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Abstract

We first establish a new fixed point theorem for nonautonomous type superposition
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1 Introduction

It is well known that the class of nonlinear operator equations of various types has many
useful applications in describing numerous problems of the real world. A number of equa-
tions which include several given operators have arisen in many branches of science such
as the theory of optimal control, economics, biological, mathematical physics and engi-
neering. The present paper is concerned with the solvability of the following quite general

nonlinear functional integral equation:
t
x(2) :f<t,x(t),/ k(t, s)u(s, (s)) ds), t e R*:=[0,00), (1.1)
0

in L := L1(R"), the space of Lebesgue integrable functions on R*. Here, u: R* x R — R
and f : R* x R? — R are two given functions, while k is a given real function defined on
R* x R*.

Among nonlinear operators, there is a distinguished class called superposition opera-
tors. The solvability of Eq. (1.1) is closely related to the fixed points of the nonautonomous
type superposition operator, which is asked to prove that there exists x € D satisfying the
following operator equation:

x = F(x,Ax) (1.2)
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for two given operators F: X x ¥ — X and A : D C X — X, where X and Y are two Banach
spaces. Our goal in this paper is to study under what conditions Eq. (1.1) is solvable in an
L' space. To this end, we establish a fixed point theorem for the solvability of Eq. (1.2) in
advance.

The organization of this paper is as follows. In Section 2, we gather some notions and
preliminary facts, including the concepts and properties of the measure of weak noncom-
pactness, which will be needed in our further considerations. In Section 3, we establish a
new fixed point theorem for Eq. (1.2). In Section 4, we prove the existence of integrable

solutions for Eq. (1.1) by virtue of the measure of weak noncompactness.

2 Preliminaries
Definition 2.1 Let / be an interval in R. A function f : / x R — R is said to be a
Carathéodory function if:

(a) for each fixed x € R, the function f(-,x) is Lebesgue measurable in I;

(b) for almost everywhere (a.e., for short) fixed ¢ € I, the function f(¢,-) : R — R is

continuous.

Let m(I) be a set of all measurable functions v : I — R. If f is a Carathéodory function,
then f defines a mapping Ny : m(I) — m(I) by (Nyy)(¢) = f(¢, ¥ (¢)). This mapping is called
the superposition operator (or Nemytskii operator) associated to f. The theory concerning
superposition operators is presented in [1].

For a given measurable function ¥ :  — R, the composite operator Ny o/ (-) :=f (-, ¥ (-))
which maps [ into R is said to be a nonautonomous type superposition operator. By gener-
alizing this concept, the solvability of Eq. (1.2) may be thought the existence of fixed points
of the nonautonomous type superposition operator NgoAonD.

The following theorem was proved by Krasnosel’skii [2] (see also [3]) in the case when
I is a bounded interval and has been extended to an unbounded interval by Appell and
Zabrejko [1].

Theorem 2.2 (see [1, Theorem 3.1, pp.93]) Let I be a (bounded or unbounded) interval
in R. The superposition operator Ny maps L'(I) into L'(I) if and only if there exist a function
LY (1) and a constant b > 0 such that

[f(t,%)| < a(t) + blxl,
where L (I) denotes a positive cone of the space L\(I).

In this case, the operator A is continuous and bounded in the sense that it maps
bounded sets in bounded sets.
The following Scorza-Dragoni theorem explains the structure of the Carathéodory func-

tions on a bounded interval.

Theorem 2.3 (see [4, Theorem 3]) Let I be a bounded interval of R, and let f : I x R — R
be a Carathéodory function. Then, for each € > 0, there exists a closed subset D, of the

interval I such that meas(I\D,) < ¢ and f : D, x R — R is continuous.
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Next, we gather together some notations and preliminary facts of some weak topology
feature which will be needed in our further considerations. Let 8(X) be a collection of
all nonempty bounded subsets of a Banach space X, and let 20(X) be a subset of B(X)
consisting of all weakly compact subsets of X. Also, let !/, denote a closed ball in X centered
in 0 and with radius r.

