
<  +min

{�(–β),�(
α + α′ – γ

)
,�(

α + β ′ – γ
)}
.

Further suppose that the constants aj,bj,aji,bji ∈ C,

Aj,Bj,Aji,Bji ∈R+ (i = , . . . ,pi; j = , . . . ,qi),

and τi >  for i = , r. If the conditions given in (.)-(.) are satisfied, the following rela-
tion holds true:

{
Iα,α

′ ,β ,β ′ ,γ
–

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)

× ℵm,n
pi ,qi ,τi ;r

[
ztμ

∣∣∣∣ (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
(bj,Bj),m, . . . , [τj(bj,Bj)]m+,qi

])}
(x)

= xρ–α–α′+γ–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

× ℵm+,n
pi+,qi+,τi ;r

[
zxμ

∣∣∣∣(aj,Aj),n, ( – ρ –
∑s

j= λjkj,μ), ( + α – β – ρ –
∑s

j= λjkj,μ),
( + α + α′ – γ – ρ –

∑s
j= λjkj,μ), ( – β – ρ –

∑s
j= λjkj,μ),

( + α + α′ + β ′ – γ – ρ –
∑s

j= λjkj,μ), . . . , [τj(aj,Aj)]n+,pi
( + α + β ′ – γ – ρ –

∑s
j= λjkj,μ), (bj,Bj), . . . , [τj(bj,Bj)]m+,qi

]
. (.)

Proof A similar argument as in proving Theorem  will establish the result (.). Indeed,
first expressing the general class of multivariable polynomials occurring on its left-hand
side as a series given by (.), replacing the ℵ-function in terms ofMellin-Barnes contour
integral with the help of (.), interchanging the order of summations, we obtain the
following form (say I):

I =
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

×
{


π i

∫
L

m,n

pi ,qi ,τi ;rz
–ξ

(
Iα,α

′ ,β ,β ′ ,γ
– tρ+

∑s
j= λjkj–μξ–)(x)dξ

}
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=
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

× 
π i

∫
L
xρ–α–α′+γ+

∑s
j= λjkj–(zxμ

)–ξ

×
∏m

j= �(bj + Bjξ )
∏n

j= �( – aj –Ajξ )∑r
i= τi

∏qi
j=m+ �( – bji – Bjiξ )

∏pi
j=n+ �(aji +Ajiξ )

× �( + α + α′ – γ – ρ –
∑s

j= λjkj +μξ )
�( – ρ –

∑s
j= λjkj +μξ )

× �( + α + β ′ – γ – ρ –
∑s

j= λjkj +μξ )�( – β – ρ –
∑s

j= λjkj +μξ )
�( + α + α′ + β ′ – γ – ρ –

∑s
j= λjkj +μξ )�( + α – β – ρ –

∑s
j= λjkj +μξ )

dξ .

Finally, re-interpreting the Mellin-Barnes contour integral in terms of the ℵ-function, we
are led to the right-hand side of (.). This completes the proof of Theorem . �

In view of the relation (.), we obtain a (presumably) new result concerning Saigo frac-
tional integral operator [] asserted by the following corollary.

Corollary  Let α,β ,γ ,ρ, z ∈C, �(α) > , μ > , λj ∈ �+ (j = , . . . , s), and

�(ρ) +μ max
≤i≤n

(�(ai) – 
Ai

)
<  +min

{�(β),�(γ )
}
.

Then the following relation holds true:

{
Iα,β ,γ–

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)

× ℵm,n
pi ,qi ,τi ;r

[
ztμ

∣∣∣∣ (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
(bj,Bj),m, . . . , [τj(bj,Bj)]m+,qi

])}
(x)

= xρ–β–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

× ℵm+,n
pi+,qi+,τi ;r

[
zxμ

∣∣∣∣ (aj,Aj),n, ( – ρ –
∑s

j= λjkj,μ),
( + β – ρ –

∑s
j= λjkj,μ), ( + γ – ρ –

∑s
j= λjkj,μ),

( + α + β + γ – ρ –
∑s

j= λjkj,μ), . . . , [τj(aj,Aj)]n+,pi
(bj,Bj), . . . , [τj(bj,Bj)]m+,qi

]
, (.)

where the conditions of existence of (.) follow easily from Theorem .

It is also remarked in passing that the corresponding results concerning Riemann-
Liouville and Erdélyi-Kober fractional integral operators can be obtained by putting β =
–α and β = , respectively, in (.).

