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Abstract

According to the notion of the L,-mixed geominimal surface area of multiple convex
bodies which were introduced by Ye et al,, we define the concept of the L,-dual
mixed geominimal surface area for multiple star bodies, and we establish several
inequalities related to this concept.
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1 Introduction
Let K" denote the set of convex bodies (compact, convex subsets with nonempty interiors)
in Euclidean space R”. For the set of convex bodies containing the origin in their interiors
and the set of convex bodies whose centroids lie at the origin in R”, we write K/ and K/,
respectively. S! and S”, respectively, denote the set of star bodies (about the origin) and
the set of star bodies whose centroids lie at the origin in R”. Let F denote the set of X
that have a positive continuous curvate function. Let $”~! denote the unit sphere in R”
and V(K) the n-dimensional volume of the body K. For the standard unit ball B in R”, its
volume is written by w, = V(B).

The notion of L,-geominimal surface area was given by Lutwak in [1]. For K € K, and
p =1, the L,-geominimal surface area, G,(K), of K is defined by

S

o Gp(K) =inf{nV,(K,L)V(L*)" : L € K}}.

Here V,(K, L) denotes L,-mixed volume of K, L € K} (see [1, 2]) and L* denotes the polar
of L. For the case p =1, G,(K) is just the classical geominimal surface area which was
introduced by Petty [3]. Some affine isoperimetric inequalities related to the classical and
L,-geominimal surface areas can be found in [3-10]. Recently, the L,-geominimal surface
area was successfully extended to any real p (p # —n) by Ye in [11]. Especially, Ye et al. [12]
studied the L,-mixed geominimal surface area for multiple convex bodies. For p > 0, they
defined the L,-mixed geominimal surface areas for K, ..., K, € F as

(1) i w5y (LF) P
G, (I<1»~-«,[<n):Llergn{nvp(1<1,...,K,,;L,...,L) V(L) L

n
_n_ _r
GA(Ki,....K,) = inf 1nV,(Ky,...,KysLa,..., L) ™ [ [ V(LF) @0 1
L,EK;Z ;
i=1
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Here Q* denotes the polar body of Q, and V,(Ki,...,K;Li,...,L,) denotes a type of
L,-mixed volume of K3,...,K, € F), Li,...,L, € K} (see [12]).
Wang and Qi in [13] introduced the L,-dual geominimal surface area as follows: For

K € 8}, and p > 1, the L,-dual geominimal surface area, G_,(K), of K is defined by

_p
n

won" G_p(K) = inf{nV_,(K, L)V (L) " :L € K7). (L1)
Here \N/_p(l(,L) denotes the L,-dual mixed volume of K, L € S}/ (see Section 2).
Note that we extend L from an origin-symmetric convex body to L € K” in definition
(1.1). Actually, we can prove that the results of [13] all are correct under this extension.
In this paper, we first define the L,-dual mixed geominimal surface area for multiple star
bodies with the same idea in mind as [12].

Definition 1.1 For Kj,...,K, € S}, p > 1, the L,-dual mixed geominimal surface areas,
G (K., Ky) (=1,2), of Ky, ..., Ky, are defined by

_P < ~ _P

w,"GO(Ky, ..., Ky) = inf {nV_p(Kyy s KoL V(L) s 12)
LeK?

Lo ) ~ d L

a),,"G_p(Kl,...,K,,):me nV_p(Ky,.... Ky Ly, .., L) [ [ V(L) ¢ (1.3)
i€he i=1

Here V_p(Kl, ...sKy;Ly,...,L,) denotes a type of L,-dual mixed volume of the star bodies
Ki,...,K,, Li,...,L, (see (2.5)).

Comparing the definitions (1.2) and (1.3), we easily obtain

GAK,.... Ky) < GU(K,, ..., K,). (1.4)
When K; = --- = K, = K in (1.2), then
GUK,...,K) = G_p(K). s

Further, we establish some inequalities for the L,-dual mixed geominimal surface area.
Our results can be stated as follows.

Theorem 1.1 IfK;,...,K, €S),p>1,1<m<n, then

m-1

[GO&Ks s K" < [ TGO Koy Koy K1 Ko (L6)
i=0
m-1

[GAK, ... K)]" <[] GAKs, ..o Knos Koncis - Kin)- (1.7)
i=0

Equality holds in inequality (1.6) ifand only if K; (i =n—m+1,...,n) all are dilates of each
other. Equality holds in inequality (1.7) if and only if there exist constants ci, ¢y, .. ., ¢y (nOt
all zero) such that, for all u € ",

apg, ok W) = o " ok (W) = =cnpp’, (Wpr ().
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In particular, if m = n, then we have the following.

Corollary 1.1 IfK;,...,K, € S}, p>1, then
[GAK,....Kn)]" < [GUKL, ... K)]" < Gp(KD) -+ G_p(Ky). (1.8)

Equality holds in the second inequality of (1.8) ifand only if K; (i = 1,2,...,n) all are dilates
of each other.

Using Corollary 1.1, we may get the following Blaschke-Santal6 type inequality.

Corollary 1.2 IfK;,...,K, € K, n>p>1, then
GAKy, ... K)GO (KT, ..., K) < GO(Ky, ... KGO (KT, ... K} < HPw). (1.9)

Equality holds in the second inequality of (1.9) if and only if K; (i = 1,2,...,n) all are balls

centered at the origin.
Theorem 1.2 IfK;,...,K, € KI!, p>1, then

2n+p

GAKy, ..., Ky) < navy,”

=(n+p)

]i[ V(K .
i=1

Theorem 1.3 IfKi,...,K, € S),1<p<q, then

( @9}(1{1,“,,[(,1)" >1% << é(};([(p.‘.,Kn)" >‘l’ (1.10)
n"\N/(Kl,..',Kn)””’ - n"\~/(1<1,...,1<,,)”+q '
( 5(7213(1(1,”,,[(”)" >1la << (N?(,Zq)(Kp...,I(n)" >%’ (1.11)
nV(Ky,..., K, nV(Ky, ..., K, '

Equality holds in (1.10) and (1.11) if and only ifeach K; e KI! (i=1,2,...,n).

