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1 Introduction

It is well known that the ideas and techniques of the variational inequalities and variational
inclusions are being applied in a variety of diverse fields of pure and applied sciences and
proven to be productive and innovative. It has been shown that this theory provides the
most natural, direct, simple, unified, and efficient framework for a general treatment of a
wide class of linear and nonlinear problems. Correspondingly, the existence of solutions
or the convergence and stability of a suitable iterative algorithm to the system of nonlinear
variational inequalities or variational inclusions has also been studied by many authors,
see [1-22] and the references therein.

Recently, Lan et al. [9] introduced a new concept of (A, n)-accretive mappings, which
provides a unifying framework for maximal monotone operators, m-accretive opera-
tors, n-subdifferential operators, maximal n-monotone operators, H-monotone opera-
tors, generalized m-accretive mappings, H-accretive operators, (H, n)-monotone opera-
tors, A-monotone mappings. Further, we studied some properties of (4, 7)-accretive map-
pings and defined the resolvent operators associated with (A4, n)-accretive mappings which
include the existing resolvent operators as special cases. By using the new resolvent op-

erator technique, we also developed a new perturbed iterative algorithm with errors to
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solve a class of nonlinear relaxed cocoercive variational inclusions with (A4, n)-accretive
mappings in g-uniformly smooth Banach spaces and prove the convergence and stability
of the iterative sequence generated by the perturbed iterative algorithm. For details, we
can refer to [2-5, 7, 8, 10, 11, 13, 23].

On the other hand, some systems of variational inequalities, variational inclusions, com-
plementarity problems and equilibrium problems have been studied by some authors in
recent years because of their close relations to Nash equilibrium problems. Huang and
Fang [6] introduced a system of order complementarity problems and established some
existence results for the problems by using fixed point theory. Kassay and Kolumbén [8]
introduced a system of variational inequalities and proved an existence theorem by us-
ing Ky Fan’s lemma. In [1], Cho et al. developed an iterative algorithm to approximate the
solution of a system of nonlinear variational inequalities by using the classical resolvent
operator technique. By using the resolvent operator technique associated with an (H, n)-
monotone operator, Fang et al. [3] further studied the approximating solution of a system
of variational inclusions in Hilbert spaces. Very recently, Guan and Hu [22] introduced and
studied a system of generalized variational inclusions involving a new monotone mapping
in Banach spaces. Furthermore, by using the concept of (A, n)-accretive mappings and
the new resolvent operator technique associated with (4, n)-accretive mappings, Lan [15]
introduced and studied a system of general mixed quasi-variational inclusions involving
(A, n)-accretive mappings in Banach spaces, and construct a new perturbed iterative algo-
rithm with mixed errors for this system of nonlinear (A, n)-accretive variational inclusions
in g-uniformly smooth Banach spaces. Kazmi et al. [16] considered the convergence and
stability of an iterative algorithm for a system of generalized implicit variational-like inclu-
sions in Banach spaces. Suwannawit and Petrot [17] studied the existence of solutions and
the stability of iterative algorithm for a system of random set-valued variational inclusion
problems involving (A, m, n)-generalized monotone operators. Because stability is one of
optimization theory, it is not surprising to see a number of papers dealing with the study
of convergence and stability to investigate various important themes. For other related
works, we refer to [10, 12, 18, 19, 24] and the references therein.

Motivated and inspired by the above works, in this paper, we consider the following
system of generalized non-accretive multi-valued mixed quasi-variational inclusions:

Find (x,y) € B; x By, u € F(x), and v € G(y) such that

0 € Ni(x, v) + M (x, %),
0 € Na(u,y) + Ma(3,9),

(1.1)

where B; is a real Banach space, N; : B; x B, — B, A;: B, — B;, and n; : B; x B; — B; are
single-valued mappings, and F : B; — 251 and G : B, — 2% are multi-valued mappings,
M; : B; x B; — 2% is an any nonlinear mapping such that M;(-,t) : B; — 2B is an (4;,n,)-
accretive mapping for all t € B; and i = 1, 2.

We remark that, for suitable choices of N;, M;, A;, n;, F, G, and B; for i = 1,2, it is
easy to see that the problem (1.1) includes a number (systems) of quasi-variational in-
clusions, generalized quasi-variational inclusions, quasi-variational inequalities, implicit
quasi-variational inequalities studied by many authors as special cases. See, for example,

[1-22] and the following examples:
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Example 1.1 If F:B; — B; and G : B, — B, are two single-valued mappings, then, from
the problem (1.1), we have the following problem: Find (x,y) € B; x B, such that

0 € Ni(x, G(9)) + My(x,%),
0 € No(F(x),) + Ma(y, ).

1.2)

Example 1.2 In (1.2), for any (a,b) € B; x By, if Ni(x, G(y)) = Ei(f(x),y) — a and Na(x,
G()) = Ex(x,g(y)) — b, where f : B; — By and g : B, — B, are two single-valued mappings,
then the problem (1.2) reduces to finding (x,y) € B; x B, such that

aec El(f(x),y) + Ml(x)x))
b € Ex(x,8(y)) + Ma(,9).