3 Fractional derivative formulas
Here we establish two fractional derivative formulas for ℵ-function (.) and a general
class of polynomials defined by (.).

http://www.journalofinequalitiesandapplications.com/content/2014/1/499
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Theorem  Suppose that α,α′,β ,β ′,γ , z,ρ ∈C, �(γ ) > , μ > , λj ∈ �+ (j = , . . . , s), and

�(ρ) +μ min
≤j≤m

(�(bj)
Bj

)
+max

{
,�(α – β),�(

α′ + β ′ + α – γ
)}

> .

Further suppose that the constants aj,bj,aji,bji ∈ C, Aj,Bj,Aji,Bji ∈ R+ (i = , . . . ,pi; j =
, . . . ,qi), and τi >  for i = , r. If the conditions given in (.)-(.) are satisfied, then
the following relation holds true:

{
Dα,α′ ,β ,β ′ ,γ

+

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)

× ℵm,n
pi ,qi ,τi ;r

[
ztμ

∣∣∣∣ (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
(bj,Bj),m, . . . , [τj(bj,Bj)]m+,qi

])}
(x)

= xρ+α+α′–γ–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

× ℵm,n+
pi+,qi+,τi ;r

[
zxμ

∣∣∣∣ ( – ρ –
∑s

j= λjkj,μ), ( – ρ – α + β –
∑s

j= λjkj,μ),
(bj,Bj),m, ( – ρ – α – α′ + γ –

∑s
j= λjkj,μ),

( – ρ – α – α′ – β ′ + γ –
∑s

j= λjkj,μ), (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
( – ρ – α – β ′ + γ –

∑s
j= λjkj,μ), ( – ρ + β –

∑s
j= λjkj,μ), . . . , [τj(bj,Bj)]m+,qi

]
. (.)

Proof In order to prove (.), first expressing the general class ofmultivariable polynomials
occurring on its left-hand side as a series given by (.), replacing the ℵ-function in terms
of the Mellin-Barnes contour integral with the help of (.), and interchanging the order
of summations, we obtain the following form (say I):

I =
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

×
{


π i

∫
L

m,n

pi ,qi ,τi ;rz
–ξ

(
Dα,α′ ,β ,β ′ ,γ

+ tρ+
∑s

j= λjkj–μξ–)(x)dξ

}

=
(

d
dx

)n hk+···+hsks≤L∑
k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

× 
π i

∫
L
xρ+α+α′–γ+

∑s
j= λjkj+n–(zxμ

)–ξ

×
∏m

j= �(bj + Bjξ )
∏n

j= �( – aj –Ajξ )∑r
i= τi

∏qi
j=m+ �( – bji – Bjiξ )

∏pi
j=n+ �(aji +Ajiξ )

× �(ρ +
∑s

j= λjkj –μξ )
�(ρ +

∑s
j= λjkj –μξ + α + α′ – γ )

× �(ρ +
∑s

j= λjkj –μξ + α + α′ + β ′ – γ )�(ρ +
∑s

j= λjkj –μξ + α – β)
�(ρ +

∑s
j= λjkj –μξ + α + β ′ – γ )�(ρ +

∑s
j= λjkj –μξ – β)

dξ .

Here n := [–�(γ )] + , and by using

dk

dxk
xm =

�(m + )
�(m – k + )

xm–k (m,k ∈N;m ≥ k), (.)

http://www.journalofinequalitiesandapplications.com/content/2014/1/499
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and re-interpreting the Mellin-Barnes counter integral in terms of the ℵ-function, we are
led to the right-hand side of (.). This completes the proof of Theorem . �

In view of the relation (.), we obtain a (presumably) new result concerning Saigo
fractional derivative operator [] asserted by the following corollary.

Corollary  Let α,β ,γ ,ρ, z ∈C, �(α) > , μ > , λj ∈ �+ (j = , . . . , s), and

�(ρ) +μ min
≤j≤m

(�(bj)
Bj

)
+max

{
,�(β),�(β + α + γ )

}
> .