In what follows, we accept the following definition [5].

Definition 2.4 Let X be a Banach space; let M, M; and M, be in B(X). A function u :
$B(X) — R* is said to be a measure of weak noncompactness if it satisfies the following
conditions:
(1) the family ker(u) := {M € B(X) : u(M) = 0} is nonempty and ker(u) is contained in
the set of relatively weakly compact sets of X;
(2) My C My = (M) < w(My);
(3) m(conv(M)) = (M), where conv(M) refers to the closed convex hull of M;
(4) nM;y+ (1 =21)Ms) < Ap(M) + (1= A)u(M>) for A € [0,1];
(5) if (M,):2, is a decreasing sequence of nonempty, bounded and weakly closed subsets
of X with lim,,_, oo u(M,,) = 0, then Mo := ()2; My, is nonempty.

The family ker(u) described in (1) is called the kernel of the measure of weak noncom-
pactness p. Note that the intersection set M, from (5) belongs to ker(u) since pu(Myo) <
w(M,) for every n € N and lim,,_, oo M,, = 0.

The first important example of a measure of weak noncompactness has been defined by
De Blasi [6] as follows:

w(M) = inf{r >0:3W € W(X) such that M C W+U,}.

The De Blasi measure of weak noncompactness has some interesting properties. It plays
a significant role in nonlinear analysis and has many applications.

Nevertheless, it is rather difficult to express the De Blasi measure of weak noncompact-
ness with the help of a convenient formula in a concrete Banach space. Such a formula is
only known in the case of the space of L}(I), where I is a bounded subinterval of R. In [7],
Appell and De Pascale gave to w the following simple form in spaces:

(M) = lim sup {sup{/ ’1/[(t)|dt:D c I,meas(D) < 8}}
e—0 veM D

for all bounded subsets M of L!(I), where meas(-) denotes the Lebesgue measure.
For a nonempty and bounded subset M of the space L!(R*), Banas and Knap [8] con-
structed a useful measure of weak noncompactness as follows:

¢(M) := lim sup{sup{/ ‘W(t)’dt:DC R*, meas(D) < 8”,
sﬁOweM D

d(M) := lim sup{/m‘w(t)‘dt}.

T—o0 veM T

Finally, let us put

(M) = (M) + d(M).
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Based on the following criterion for weak noncompactness due to Dieudonné [9], it was

shown that the function u is a measure of weak noncompactness in the space L!(R*).

Theorem 2.5 A bounded set N is relatively weakly compact in L'(R") if and only if the
following two conditions are satisfied:
(1) forany e > 0, there exists § > 0 such that if meas(D) < § then fD | (2)| dt < e for all
Y €N,
(2) forany e > 0, there exists T > 0 such that f;o | (2)|dt <e forall y € N.

The nonlinear contractive property of the operators plays some important roles in our

subsequent considerations.

Definition 2.6 Let D be a subset of the Banach space X. An operator T: D — X is said
to be nonlinear contractive (or a ¢-nonlinear contraction) if there exists a continuous and

nondecreasing function ¢ : R* — R* with ¢(r) < r for r > 0 such that
| 1 — T |l < (Il%1 — x211)
for all %1, %, € D.

Remark 2.7 If we take ¢(r) = Ar with 0 < A < 1, then such a g-nonlinear contraction is

also said to be A-contraction.

Lemma 2.8 Let X and Y be two Banach spaces, and let D be a subset of Y. IfF: X XY — X
is continuous, and for any y € D the operator F(-,y) is a g-nonlinear contraction, then there

exists a continuous map ] : D — X such that Jy = F(Jy,y) for any y € D.

Proof For arbitrary fixed y € D, the mapping F(, y) defined by x — F(x, y) is a ¢-nonlinear
contraction and maps X into X, so it has a unique fixed point by [10, Theorem 1]. Let us
denote by J : D — X the map which assigns to each y € D the unique point in X such that
Jy = F(Jy,y). Thus, the map J is well defined.