1.3)
The problem (1.3) is called a system of mixed quasi-variational inclusion problems,
which was studied by Lan [15].

Example 1.3 If F = G =1, M;(-,£) = M;(-) for all £ € B; and My(-,£) = My(-) for all £ € B,
then the problem (1.2) is equivalent to the problem of finding (x,y) € B; x B, such that

0 € Ni(x,y) + My (x),
0e Nz(x,y) +M2(y),

(1.4)

which is studied by Fang et al. [3] and Verma [10] when M; is A-monotone and (H, n)-
monotone for i = 1,2, respectively. Some special cases of the problem (1.4) can be found
in [1, 8, 12—14] and the references therein.

Moreover, in this paper, by using the new resolvent operator technique associated with
(A, n)-accretive mappings, Nadler’s fixed point theorem and Liu’s inequality, we prove
some existence theorems of solutions for our systems by constructing the new Mann iter-
ative algorithm. Further, we study the stability of the iterative sequence generated by the
perturbed iterative algorithms. The results presented in this paper improve and generalize
the corresponding results of recent works given by some authors.

2 Preliminaries

Let B be a real Banach space with the dual space B*, (:,-) be the dual pair between B and
B*, 2% denote the family of all the nonempty subsets of B and CB(B) denote the family of
all nonempty closed bounded subsets of B. The generalized duality mapping J, : B — 25"
is defined by

Jo@) = {f* € B*: (x,f*) = x|,

o0 = el

for all x € B, where g > 1 is a constant. In particular, /, is the usual normalized duality
mapping. It is well known that, in general, J,(x) = [|x972/>(x) for all x # 0 and J, is single-
valued if B is strictly convex.

In the sequel, we always suppose that B is a real Banach space such that J, is single-valued
and H is a Hilbert space. If B = H, then J, becomes the identity mapping on .
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The modulus of smoothness of B is the function gp : [0, 00) — [0, 00) defined by

1
oB(t) = sup §(||x+y|| +llx=yll) =1 flxll < 1, Iyl < ¢

(1) A Banach space B is said to be uniformly smooth if

0.

’ oB(t)
m =
t—0 t

(2) B is said to be g-uniformly smooth if there exists a constant ¢ > 0 such that
on(t) <ct?
forallg > 1.
Note that J; is single-valued if B is uniformly smooth. In the study of characteristic in-

equalities in g-uniformly smooth Banach spaces, Xu [25] proved the following result.

Lemma 2.1 Let g > 1 be a given real number and B be a real uniformly smooth Banach
space. Then B is q-uniformly smooth if and only if there exists a constant c; > 0 such that,

forallx,y e B,
e+ y17 < %017 + q(y, Jg(0)) + cqlly 117
In the sequel, we give some concept and lemmas for our main results later.

Definition 2.1 Let B be a g-uniformly smooth Banach space and f,A : B — B be two
single-valued mappings. T is said to be:
(1) accretive if

{fx) =f). Jy(x =) = 0

for all x,y € B;
(2) strictly accretive if T is accretive and

(f(®) - fO),Jg(x—9)=0

ifand only if x = y;
(3) r-strongly accretive if there exists a constant r > 0 such that

(f(x) —f ), Jqx = 9)) = rllx = y)|

forall x,y € B;
(4) y-strongly accretive with respect to A if there exists a constant y > 0 such that

(fx) —f ), J4(Ax) - AW)) = v IIx - 117

for allx,y € B;

Page 4 of 18
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(5) m-relaxed cocoercive with respect to A if there exists a constant m > 0 such that

(fx) = fO), Jo(A®) = AW))) = —m|f(x) - fO)|*

for allx,y € B;
(6) (a,&)-relaxed cocoercive with respect to A if there exist constants o, & > 0 such that

(F0) £, T (A®) = AW))) = —a||[f(x) = fO)||* + Ellx - 17

for all x,y € B;
(7) s-Lipschitz continuous if there exists a constant s > 0 such that

lf@®) —f )| <slix -yl

forall x,y € B.
Remark 2.1 When B = H, (1)-(4) of Definition 2.1 reduce to the definitions of monotonic-
ity, strict monotonicity, strong monotonicity, and strong monotonicity with respect to A,

respectively (see [2, 3]).

Definition 2.2 A multi-valued mapping F : B — 2% is said to be g“—l:I—Lipschitz continuous
if there exists a constant ¢ > 0 such that

H(F(),F(y) < ¢l -yl
for all x,y € B, where H:2B x 2B (—00, +00) U {+00} is the Hausdorff metric, i.e.,

I:I(A,B) = max{sup in’g lx — yll, sup in£ lx = Il }

xeAYE xeB V€
forall A,B € 2B.