Then the following relation holds true:

{
Dα,β ,γ

+

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)

× ℵm,n
pi ,qi ,τi ;r

[
ztμ

∣∣∣∣ (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
(bj,Bj),m, . . . , [τj(bj,Bj)]m+,qi

])}
(x)

= xρ+β–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

× ℵm,n+
pi+,qi+,τi ;r

[
zxμ

∣∣∣∣ ( – ρ –
∑s

j= λjkj,μ), ( – ρ – α – β – γ –
∑s

j= λjkj,μ),
(bj,Bj),m, ( – ρ – β –

∑s
j= λjkj,μ),

(aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
( – ρ – γ –

∑s
j= λjkj,μ), . . . , [τj(bj,Bj)]m+,qi

]
, (.)

where the conditions of existence of (.) follow easily with the help of (.).

It is remarked in passing that the corresponding results concerning Riemann-Liouville
and Erdélyi-Kober fractional integral operators can be obtained by putting β = –α and
β = , respectively, in (.).

Theorem  Suppose that α,α′,β ,β ′,γ , z,ρ ∈C, �(γ ) > , μ > , λj ∈ �+ (j = , . . . , s), and

�(ρ) +μ max
≤i≤n

(�(ai) – 
Ai

)
<  +min

{�(–β),�(
γ – α – α′ – k

)
,�(

–α′ – β + γ
)}
,

here k = [�(γ )] + . Further suppose that the constants aj,bj,aji,bji ∈C,

Aj,Bj,Aji,Bji ∈R+ (i = , . . . ,pi; j = , . . . ,qi),

and τi >  for i = , r. If the conditions given in (.)-(.) are satisfied, the following rela-
tion holds true:

{
Dα,α′ ,β ,β ′ ,γ

–

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)

× ℵm,n
pi ,qi ,τi ;r

[
ztμ

∣∣∣∣ (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
(bj,Bj),m, . . . , [τj(bj,Bj)]m+,qi

])}
(x)

http://www.journalofinequalitiesandapplications.com/content/2014/1/499
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= (–)[�(γ )]+xρ+α+α′–γ–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

× ℵm+,n
pi+,qi+,τi ;r

[
zxμ

∣∣∣∣ (aj,Aj),n, ( – ρ –
∑s

j= λjkj,μ), ( – α′ + β ′ – ρ –
∑s

j= λjkj,μ),
( – α – α′ + γ – ρ –

∑s
j= λjkj,μ), ( + β ′ – ρ –

∑s
j= λjkj,μ),

( – α – α′ – β + γ – ρ –
∑s

j= λjkj,μ), . . . , [τj(aj,Aj)]n+,pi
( – α′ – β + γ – ρ –

∑s
j= λjkj,μ), (bj,Bj), . . . , [τj(bj,Bj)]m+,qi

]
. (.)

Proof In order to prove (.), first expressing the general class of multivariable polyno-
mials occurring on its left-hand side as a series given by (.), replacing the ℵ-function
in terms of Mellin-Barnes contour integral with the help of (.), and interchanging the
order of summations, we obtain the following form (say I):

I =
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

×
{


π i

∫
L

m,n

pi ,qi ,τi ;rz
–ξ

(
Dα,α′ ,β ,β′ ,γ

– tρ+
∑s

j= λjkj–μξ–)(x)dξ

}

=
(
–
d
dx

)k hk+···+hsks≤L∑
k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

× 
π i

∫
L
xρ+α+α′–γ+k+

∑s
j= λjkj–(zxμ

)–ξ

×
∏m

j= �(bj + Bjξ )
∏n

j= �( – aj –Ajξ )∑r
i= τi

∏qi
j=m+ �( – bji – Bjiξ )

∏pi
j=n+ �(aji +Ajiξ )

× �( – α – α′ + γ – k – ρ –
∑s

j= λjkj +μξ )
�( – ρ –

∑s
j= λjkj +μξ )

× �( – α′ – β + γ – ρ –
∑s

j= λjkj +μξ )�( + β ′ – ρ –
∑s

j= λjkj +μξ )
�( – α – α′ – β + γ – ρ –

∑s
j= λjkj +μξ )�( – α′ + β ′ – ρ –

∑s
j= λjkj +μξ )

dξ .

Here k := [�(γ )] + , and by using (.) in the above expression, and re-interpreting the
Mellin-Barnes contour integral in terms of the ℵ-function, we are led to the right-hand
side of (.). This completes the proof of Theorem . �

In view of the relation (.), we obtain a (presumably) new result concerning Saigo
fractional derivative operator [] asserted by the following corollary.