For any y € D and a sequence (y,),eny C D which converges to yy, we have

yn = Jvoll = ||EGyns y) = EUyo, 30) |
< |EGmyn) = EGyo, y) || + | EUyo, y) = EUyo, y0) |
< o(Iu = Ivoll) + | FUy0,¥n) = E (o, y0)

’

which implies
1y = Ioll = (v = Iyoll) < | EUyosyn) = EUyos 30)||-
Letr, := ||Jy.—Jyo |- Since the operator F is continuous, we obtain r,, —¢(r,,) — 0 as n — oo.

The properties of the function ¢ show that r, — 0, that is, Jy, — Jyo. The continuity of J
is proved. g


http://www.journalofinequalitiesandapplications.com/content/2014/1/487

Wang Journal of Inequalities and Applications 2014, 2014:487 Page 5of 13
http://www.journalofinequalitiesandapplications.com/content/2014/1/487

3 Fixed point theorem of nonautonomous type superposition operators
Theorem 3.1 Let X and Y be two Banach spaces, and let D be a nonempty subset of X.
Suppose that the operators A: D — Y and F : X x Y — X satisfy the following:

(1) A and F is continuous,

(2) foranyy € A(D), the operator F(-,y) is a g-nonlinear contraction,

(3) there exists a nonempty, compact and convex subset P of D such that
x=FxAz) = x€P forallzeP.

Then there is a point x in D such that x = F(x, Ax).

Proof Let us denote by J : A(D) — X the map which assigns to each y € A(D) the unique
pointin X such that Jy = F(Jy,y). From Lemma 2.8, the map / is well defined and continuous
on A(D).

By assumption (3), for any z € P, we infer that there is x = (/ 0 A)z € P such that x =
F(x,Az). This shows that (J 0o A)(P) C P. Since A and J are all continuous, the composite
operator J o A is continuous on P. Now applying the Schauder fixed point theorem, we
conclude that J o A has at least one fixed point x € P C D such that (J o A)x = x, which
implies that

F(x,Ax) = F((J 0 A)x,Ax) = (J 0 A)x = .
This completes the proof. O

Remark 3.2 There are some fixed point theorems, which involve several operators such
as the operators Tx := Ax + Bx in a Banach space, or Tx := AxBx + Cx in Banach algebras

etc., and they may be formulated by Theorem 3.1 in a coincident form.

For example, let F(x,Ax) := Ax + Bx and D be a nonempty, convex and closed set of a
Banach space X in Theorem 3.1, where A : D — X is compact and continuous, B: D — X
is a contraction mapping and Ax + By € D for all x,y € D. Then we immediately obtain
the celebrated Krasnosel’skii fixed point theorem (see [11, Theorem 4.4.1, pp.31]), which
implies that Theorem 3.1 is a generalization of the Krasnosel’skii fixed point theorem. In
fact, if we take P = conv((I — B) "L A(M)), then P satisfies the assumption (3) of Theorem 3.1
(see the proof of [11, Lemma 4.4.2, pp.32]).

As another example, let F(x, Ax) := AxBx + Cx and D be a closed convex and bounded
subset of the Banach algebra X in Theorem 3.1, where B: D — X is completely continuous,
and A4, C: X — X satisfy

1A% = Ayl < pa(llx = y1l), ICx = Cyll < pc(llx-yll), VxyeX,

where ¢4, ¢c : R* — R* are two continuous nondecreasing functions satisfying ¢4(0) =
¢c(0) =0 and

Maoa(r) + pc(r)<r, Vr>0 (M = sup{ |1Bx|| : x € D})
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It is obvious that F(-, ) is a ¢-nonlinear contraction for any y € A(D) with ¢(r) = Mp4(r) +
¢c(r), and if we take P = conv((%)‘lB(D)), it is also easily proved that P satisfies the
assumption (3) of Theorem 3.1. Thus, we obtain the fixed point theorem for the operator

AB + C in Banach algebras, which implies that Theorem 3.1 is a generalization of [12,
Theorem 1.5].