Definition 2.3 A single-valued mapping 1 : B x B — B is said to be t-Lipschitz continu-
ous if there exists a constant t > 0 such that

G| < <llx-yl
for all x,y € B.
Definition 2.4 Let B be a g-uniformly smooth Banach space, n:BxB — Band H: B —

B be single-valued mappings. Then set-valued mapping M : B — 2% is said to be:
(1) accretive if

=y =) = 0

forallx,y € B, u € M(x), and v € M(y);

Page 5 of 18
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(2) n-accretive if

(i =Ty (n(x.9))) = 0

forallw,y € B, u € M(x), and v € M(y);
(3) strictly n-accretive if M is n-accretive and equality holds if and only if x = y;

(4) r-strongly n-accretive if there exists a constant r > 0 such that

(Ix[ - V,]q(n(x7y))> = r||x —J’||q

forall x,y € B, u € M(x), and v € M(y);

(5) a-relaxed n-accretive if there exists a constant @ > 0 such that

(1= v, ]y (n(x,9))) = —erllx - yI|

forallx,y € B, u € M(x), and v € M(y);

(6) m-accretive if M is accretive and (I + pM)(B) = B for all p > 0, where I denotes the
identity operator on B;

(7) generalized m-accretive if M is n-accretive and (I + pM)(B) = B for all p > 0;

(8) H-accretive if M is accretive and (H + pM)(B) = B for all p > 0;

(9) (H,n)-accretive if M is n-accretive and (H + pM)(B) = B for every p > 0.

In a similar way, we can define strictly n-accretivity and strongly n-accretivity of the
single-valued mapping A : B — B.

Definition 2.5 The mapping N : B x B — B is said to be e-Lipschitz continuous with
respect to the first argument if there exists a constant € > 0 such that

ING, ) - NG, )| < ellx -yl
forall x,y € B.

In a similar way, we can define the Lipschitz continuity of the mapping N(,-) with re-

spect to the second argument.

Definition 2.6 Let A: B — B, n: B x B — B be two single-valued mappings. Then a
multi-valued mapping M : B — 22 is said to be (4, n)-accretive if

(1) M is m-relaxed n-accretive;

(2) (A+ pM)(B)=DB forall p >0.

Lemma 2.2 ([9]) Let B be a q-uniformly smooth Banach space and n:B x B — B be t-

Lipschitz continuous, A : B — B be a r-strongly n-accretive mapping and M : B — 2% be
an (A, n)-accretive mapping. Then the resolvent operator R;’j‘,[ : B — B defined by

R (1) = (A + pM)™ (u)
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ey ; . ;
v -Lipschitz continuous, i.e.,

forallueBis

gq-1

| RS (@) = R )] < e =yl

T
r—pm

forall x,y € B, where p € (0, =) is a constant.

m
3 Approximation methods and main results

In this section, by using the resolvent operator technique associated with (4, n)-accretive
mappings, we introduce the new Mann iterative algorithm with mixed errors for solv-
ing the system (1.1) of generalized nonlinear mixed quasi-variational inclusion in Banach
spaces and prove the convergence and stability of the iterative sequence generated by the

Mann iterative algorithm.

Definition 3.1 Let S be a self-mapping of B, xy € X and let {x,} be an iterative sequence
in B defined by x,,1 = h(S,x,) for all n > 0. Suppose that {x € B : Sx = x} # @ and {x,}
converges to a fixed point x* of S. Let {v,} be a sequence in B and let €, = ||v,.1 — A(S, v,) ||
Iflime, = 0 implies that v, — x*, then the iterative sequence {x,} defined by x,,,1 = h(S, x,,)

for all » > 0 is said to be S-stable or stable with respect to S.

Lemma 3.1 ([26]) Let {a,}, {b,}, {c.} be three nonnegative real sequences satisfying the
following condition: there exists a natural number ny such that

Aps1 = (1 - tn)an + bntn +Cy

Sor all n > ny, where t,, € [0,1], > 02 t, = 00, lim, .00 by, = 0 and Y 2 ¢, < 0. Then

a, — 0asn— oo.

The solvability of the problem (1.1) depends on the equivalence between (1.1) and the
problem of finding the fixed point of the associated generalized resolvent operator. From
Definition 2.6, we can obtain the following.

Lemma 3.2 Fori=1,2, let A;, n;, M;, N;, F, and G be the same as in the problem (1.1).
Then the following statements are mutually equivalent:

(1) An element (x,y,u,v) € By x By x By x B, is a solution to the problem (1.1).

(2) There exist (x,y) € By x By, u € F(x), and v € G(y) such that

2= Ry (o [A®) = ANy ),

(3.1)
A
=R G [A20) = PNa (1)),
where Ry o = (A1 + AMiG2) ™ RS () = (Aa + pMa(3)) ™ and 1> 0, p > 0

are two constants.
(3) Forany A >0 and p >0, the mapping T, , : B; x By — B; x B, defined by

T,0(%,9) = (Pi(%,9), Qo (%))
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forall (x,y) € By x By has a fixed point (x,y,u,v) € By x By x By x By, where
mappings Py : By x By — By and Q, : By x By — B, are defined by
Py y) = Ry o [A1(0) - ANy, V)]

n1,M (%)

Sorallv e G(y) and

Qo) =R [As() - pNa(1,9)]

for all u € F(x), respectively.