Corollary  Let α,β ,γ ,ρ, z ∈C, �(α) > , μ > , λj ∈ �+ (j = , . . . , s), and

�(ρ) +μ max
≤i≤n

(�(ai) – 
Ai

)
<  +min

{
,

[�(α)
]
–�(β) – ,�(α + γ )

}
.

Then the following relation holds true:{
Dα,β ,γ

–

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)

× ℵm,n
pi ,qi ,τi ;r

[
ztμ

∣∣∣∣ (aj,Aj),n, . . . , [τj(aj,Aj)]n+,pi
(bj,Bj),m, . . . , [τj(bj,Bj)]m+,qi

])}
(x)

http://www.journalofinequalitiesandapplications.com/content/2014/1/499
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= (–)[�(α)]+xρ+β–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

× ℵm+,n
pi+,qi+,τi ;r

[
zxμ

∣∣∣∣ (aj,Aj),n, ( – ρ –
∑s

j= λjkj,μ),
( – β – ρ –

∑s
j= λjkj,μ), ( + α + γ – ρ –

∑s
j= λjkj,μ),

( – β + γ – ρ –
∑s

j= λjkj,μ), . . . , [τj(aj,Aj)]n+,pi
(bj,Bj), . . . , [τj(bj,Bj)]m+,qi

]
, (.)

where the conditions of existence of (.) follow easily from Theorem .

It is remarked in passing that the corresponding results concerning Riemann-Liouville
and Erdélyi-Kober fractional derivative operators can be obtained by putting β = –α and
β = , respectively, in (.).

4 Special cases and applications
Here we consider further interesting special cases of Theorem . Similarly we can present
certain interesting special cases of Theorems -, which are omitted.
(i) If we put τi = , i = , r in Theorem  and take (.) into account, then the Aleph

function reduces to the I-function as follows (see []):

{
Iα,α

′ ,β,β′ ,γ
+

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)

× Im,n
pi ,qi ;r

[
ztμ

∣∣∣∣ (aj,Aj),n, . . . , (aj,Aj)n+,pi
(bj,Bj),m, . . . , (bj,Bj)m+,qi

])}
(x)

= xρ–α–α′+γ–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

× Im,n+
pi+,qi+;r

[
zxμ

∣∣∣∣ ( – ρ –
∑s

j= λjkj,μ), ( – ρ + α + α′ + β – γ –
∑s

j= λjkj,μ),
(bj,Bj),m, ( – ρ + α + α′ – γ –

∑s
j= λjkj,μ),

( – ρ + α′ – β ′ –
∑s

j= λjkj,μ), (aj,Aj),n, . . . , (aj,Aj)n+,pi
( – ρ + α′ + β – γ –

∑s
j= λjkj,μ), ( – ρ – β ′ –

∑s
j= λjkj,μ), . . . , (bj,Bj)m+,qi

]
. (.)

(ii) If we put τi = , i = , r and set r =  in Theorem  and take (.) into account, then
the Aleph function reduces to the H-function as follows (see []):

{
Iα,α

′ ,β ,β ′ ,γ
+

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)
Hm,n

p,q

[
ztμ

∣∣∣∣ (ap,Ap)
(bq,Bq)

])}
(x)

= xρ–α–α′+γ–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

×Hm,n+
p+,q+

[
zxμ

∣∣∣∣ ( – ρ –
∑s

j= λjkj,μ), ( – ρ + α + α′ + β – γ –
∑s

j= λjkj,μ),
(bq,Bq), ( – ρ + α + α′ – γ –

∑s
j= λjkj,μ),

( – ρ + α′ – β ′ –
∑s

j= λjkj,μ), (ap,Ap)
( – ρ + α′ + β – γ –

∑s
j= λjkj,μ), ( – ρ – β ′ –

∑s
j= λjkj,μ)

]
. (.)
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(iii) If we use a known relation between the Mittag-Leffler function Eδ
β ,γ and the

H-function (see Mathai et al. [, p., Eq. (.)]):

Eδ
β ,γ (z) =


�(δ)

H,
,

[
–z

∣∣∣∣ (, ), ( – γ ,β)
( – δ, )

]
, (.)

in (.), we obtain the following interesting formula:

{
Iα,α

′ ,β ,β ′ ,γ
+

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)
Eδ

υ,η
[
ztμ

])}
(x)

= xρ–α–α′+γ–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

× 
�(δ)

H,
,

[
–zxμ

∣∣∣∣ ( – ρ –
∑s

j= λjkj,μ), ( – ρ + α + α′ + β – γ –
∑s

j= λjkj,μ),
(, ), ( – η,υ), ( – ρ + α + α′ – γ –

∑s
j= λjkj,μ),

( – ρ + α′ – β ′ –
∑s

j= λjkj,μ), ( – δ, )
( – ρ + α′ + β – γ –

∑s
j= λjkj,μ), ( – ρ – β ′ –

∑s
j= λjkj,μ)

]
. (.)