4 The solvability of general nonlinear integral equations in L' space
In this section, we study the existence of integrable solutions for Eq. (1.1). A number of
functional integral equations, such as the following:

x(t) = fi (t, ft/<(t, s) z(s, x(s)) ds), teR; (4.1)
0
x(t) = g(t,x(t)) +fi <t, /tk(t,s)fz (s, %(s)) ds), teR; (4.2)
0
x(t) =fi (t,x(t)) +f (t,x(t)) ftk(t, s)u(s,x(s)) ds, teR, (4.3)
0

may all be illustrated as special examples of Eq. (1.1).

Solutions to Eq. (1.1) will be sought in L! := L}(R*), the space of Lebesgue integrable
functions on R* with values in R, endowed with the standard norm x| := fooo |x(2)]| dt.
Here are some hypotheses on the nonlinear functions involved in Eq. (1.1).

Assumption 4.1 Assume that

(H1) u:R* x R — R is a Carathéodory function, and there exist a function a € L! and a
constant b > 0 such that |u(t,x)| < a(f) + b|x|;

(H2) k:R* x R* — R is a Carathéodory function, and ess sup, g+ fsoo |k(t,s)| dt < o0;

(H3) f:R* x R? — R is a Carathéodory function; there exist two positive numbers «, 8
and a function g € L! such that |[f(¢, (), y(¢))| < g(t) + a|x(t)| + Bly(?)| for a.e. t € R*;

(H4) a+bB|K| +|gll <1ifg #0, otherwise « + bB||K|| <1, where || K| denotes the norm
of the linear Volterra integral operator K generated by the function &;

(H5) for an arbitrary fixed y(¢) = fot k(t, s)u(s,z(s)) ds with z € U,,, where ry satisfies

2 lgl+ Blikllal
0 — S
1-a-DbBIK]|

there exists a continuous and nondecreasing function ¢ : R* — R* with ¢(r) < r for
r> 0 such that

/ If (&:21(8), y(®)) = f (£, 22(0), y(2)) dt| < (Il — 22 l), Vo, 0 € L1,
0

Remark 4.2 First notice that Eq. (1.1) may be written in an abstract form by Eq. (1.2),
where F is the superposition operator associated to the function f (F := N}, the superpo-
sition operator of double variables type was proposed by [13]):

F:L'xL'—>1',

(69) > Exy) R > B Flxy)() =f(6,5(0),5(0),
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and A := K o V,, appears as the composition of the superposition operator associated to u

with the linear Volterra integral operator defined by
K:L'xL'— L}

t
Y>> Ky :RY > R; Kw(t):/ k(t,s)y(s)ds.
0

Our aim is now to prove that the nonautonomous type superposition operator Nr o A
has a fixed point in L!(R*). Before starting to study this problem, we give some remarks
to illustrate that the operators A and F are well defined as follows.

(1) It should be noted that assumption (#H2) leads to the estimate

=f |k(t,s)|dt/0 ()| ds

< (ess sup fﬂk(t,sﬂdt) I, v elLl

seRt Js

H /t k(t,s)¥(s)ds
0

which shows that the linear Volterra integral operator K is continuous from an L!
space into itself, and ||K|| < esssup, g+ fsoo |k(z,s)| dt.

(2) Assumption (H1) shows that the superposition operator /N, is continuous and maps
bounded sets of L! into bounded sets of L! by Theorem 2.2.

(3) Note that a|x| + B|y| being an equivalent norm of (x,y) in R2, according to the
Lucchetti-Patrone theorem (see [14] or [15, Theorem 1]), assumption (H3) shows
that the superposition operator N; is continuous and maps bounded sets of L' x L!

into bounded sets of L!.

Theorem 4.3 If Assumption 4.1 is verified, then the equation

x(t) =f(t,x(t),/Otk(t,s)u(s,x(s)) ds>, teR,

that is, Eq. (1.1) has at least a solution x € L.

Proof ltis clear that the solutions of the operator equation x = F(x, Ax) satisfy Eq. (1.1). We
will use Theorem 3.1 to prove the present theorem, thus the assumptions of Theorem 3.1
have to be checked. Our proving is divided into several steps.