This fixed point formulation allows us to construct the following perturbed iterative

algorithm with mixed errors.

Algorithm 3.1 Step 1. For any (xo,5) € B; x B,, define the iterative sequence {(x,, y,,)}

by
A
Kntl = (]- - an)xn + a"RnﬁAl/Il(-,xn)(z") + 0l + ey,
Yt = (L= )y + @RS (W) + fy + By

Zn =Al(xn) - )"Nl(xn: Vn):
Wy =A2(yn) - pNZ(un;yn)

for all n > 0, where u, € F(x,), v, € G(x,), and A, p > 0 are constants.

Step 2. Choose the sequences {o,}, {d,}, {e.}, {f:}, and {4, } such that, forall n > 0, {@,,} is
asequencein (0,1] with )" a, = 00, {d,}, {e,} C By, and {f,,}, {1,} C B, are the sequences

of errors and satisfy the following conditions:
(@) dy,=d),+d, and f, =f, + [, where {d,},{d} C By and {f}, {f;} C By;
(b) lim,_, o ||d, || = 0 and lim,,_, o [|f; || = 0;
(© Xontolldyll < 00, 3255 lleall < 00, 32550 Iy I < 00 and 3702 1Al < 0o

Step 3. If the sequences {x,,}, (¥}, {zu}, (W}, {otn}, {du}, {en}, {fu}, and {h,} satisfy (3.2)
to sufficient accuracy, then go to Step 4. Otherwise, set # := n + 1 and return to Step 1.
Step 4. Let {(¢n, ¥»)} be any sequence in B; x B, and define a sequence {(¢,, &,)} in R x R

by
€y = ||(/7n+1 - {(1 - an)(pn + a”Ri\I;A:iIl(',Wn)(S”) + Olndn + en}”:
&n = 1Wne1 — {1 — )V + anRZL[\Z/[Z(A,X/,n)(tn) + C(Flf;’l + ha
Sn ZAI((/)n) - )‘Nl((pn: @),
ty = Ay (V) — N2 (Xns Yri),

where x,, € F(¢,) and @, € G(,,).

SteP 5. Ifthe Sequences {En}r {8,,}, {¢n+1}7 {wn+1}: {S}’l}r {tn}r {arl}r {dn}7 {6,,,}, {f;’l}) and {hn}
satisfy (3.3) to sufficient accuracy, the stop here. otherwise, set #n := n + 1 and return to

Step 2.

Now, we show the existence of solutions of the problem (1.1) and prove the convergence

and stability of Algorithm 3.1.

Page 8 of 18
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Theorem 3.1 Fori=1,2, let B; be a q;-uniformly smooth Banach space with q; > 1, n; :
B; x B; — B; be t;-Lipschitz continuous, A; : B; — B; be r;-strongly n;-accretive and o;-
Lipschitz continuous, F : By — CB(B;) be k-l:I-LipschitZ continuous, G : By — CB(B,) be
K—I:I—Lipschitz continuous, My : By x By — 2B1 be (A1, m1)-accretive in the first variable
and My : By x By — 252 be (A, ny)-accretive in the first variable. Suppose that N : B, x
By — By is (11, 11)-relaxed cocoercive with respect to Ay, 81-Lipschitz continuous in the first
argument, By-Lipschitz continuous in the second variable and Ny : By x By — B is (72, 12)-
relaxed cocoercive with respect to A,, 8;-Lipschitz continuous in the second argument and
Pi-Lipschitz continuous in the first variable. If

AA LA
”R’]b/%/fl(':") (2) - Rm,;a/[l(.,y) (2) “ <wlx-yl,

(3.4)

0,A2 0,A2
”an,Mz(wx) (2) - Rﬂz.Mz(w;V) (2) ” = v2llx =yl

for all (x,y,z) € By x By x By and there exist constants ) € (0,r/my) and p € (0,ry/m3)
such that

q1-1 q q q -1
.[11 q{/all—qlktl+qlkn1811+cq1)ﬂl§11 pkﬂ”—gz

+v; <1,

. ri—imy ry—pmy (3.5)
3 q%/azqz —@2p12+q20m289 4¢q, P1285%  pcpyril!
+ vy <1,
ro—pms r —imy

where ¢y, ¢4, are the constants as in Lemma 2.1, then
(1) the problem (1.1) has a solution (x*,y*,u*,v*);
(2) the iterative sequence {(x,, Y, Un, Vn)} generated by Algorithm 3.1 converges strongly
to the solution (x*,y*, u*,v*);

(3) if, in addition, there exists a > 0 such that a,, > « for all n > 0, then
1im (@, Vs Yo @) = (6595, u5,v") < lim (e4,6,) = (0,0),
n— o0 n—00
where (€, €,) is defined by (3.3).