(iv) If we use a known relation involving the generalized Wright hypergeometric func-
tion pψq (see [, p., Eq. (.)] in (.), we obtain the following interesting formula:

{
Iα,α

′ ,β ,β ′ ,γ
+

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)
pψq

[
ztμ

∣∣∣∣ (ap,Ap)
(bq,Bq)

])}
(x)

= xρ–α–α′+γ–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

×H,p+
p+,q+

[
–zxμ

∣∣∣∣ ( – ρ –
∑s

j= λjkj,μ), ( – ρ + α + α′ + β – γ –
∑s

j= λjkj,μ),
(, ), ( – bq,Bq), ( – ρ + α + α′ – γ –

∑s
j= λjkj,μ),

( – ρ + α′ – β ′ –
∑s

j= λjkj,μ), ( – ap,Ap)
( – ρ + α′ + β – γ –

∑s
j= λjkj,μ), ( – ρ – β ′ –

∑s
j= λjkj,μ)

]
. (.)

(v) If we use the following known relation between the H-function and the generalized
Bessel-Maitland function Jμv,λ(z) (see Mathai et al. [, p., Eq. (.)]):

H,
,

[
z



∣∣∣∣ (λ + v/, )
(λ + v/, ), (v/, ), (μ(λ + v/) – λ – v,μ)

]
= Jμv,λ(z) (.)

in (.), we get the following interesting formula:

{
Iα,α

′ ,β,β′ ,γ
+

(
tρ–Sh,...,hsL

(
ytλ , . . . , ystλs

)
Jηv,λ

(
ztμ

))}
(x)

= xρ–α–α′+γ–
hk+···+hsks≤L∑

k,...,ks=

(–L)hk+···+hsksA(L;k, . . . ,ks)
yk
k!

· · · y
ks
s
ks!

x
∑s

j= λjkj

×H,
,

[
(zxμ)



∣∣∣∣ ( – ρ –
∑s

j= λjkj,μ), ( – ρ + α + α′ + β – γ –
∑s

j= λjkj,μ),
(λ + v/, ), (v/, ), (η(λ + v/) – λ – v,η), ( – ρ – β ′ –

∑s
j= λjkj,μ),
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( – ρ + α′ – β ′ –
∑s

j= λjkj,μ), (λ + v/, )
( – ρ + α + α′ – γ –

∑s
j= λjkj,μ), ( – ρ + α′ + β – γ –

∑s
j= λjkj,μ)

]
. (.)

It is noted that many other relations involving some known special functions can be
obtained as special cases of (.).
(vi) If we set a general class of multivariable polynomials Sh,...,hsL to unity, then we easily

get the results given by Ram and Kumar [].
(vii) Further, if we set a general class of multivariable polynomials Sh,...,hsL to unity, and

reduce the ℵ-function to Fox’s H-function, then we can easily obtain the known results
given by Saxena and Saigo [].

5 Conclusion
In the present paper, we have given the four theorems of generalized fractional integral
and derivative operators given by Saigo-Maeda. The theorems have been developed in
terms of the product of ℵ-function and a general class of multivariable polynomials in a
compact and elegant form with the help of Saigo-Maeda power function formulas. Most
of the given results have been put in a compact form, avoiding the occurrence of infinite
series and thus making them useful in applications.
In view of the generality of the ℵ-function, on specializing the various parameters, we

can obtain from our results, several results involving a remarkably wide variety of useful
functions, which are expressible in terms of theH-function, the I-function, theG-function
of one variable and their various special cases. Secondly, on suitably specializing the vari-
ous parameters of the general class of multivariable variable polynomials, our results can
be reduced to a large number of fractional calculus results involving the general class
of polynomials, Jacobi polynomials, Legendre polynomials, Hermite polynomials, Bessel
polynomials, Gould-Hopper polynomials, and their various particular cases. Thus, the re-
sults presented in this paper would at once yield a very large number of results involving
a large variety of special functions occurring in the problems of science, engineering, and
mathematical physics etc.
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