(1) By Remark 4.2, the operators A : L' — L', F: L' x L! — L! are well defined and
continuous, and then the assumption (1) of Theorem 3.1 is fulfilled.

(2) By (#5), for arbitrary fixed y = Az with z € U, there exists a continuous and non-

decreasing function ¢ : R* — R* such that
.90~ Fsa )] = [ I (e0(0,500) - eo0a)00) e
= §0(||x1 —x2||)

for any x;,x; € L', and then the assumption (2) of Theorem 3.1 is fulfilled.
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(3) If there is x € L' such that x(t) = f (¢, x(t), Az(t)) for z € U,,, then by (H3) we have
If (&, x(6), Az(0)) | < g(t) + a|x(t)| + B|Az(2)| = g(t) + a|x(8)| + B|(K o N, 0 2)(8)].
It follows that
llxll = fow[f(t,X(t),AZ(t)) |dt < llgll +allxll + BIKI (Il +blizll),
that is,

lxll < (1 =) (llgll + BIKI (llall + bliz]))
<Q- a)‘l(llgll + BlIK|lllall + bBIIK]ro) <ro
since ||g|| + BIIK|llall < ro(1 —a —bB|K||) by (#5). This shows that the nonautonomous

type superposition operator N o A maps U, into itself.
(4) Let Py :=U,,, and let

12
P, = conv{x eL':x(t) :f<t,x(t),/ k(t,s)u(s, z(s)) ds),z € Pn_l}, neN.
0
Then P, (n=0,1,2,...) are all nonempty closed convex, and then they are weakly closed.
Moreover, we have P; C U,,, = Py from step (3), and by the induction we may infer that
P, C P, forallmeN.

On the other hand, for each ¢ > 0 and a nonempty measurable subset D of R* such that

meas(D) < &, we know that if there exist z € P,_; and x € P, such that
t
x(t) =f (t,x(t), / k(t, s)u(s, z(s)) dS),
0
then

dt

dt = ,x(t), | k(¢ : d
‘/D|x(t)| t /Jj(t x(t)/0 (¢ s)u(s z(s)) s)
5/Dg(t)dt+afD|x(t)|dt+ﬂ||1<||(Aa(t)dt+b/£)|z(t)|dt),

which implies that

-1
/D|x(t)|dt5(1 o) (/Dg(t)dt+ﬂ||1<||/Da(r)dt+bﬁ||1<||/D|z(t)|dt>.

Taking into account the fact that the set consisting of one element is weakly compact, the

use of Theorem 2.5 leads to
lirr(l) sup{/ g(t)dt: D C R, meas(D) < 8} =0,
E—> D

lin}) sup{/ a(t)dt: D C R, meas(D) < 8} =0.
£—> D

Page 8 of 13
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As aresult,

¢(Py,) = lim sup {sup|:/ ’x(t)| dt: D C R*,meas(D) < 8:|}
e—0 D

x€Py

<(1-o)BB|K| liII(l) sup {sup{/ |z(t)’ dt:D C R",meas(D) < 8“
£e— D

ze€Py-1

= Ac(Puo1), (4-4)

where A := (1 -a)71bB|K| <1by (H4).
In the sequel let us fix arbitrarily the number T > 0. Then, for z € P,_; and x € P, with

x(t) =f (t,x(t), /;tk(t,s)u(s, z(s)) ds>,

we have

/:o|x(t)| dt = /Too‘f<t,x(t),/:k(t,s)u(s,z(s)) ds)
§/T g(t)dt+a/T \x(t)}dt+ﬁ||1<||(/T a(t)dt+b/T ]z(t)]dt),

which implies that

dt

o0 3 o0 o0 o0
fT Ix(0)| dt < (1 - a) (/T @) dt + BIIK]| /T a(t)dt + bBIK| /T |z<t)}dt),

and the use of Theorem 2.5 leads to

o] o]

lim gt)dt=0, and lim a(t)dt=0.