Proof Forany A >0 and p > 0, define P, : B; x By — B; and Q, : B; x B, — B, by

Py(x,9) = R TAL®) — ANi(x, V)],

(3.6)
Qo(x,9) = R [A2(3) — pNa(,9)]

for all (x,y) € B; x By, u € F(x) and v € G(v). Now, define the norm || - || on B; x B, by

|G|, = =l + 1y

for all (x,y) € B; x B,. It is easy to see that (B; x By, || - ||+) is a Banach space (see [4]). By
(3.6), for any A > 0 and p > 0, define T} , : B; x B, — B; x B, by

Typ(%9) = (Pr(%,9), Q,(x,9))

for all (x,y) € B; x B,.
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Now, we prove that T; , is a contractive mapping. In fact, for any (x;,7;) € B; x B, and

i =1,2, there exist u; € F(x1) and v; € G(y1) such that

Py (x1,1) = 2341 y[A1(x1) = AN1 (%1, 11)], (3.7)

Qp(x1,y1) =RPAZ  [A2 (1) — pNa (a1, ).

Since F(x;) € CB(B;) and G(y;) € CB(B,), it follows from Nadler’s result [27] that there

exist uy € F(x;) and vo € G(y,) such that

Ivi = v2 ]l < H|Gon) - Gyn) .- (3.8)

[l2t1 —

Setting

P (xz,y2)=Rli o [A1(%2) = AN1 (%2, 12)],
Qp(x2,32) = RS2 [Aa(y2) = pNa(u4z, 32)]-

Thus it follows from (3.4), (3.6), (3.9), and Lemma 2.2 that

|25 (1, y1) = Pa (2, 72) |
=< ||RMl o[ A1 (1) = AN (1, v1) ] —RglAjﬁ

LM (-
||R$1A,j%/[l [Al(xl) )\Nl(xl;Vl)] - 2:41%41 [Al(xz) )\Nl(xz,vz)] ||

[Ar@) - ANi (@, w)] |

q1-1
i [ A1 (1) — A1 (x2) = ANy (1, v1) = Ni(oa, 1)) |

7’1—

(3.10)

A
+ vl — x| + | N (32, v1) = N (2, v2) |
ry — Any

and

1Qu (1, 1) = Qu(%2,92) |
q2-1
< o Aal) = Aaly2) = p (Mol 1) = Nata )|
(3.11)

q2-1
+Vally1 = yall + 1027 ||N2(M1,}’2) No(u2,90) |-

By the assumptions, (3.8), and Lemma 2.1, we have

[ A1 (1) = Ap(2) = A(N1 (1, v1) = Ny(ea, v1)) |
||A1(x1) A xz)“ql - 6]1)L(N1(x1, V1) — Nl(xZ)Vl)y]ql (Al(xl) —Al(xz)))

+ ATy, ||N1(x1, 1) = Ni(x2,11) ||q1
(3.12)

< (o = qir + uAm 8T + g A1) ey — 22| T,

|A2(1) = A2 (y2) = p (N2 (1, 71) = Na(u1,92)) |
(3.13)

< (0 = qapiz + q2pm287 + ¢, P83 ) 31 — 32112
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||N1(9C2,V1) —Nl(xZ:VZ)”
< Ballvi = vall < BoH[ GO1) - G| < ieBallyr = 221l (3.14)
“N2(l41,y2) — No(u2,92) ”

< Billr -zl < BiH|F(x) - Fxo)|| < kBillxs — 22 . (3.15)
Combining (3.10)-(3.15), we infer

1Py (%1, 91) — Pi (%2, 92)

q1-1
<+ V:ikml ”I\l/alq1 —qihg + A8 + e A M) ||y — o |
Mcﬁgrlql_l _
+ < S 1 =21l (3.16)
1Qp (1, 31) — Qp (2, ¥2) I
q2-1
<+ 5m [’\Z/quz —q2pL2 + 2pT285" + Cgy p12857) 131 = 2|
Pkﬂlfgz_l
Wﬂxl =%
It follows from (3.16) that
121, 31) = Pal2, y2) || + | Qo (1, 31) = Qp (%2, 22) |
< 9(||x1 = %2 + I3 —yzll), (3.17)
where
q1-1 q2-1
T kBt
0 = max{ -1 ”’\1/01‘“ —qii + @A 8T + e AT + PPy + 1,
r — Anmn Ty — pmiy
q2-1 q1-1
2 7\2/ 92 72 o MPam
— Yo, — Ly + 909" + Cpo p9267° + —————— + Vg ¢
72— pr 2 q2pPl2 + g207T20, g0 0720y ro— Ay 2

By (3.5), we know that 0 < 6 <1 and it follows from (3.17) that

| T30 (1 91) = Top 2, 32) ||, < 0 Goo 1) — (2, 92) -

This proves that T} , : B; x B, — B; x B, is a contraction mapping. Thus, from Nadler’s
fixed point theorem [27], it follows that there exist (x*,y*) € By x By, u* € F(x*) and v* €
G(y*) such that

Tho (%% 9") = (¢%,5%),
that is,
X = Rgﬁdm*)[Al(x*) N()] = RZ;‘?&Z(W*)[AZ(J,*) - pNy (u*,5%)].

Hence, by Lemma 3.2, (x*, y*) is a solution of the problem (1.1).
Next, for any u* € F(x*) and v* € G(y*), let

Z* =A1(x*) _ )»Nl(x*,v*), w* =A2(y*) _ ,ONz(u*,y*)¢
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* LA * A *
B =R () Y = R (W)
Then, by (3.2) and the proof of (3.16), it follows that

l2n = 2" = [|A1Gen) = A1 (") = 2. (N1 (@i, vr) = N (", v7) ) |

< Vo' — qihig + Am 8 + e a8 ||xn —x* || + Ak B ||y,, -

’

[wa =" = [ 42) ~ 42 (57) — o (Nat ) ~ Na (5" 57)) |

< %o - qapio + @2p728% + g 0283 |y — | + 0kB1 | %4
n =" |
< =)o = 2" + ([, | + | ]) + Newll + cun| R @) = 57|

< (=) o0 =" + au([| ]| + [ ]) + Nenl

+ o [RN o @n) = Ry e @) |+ eon[RUT oy @) = Ry oy ()]

nLMi (-5 n1M (x%) n1,M (x*) nLM (x%)
.L_fh—l
<(1-oa) ||x,, —x* || + v Hxn —x* H + anm ||zn -z H

v au|d, | + (] + lleall),
and

|y =57
<@=a)yn =5 +an(lfi ] + A1) + Wall + | RZZ L wa) = 5|

= W=y ="+ (] + A1) +

o[RS W) = RS g W) | 4 e[ RE oy O0) = R o (w7
q2-1
<(l-ay) ”yn —J’* ” +oyVo ”yn —J’* ” + oy 72— piny ”Wn -w ”

+an[full + (A7 + 1al).

Thus we obtain

s =" + i1 = 7]

= W =an)([Jan =7 + 7 =57)

q2-1 q1-1
pkpit, T
+a,| v+ o Yol — qiiu + uAm S + cg A8 ||, — 2|
Ty — My — Anm
-1 q-1
kBT T
Fo,| v+ L 2 ‘1\2/02‘72 — @apla + G2 pT8T + gy p1283
—Amy 1y — pmy

X llyw ="+ en (Il + Il + (A + Wl + ] + Neal)
= [1-au@=0)](Jxu =" + 7. =5"])

1
+an(L=0)- = (] + 14 0) + (] + Wil + [ ]+ leal)- (3.18)
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Since Y 7 o, = 00, it follows from Lemma 3.1, (3.5), and (3.18) that
ER B P

as n — oo. Further, by u,, € F(x,), u* € F(x*), v, € G(y,), v* € G(y*), and the I:I—Lipschitz

continuity of F and G, we obtain
i, | < | FGs) - F57)| <Kl ]
and

[va=v'll < |GG - GO | = [ -]

Thus we know that the sequence {(x,, y, 4, v,)} converges to a solution (x*, y*, u*, v*) of
the problem (1.1).
Now, we prove the conclusion (3). By (3.3), we know

A,A
l@nin =2l < 11— an)en + Olan 1%41 (pn)(sn) +ydy + e, — x| + €y, (3.19)

1net =951 < Q= )+ @uROZ o (E) + fiy + = 5| + &
As in the proof of the inequality (3.18), we have
AL

||(1 — )P + R o om (sn) +a,d, +e,—x ||

+ @ = o) + a,,R;);Af,IZ J(t) + fy + B — ||

= [1-au@=0)]([en =" + v =5"])

+an(l=6)- —(Hd/H+Hf 1)+ (il + tewlt+ LA+ 1Aal)- (320

Since 0 < o < a,,, it follows from (3.17) and (3.18) that

||90n+1 - || + || 1/fn+1 _y* ||
<[1-an@=0)](@n—a*] + [ wu—5])

+oy(1-6)- —(||d'u+|v | + 6”””)+(||d:;||+|W||+nenn+nhnn)-

Suppose that lim,,_, « (€4, £,) = (0,0). Then, from ) 7 «, = oo and Lemma 3.1, it follows
that

[on =] + =5[] =0

as n — oo. Further, from y, € F(p,), u* € F(x*), w, € G(¢,), v € G(y*), and the H-
Lipschitz continuity of F and G, we have

[otn = < B[ E(@n) ~ F(<") | < K]l -
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and
|@n = v <H[GW) - GO™) | < [ -7

Hence we know that lim,,—, oo (¢, s X @) = (&, 5%, ™, v¥).