T—oo JT T—oo JT

As aresult,
o0
d(P,) = lim sup { / x(0) | dt < g}
e=0,ep, LJT

< Alim sup {/Oo|z(t)| dt < 8} =Ad(Py1). (4.5)
T

Eﬁozepn,l

Thus, combining estimates (4.4) and (4.5), we obtain that
w(Pn) < Ap(Pp-1).-

Further, from w(P,) < Au(P,_1) < --- < A"u(Pp) for n € N, we obtain that
Jim 4u(Py) = 0.

Setting P := )., Pu, we see that P is nonempty and weakly compact by Definition 2.4.
Moreover, we infer that for any z € P if x = F(x, Az) holds, then x € P.

Page9of 13
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(5) In this final step, let us prove that P is compact. To this end, for any sequence
(%n)nen C P with

%, (2) :f<t,xn(t),/(; k(t, s)u(s, zu(s)) ds), (Zn)nen C P, (4.6)

we shall show that (x,),cn possesses a convergent subsequence in L!.
Since P is weakly compact, for an arbitrary fixed ¢ > 0, by Theorem 2.5 there exists 7' > 0
such that

[ 0= (0] e < (@7)

)
2

for all m,n € N.
Moreover, for the sequence (z,,),cn in (4.6), let

t
Vult) := / k(t,s)u(s,za(s)) ds, neN.
0
According to Theorem 2.3, there exists a closed subset D, of [0, T'] such that the functions

k and u are continuous on D, x [0, T] and D, x R, respectively, where meas([0, T]\D;) < ¢.
By taking #;, ¢, € D, with ; < £, we have

yn(t) = ()] = ‘ /0 " K(tar5)it(s, 20(5)) ds - /0 Kt (s, 2a(s)) ds

/tz k(tz,s)u(s, z,,(s)) ds

1

< / 1 |k(t2,s) - k(tl,s)| |u(s,zn(s)) | ds +
0

T - [t
<o’ (klt —tll)/ (als) +b|zn(s)|)ds+k/ (a(s) + b|zu(s)]) ds
0 5]

< a)T(k, |ty — t1|)(||a|| + br) +%/t2 a(s)ds + b?{/tz |zn(s)| ds, (4.8)

5] 5]

where % := max{|k(t,s)| : (t,s) € D, x [0,T]}, and wT(k, |t, — t;|) denotes the modulus of
continuity of the function k on the set D, x [0, T].

Since (z,)ueny C P is relatively weakly compact and the set consisting of one element is
also weakly compact, by Theorem 2.5 we infer that the terms ft? |z,(s)| ds and ftiz a(s)ds
in (4.8) may all be arbitrarily small provided that the number |f; — t;| is small enough.
Thus, we obtain that the sequence (y,(£))en is equicontinuous on C(D;) (the space of all
continuous functions defined on D).

On the other hand, we have

|yn(t)| = ’/0 k(t,s)u(s,zn(s))ds 5/(; |k(t,s)|(a(s)+b|z,,(s)|)ds

<k(lall + bllz,ll) <&(llall + br) =Y,
which implies the sequence (y,(£)),en is uniformly bounded on C(D,).

Since the map J, which signs each y € A(P) the unique point x € P such that x(¢) =
f(t,x(t),y(t)), is well defined and uniformly continuous on D, x [-Y, Y], by Lemma 2.8 we
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infer that the sequence (x,(¢)),en With x,(¢) = f (¢ x,(¢), y,(¢)) is uniformly bounded and
equicontinuous on C(D,). Hence, by applying the Arzéla-Ascoli theorem, we obtain that
the set {x, : n € N} forms a relatively compact set in C(D;).

Note that our reasoning does not depend on the choice of €. Thus we can construct a
sequence (Dy/x)ken of closed subsets of the interval [0, T] such that meas([0, T]\D/x) — 0
as k — 00, and the sequence (x,),cn is relatively compact in every space C(Dy ). Passing
to subsequences if necessary, we can assume that (x,),cy is a Cauchy sequence in each
space C(Dy) for k € N.