Conversely, if limy,—, 0o (@1, V> Xn» @) = (x*, 5%, u*,v*), then we have

€n = ||§0n+1 - {(1 - an)‘pn + aﬂRziA‘thl (Sn) + apdy + en} ”

R)L,Al *

H Pn+1 — x* H + ” (1 - an)(pn +dy Ulle(':(ﬂn)(S”) + andn +eé; —X
&n = ” Vel — {(1 — )Y + anR',o];AAZZ( J/,n)(tn) + yfy + hn} ”

|| 1//';'14—1 _y* || + “(1 - an)wn + OlnRi;;AZ/Iz wn)(t”‘) + anﬁl + hn —J’* H

IA

’

IA

and
€ntén = ||§0n+1 _x* || + ”wnﬂ —J’*H + [l_an(l _9)](”(/)71 _x*” + ||¢n _y*”)
1
+au1=0)- == (I, + 1F0) + (] + 147 + ewll + Azall) — 0
as n — o00. This completes the proof. O

Remark 3.1 If B; and B, are both 2-uniformly smooth Banach space and 0 < A = p <
min{r,/m, ro/my} is a constant such that

Ip - t1+711512—V1(1—V1)(m1(1—vl)+/<13171)|
28202 —(my (1-v1) +hpy 1)
«/[t1+ﬂ152*V1(1 v1)(m1 (1-vy)+kBr71) 12— [0 2§ (1-v])][eadF 1 — (1 (1-v1) +kB1 71)?]
28272 —(my (1-v1) +hkpr 1)
lp - 12+7T25§—Vz(l—V2)(m2(1—V2)+Kﬂ2t2|
28373 ~(my(1-v2)+x B2 72)2
\/[12+7T252 ra(1-v2) (3 (1-v2)+k B2 12) 12~ [0 T2 ~12 (1-v3)][c283 72 (1112 (1-v2) +K B2 72)2]
28513 ~(mp(1-v2) +x Py 72)2
u +m87 = ri(1 = v)(m (1 - ) + ki)

> o2t — 71— v)][e877f — (mi(1 - w1) + kBin)?],
1 + 283 - Vz(l - Uz)(mz(l —V2) + kB27T2)
> 10373 = r3(1 = v3)[c28375 — (ma(1 - »2) + kPa12)?],
8t > (my(1- Vl) +kpit1)%, 28575 > (ma(L = v) + kfatr)?,

’

’

then (3.5) holds. We note that Hilbert space and L, (or /,) (2 < p < 00) spaces are 2-
uniformly smooth Banach spaces.

From Theorem 3.1, we have the following results.

Corollary 3.1 Fori=1,2,letn;, A;, M;, F, G, and B; be the same as in Theorem 3.1. Suppose
that Ny : By x By — By is ;-strong accretive with respect to A, 81-Lipschitz continuous in
the first argument, By-Lipschitz continuous in the second variable and N, : By x By, — B,
is 13- with respect to Ay, 85-Lipschitz continuous in the second argument and p,-Lipschitz
continuous in the first variable. If condition (3.5) in Theorem 3.1 holds, and there exist
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constants A € (0,r1/my) and p € (0,ry/my) such that

‘ﬂ -1 /o ql q qp-1
Vo1 —q1iuteq M 18 okpit
! P NS
) ri—Anmm ro—pmy
52 Rloy-qrpirecg, p12857  akpyet
+ + vy <1,
ro—pmy ri—Am

where cg,, cg, are the constants as in Lemma 2.1, then the iterative sequence {(X,, Yu, Uns V) }
generated by Algorithm 3.1 converges strongly to a solution (x*,y*,u*,v*) of the problem
(1.1). Moreover, if, in addition, there exists o > 0 such that a,, > « for all n > 0, then

nlingo(wnr Y Xn» Tn) = (x*’y*’u*rV*) — nlingo(fn’ en) = (0,0),
where (€, &,,) is defined by (3.3).

Corollary 3.2 Fori=1,2, let n;, A;, M;, N;, and B; be the same as in Theorem 3.1, and
F : By — By be k-Lipschitz continuous and G : By — B, be «-Lipschitz continuous. Assume
that for any (xo,y0) € By X By, the iterative sequence {(x,,y,)} is generated by

Kpat = (L= )y + QuRS (24) + ity + €
st = (L= )y + 0, R Mz(.,yn)(wn + 0pfyy + Hs
= A1) = AN1 (%, G(yn)),
=As(yn) — PN2(F (%), yn),

where A, p > 0 are constants, and for all n > 0, the sequences {«,} is a sequence in (0,1] with
Y o tn =00, {dy}, {e,} C By, and {f,}, {h,} C By are the sequences of errors and satisfy the
following conditions:

(1) dy=d,+d), and f, = f, + f, where {d,},{d]}} C By and {f},{f/} C Bo;

(2) limy o0 ]l = 0 and lim,,_, ||f,)|| =0

() Yoo lldill <00, Yoo llenll < 00, Y_o2o V1l < 00 and Y oy 1hall < oc.

If conditions (3.4) and (3.5) in Theorem 3.1 hold, then the iterative sequence {(x,,y,)}
converges strongly to the unique solution (x*,y*) of the problem (1.2). Further, if, in addition,
there exists a > 0 such that o, > o for all n > 0, then

lim (g, ¥u) = (v%,9") < lim (en€,) = (0,0),

where (€,,¢,) € R x R is defined by

€n = l@n — {1 — ) pu + anRi‘]iAX/Il( n)(sn) + apdy + eq}|l,

&n = 1Y — {(L =)y, + ‘XnRZ;AAzh wn)(tn) + Ofr(fn + ha
sn = A1(@n) = AN (@n, G(V11)),
ty :A2(wn) - :ONZ(F((pn)’ Wn)

for any sequence {(¢y, ¥,)} C By x B,.
Proof Forany A >0 and p > 0, define P, : B; x B, — B; and Q,, : B; x B, — B, by

Py(x,y) =R 1AL@) — ANi (%, G(Y))),

(3.21)
Qy(%,9) = RI% ) [A2(9) = pNo(F (%), )]
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for all (x,y) € B; x B,. Now, define the norm | - ||, on B; x B, by

|G, = Il + Iy

for all (x,y) € B; x B,. It is easy to see that (B; x By, || - ||+) is a Banach space (see [4]). By
(3.21), for any A > 0 and p > 0, define T} , : B; x By — B; x B, by

Tk,p(x’y) = (Pk(xry)r Qp(xry))

for all (x,y) € B; x B,.
Thus, T}, is a contractive mapping. In fact, for any (x;,y;) € B; x By and i = 1,2, it follows
from (3.4) and (3.21) that

P (x1,01) = Rizfith(m) [A1(x1) = AN (%1, GO)) ],

Qpxyn) = R [Aa(n) = pNa(F(x1), )],
Py (x2,92) = R;ﬁ/h(»,xz) [A1(x2) = AN1 (%2, G(32)) ],
)

Qp(x2,y2) = Rﬁfﬁz(.,yz)[Az()fz) - pNy (F(xz),yz ],

and

” T;,p(x1, 1) = TA,p(xZ;yZ)”* = 7-9”(9%}’1) — (x2,%2)

%

where

q1-1 q2-1
pkpit
¥ = max{ ——— q\‘/olql — @A + QAT 4 e AnST ¢ 2 4y,
r — A Iy — Py
q2-1
T

ry — pmy

q 12 q2 q2
\2/02 —@2pl2 + G2 PpTT28," + Cgy P1285" +

-1
)\Kﬁzflql
— +Vy .
r —)\Wll

From (3.5), now we know that T} , : B; x B, — B; x B, is a Banach contraction mapping.
Hence, (x*,5*) is unique solution of the problem (1.1). The rest of proof is similar to that
of Theorem 3.1 and we omit the details. This completes the proof. g

Remark 3.2 If d, =0 ore, =0 or f, =0 or &, =0 for all » > 0 in Algorithm 3.1 and
Corollary 3.2, then the conclusions of Theorem 3.1 also hold. The results of Theorem 3.1
improve and generalize the corresponding results of [3, 9, 10]. For other related works, we
refer to [1-8, 11-14].

4 Conclusions

In this paper, we first introduced a system of generalized nonlinear mixed quasi-variational
inclusions with (4, n)-accretive mappings in Banach spaces, which includes some systems
of quasi-variational inclusions and variational inequality problems as special cases. Then,
by using the new resolvent operator technique associated with (A4, n)-accretive mappings,
Nadler’s fixed point theorem, and Liu’s inequality, we constructed some new Mann iter-
ative algorithms with mixed errors for the existence of solutions for generalized nonlin-
ear variational inclusion systems in g-uniformly smooth Banach spaces. Furthermore, we
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proved the convergence and stability of the iterative sequences generated by the perturbed
iterative algorithm. The results presented in this paper improve and generalize the corre-
sponding results in the literature.

By similar methods to the ones this paper, we can study the existence of solutions and
the convergence and stability to the following system of general nonlinear mixed quasi-
variational inclusions:

Find (x1,%2,...,%,) € B1 x By x --- x B,, and u; € F;(x;) (i =1,2,...,m) such that

0 € Ny (X1, Un, X3, .., X) + My (%1, 1),
0 € Na(o1, %2, Us, . .., %) + Ma(x2, %2),

0e Nm(ul)x27x3, eee :xm) + Mm(xmrxm);

where N;:B; x By x --- x B,, = B;, A;: B; = B;, and n; : B; x B; — B; are single-valued
mappings, F; : B; — 2% is multi-valued mapping, M, : B; x B; — 2% is an any nonlinear
mapping such that M;(-,¢) : B; — 2B is an (A;,n;)-accretive mapping for all £ € B; and
i =1,2, which are still worthy of being studied in further research.
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