In what follows, by virtue of the fact that P is weakly compact, let us choose a number
8 > 0 such that for each closed subset D; of the interval [0, T] with meas([0, T]\Ds) < §
satisfies

/ |t () — 24(8)| dt < = for all m,m € N. (4.9)
[0.T1\D; 4

Since (x,)xen is a Cauchy sequence in each space C(Dyy), there is ko € N such that
meas([0, T1\Dix,) < & and for m,n > k

&
- e 4.10
” m n ”C(Dl/ko) - 4(1 + meaS(DI/ko)) ( )

Consequently, (4.9) and (4.10) imply that for m, n > ko we have

T
/0 | (£) — 2 (2)| At

&
= /Dl/ko |xm(t)—xn(t)|dt+/ | (£) — 2 (2)| At < 5 (4.11)

(0.71\Dy

Now, combining (4.7) and (4.11) for m, n > ko, we obtain that

T 00
6 — ] = /0 i (6) — 20 (0)] it + /T () — 240 dit < &,

which shows that (x,),cy is a Cauchy sequence in an L! space. Thus, the sequence
(®4)neny C P has a convergent subsequence, which implies that the closed set P is compact.

This shows that the assumptions of Theorem 3.1 are all fulfilled, which completes the
proof. O

Remark 4.4 The techniques of the proof of Theorem 4.3 based on Carathéodory condi-
tions and the Scorza-Dragoni theorem were already used in [16—-19] for proving the solv-
ability of Eq. (4.1), (4.2), etc.

Finally, we provide an example, which is not included in Eq. (4.1)-(4.3), and which may
be treated by our Theorem 4.3.

Example 4.5 Consider the following nonlinear integral equation:

arctan ¥ (¢) sin¢ < / \/W )

4+t 2+l etrs (4.12)

t
v() = T
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for t € R*. In order to show that such an equation admits a solution in L!, we are going to
check that the conditions of Theorem 4.3 are satisfied.
Define the functions as follows:

k:R*xR* > R, k(¢,s) = e 9,

u:R*" xR—>R, ult,x) =/ A +t)* +x2
arctanx  sintsiny
+ .
4+t 2+ |x|

R xR R,  f(t,xy) =te? -

It obvious that , k and f are all Carathéodory functions. Taking a(f) = (1 +£)2and b =1,
we have

lut,x)| = V@ +0)*+22 <L+ + |x] = a(t) + blx|.
So, u satisfies (H;). Taking g(t) = te™, @ = 1/4 and B = 1/2, we have

arctanx  sin¢siny

te™ — +
4+t 2+ |x|

|f(t>x¢y)| =

o 1 1
<te? 4 el + 21y = g(0) + alal + Byl

It follows that f satisfies (H3). By a simple calculation, we obtain that

o0 1 o0 o0
lgll = / te™ X dt = 7 K| < sup/ k()| dt = sup/ e ) gy =1,
0 s s

s>0 s>0

It follows that

BAIK] + gl <~ + 2+ 21
o+ + e
g_4 2 4

which shows that (H;) and (H,) are satisfied.

From the inequality

If (8,1(8), y(®)) = f (£ %2(8), y(0)) |
sin sin y(t) ~ sin sin y(t)
2+ @] 2+ @) |

FAGER1]
4+ |x1 ()] + [x2(B)] + |1 (£)x2 ()]

1
< —— |arctanx; (¢) — arctanx, (¢)| +
4+t

= T+t |x1(t) —xz(t)| +

< SO -x0),

it follows that
o0 1 1
f If (£ 21(8), y(®)) — £ (£:22(0), (1)) | dt < 3 l%1 —xall, Va2 €L
0

forall y € L'. So (H;) is satisfied for ¢(r) := 37.
Since the assumptions (H;)-(#s) are all satisfied, we apply Theorem 4.3 to derive the
existence of a solution to Eq. (4.12).


http://www.journalofinequalitiesandapplications.com/content/2014/1/487

Wang Journal of Inequalities and Applications 2014, 2014:487
http://www.journalofinequalitiesandapplications.com/content/2014/1/487

Competing interests
The author declares that they have no competing interests.

Author’s contributions
This paper is completed by the sole author.

Acknowledgements
The author is grateful to the referees for the careful reading of the manuscript. The remarks motivated the author to make
some valuable improvements.

Received: 24 April 2014 Accepted: 25 November 2014 Published: 08 Dec 2014

References

1.

2.

18.
19.

Appell, J, Zabrejko, PP: Nonlinear Superposition Operators. Cambridge Tracts in Math., vol. 95. Cambridge University
Press, Cambridge (1990)

Krasnosel'skii, MA: On the continuity of the operator Fu(x) = f(x, u(x)). Dokl. Akad. Nauk SSSR 77, 185-188 (1951)

(in Russian)

. Krasnosel'skii, MA: Topological Methods in the Theory of Nonlinear Integral Equations. Pergamon Press, New York

(1964)

. Gaidukevich, OI, Maslyuchenko, VK: New generalizations of the Scorza-Dragoni theorem. Ukr. Math. J. 52(7),

1010-1017 (2000)

. Banas, J, Rivero, J: On measures of weak noncompactness. Ann. Math. Pures Appl. 151, 213-224 (1988)
. De Blasi, FS: On a property of the unit sphere in Banach spaces. Bull. Math. Soc. Sci. Math. Roum. 21, 259-262 (1977)
. Appell, J, De Pascale, E: Su alcuni parametri connessi con la misura di non compattezza di Hausdorff in spazi di

funzioni misurabili. Boll. Unione Mat. Ital.,, B 3,497-515 (1984)

. Banas, J, Knap, K: Measures of weak noncompactness and nonlinear integral equations of convolution type. J. Math.

Anal. Appl. 146, 353-362 (1990)

. Dieudonné, J: Sur les espaces de Kothe. J. Anal. Math. 1, 81-115 (1951)
10.
11.
12.

Boyd, D, Wong, JSW: On nonlinear contractions. Proc. Am. Math. Soc. 20, 458-464 (1969)

Smart, DR: Fixed Point Theorems. Cambridge University Press, Cambridge (1980)

Dhage, BC: Local fixed point theory involving three operators in Banach algebras. Topol. Methods Nonlinear Anal. 24,
377-386 (2004)

. Joshi, M: Existence theorems for a variant of Hammerstein integral equations. Comment. Math. Univ. Carol. 16(2),

255-271(1975)

. Lucchetti, R, Patrone, F: On Nemytskii's operator and its application to the lower semicontinuity of integral functional.

Indiana Univ. Math. J. 29(5), 703-735 (1980)

. Moreira, DR, Teixeira, EV: Weak convergence under nonlinearities. An. Acad. Bras. Ciénc. 75(1), 9-19 (2003)
. Banas, J, Chlebowicz, A: On existence of integrable solutions of a functional integral equation under Carathéodory

conditions. Nonlinear Anal. 70, 3172-3179 (2009)

. Banas, J, Chlebowicz, A: On integrable solutions of a nonlinear Volterra integral equation under Carathéodory

conditions. Bull. Lond. Math. Soc. 41(6), 1073-1084 (2009)

Taoudi, MA: Integrable solutions of a mixed type operator equation. Nonlinear Anal. 71, 4131-4136 (2009)
Liang, J, Yan, SH, Agarwal, RP, Huang, TW: Integral solution of a class of nonlinear integral equations. Appl. Math.
Comput. 219(10), 4950-4957 (2013)

10.1186/1029-242X-2014-487
Cite this article as: Wang: A fixed point theorem for nonautonomous type superposition operators and integrable
solutions of a general nonlinear functional integral equation. Journal of Inequalities and Applications 2014, 2014:487

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 13 0of 13


http://www.journalofinequalitiesandapplications.com/content/2014/1/487

	A ﬁxed point theorem for nonautonomous type superposition operators and integrable solutions of a general nonlinear functional integral equation
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Fixed point theorem of nonautonomous type superposition operators
	The solvability of general nonlinear integral equations in L1 space
	Competing interests
	Author's contributions
	Acknowledgements
	References