2 Notations and background materials

2.1 Radial function and polar set

If K is a compact star-shaped (with respect to the origin) in R”, then its radial function,
pr = p(K, ) : R"\ {0} — [0, 00), is defined by (see [6, 14])

p(K,u)=max{\ >0: uecK}, ueS

If px is positive and continuous, K will be called a star body (with respect to the origin).
Two star bodies K and L are said to be dilates (of one another) if px (u)/ o1 (2) is independent
of u e S* 1.

If E is a nonempty subset in R”, the polar set, E*, of E is defined by (see [6, 14])

Ef={xeR":x-y<lyeckE}.
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For K € K7 and its polar body, the well-known Blaschke-Stantal6 inequality can be
stated (see [14]): If K € K], then

V(K)V(K*) < o}, (2.1)
with equality if and only if K is an ellipsoid centered at the origin.
2.2 Dual mixed volume

The dual mixed volume of star bodies was introduced by Lutwak (see [15]). For K3, ..., K}, €
SY, the dual mixed volume, \7(K1, .., Ky), of K3,...,K, is given by

~ 1
Vi Karero£6) = [ o000 0, o) (22)
sn-

The classical Alexander-Fenchel inequality for the dual mixed volume (see [6, 14]) as-

serts that the integer m satisfies 1 < m < n such that

m-1
‘7(1<1) oo 1I(n)m = 1_[ ‘7(1<1’ cee ;Kn—m; Kn—ir cee rl(n—i)y
i=1

m

with equality if and only if K,,_m41,...,K, are all dilations of each other.
In particular, if m = n, one has the Minkowski inequality

VK, Ky,...,K,)" < VIK)V(K) - V(K,), (2.3)
with equality if and only if Ky, ..., K, are all dilations of each other.
2.3 L,-Dual mixed volume

Lutwak in [1] introduced the L,-dual mixed volume. For K,L € S, p > 1, the L,-dual
mixed volume, V_,(K, L), of K and L is defined by

V_,(K,L) = 1 /SN ox L (w)p,” (u) du. (2.4)

Associated with (2.4), for all K;,...,K, € S}, Li,...,L, € S, and p > 1, we define

~ 1
V_,(Kyy o, KLy, ..., L f ]_[ [0k w)p” (w)]" du (2.5)
NG -1

From (2.2) and (2.5), we easily get
Vo (Ky, .., K Ky, Ky) = V(K. Ky). (2.6)
IfKy=---=K,=Kand Ly =---=L, =Lin (2.5), then (2.4) and (2.5) yield

Vo, (K,...,K;L,...,L) = V_,(K,L).
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3 Results and proofs

In this section, we will prove Theorems 1.1-1.3 and Corollaries 1.1-1.2.

Proof of Theorem 1.1 We first prove inequality (1.7) is true.

Let pgy, py,---,Pp,, be nonnegative bounded Borel functions on S”1. By the Holder in-
equality (see [16]), we have (see [14])

m m-1
1 1
(; ‘/Snil po(u)py (1) - -+ p,, (1) du) = !:0[(; /Snil Po(”)[ﬂj+1(u)]m du), (3.1)
with equality if and only if there exist constants by,...,b,, > 0 (not all zero) such that
bip7'(u) =+ =Dbyp"(u) forall u € S"1.

Fori=0,...,m—1,welet

polt) = [P W @)+ P (W (W)]7,

i

_ 1
i) = [p” @Wp,” W)]".
In association with (2.5), we get

Vo, (Ky,..., KLy, ..., L)"

= (l / po(u)m(u)“'ﬁm(”)d“)
n Jsn-1

m-1 1
= (—f Po(”)[Pi+1(M)]m du)
iz0 n Jgn-1
m-1
= —p(l(lyon;I(n—M)I(n—i)"~;Kn—i;L1w~;Ln—m1Ln—i;~~»Ln—j)~ (32)
i=0 m m

Combining with (1.3), (3.2), we get
et m
[0, GOK, ..., K,)]

~ " _pr ”
= inf {nV_p(Kl,...,K,,;Ll,...,L,,) V(L) nZ}

L;eK? i !
m-1
<[] inf |:an(1<1,...,Knm,K,,i,...,Kni;Ll,...,an,Lni,...,Lni)
0 Liek? _\m/—/ —m,_/
m n-m
v v |
i=1
m-1 »
=[[en" GEKs ... Ko K., Ki)
i=0

m

_mp L
=Wy " 1_[ G(_213(1<1: ce 11<r1—m11<n—iy oo ¢[(n—i)y

i=0 M

Page 5 of 10


http://www.journalofinequalitiesandapplications.com/content/2014/1/456

Li and Wang Journal of Inequalities and Applications 2014, 2014:456
http://www.journalofinequalitiesandapplications.com/content/2014/1/456

ie.,
m-1
[GAKy, ... K)]" <[] GOKn, s Koy Koty K.
i=0

This gives (1.7).
According to the equality condition of inequality (3.1), we see that equality holds in in-
equality (1.7) if and only if

apk @p W) = capi” o @)= =cupi”  (Wors (W)

for all u € §"!, where ¢; = "™ (i=1,2,...,m).

Now we complete the proof of (1.6). For i = 0,...,m — 1, we let

1
n

Po(u) = [pKlp(u)pr(u) p1<npm (u)pr(u)]

1
P (1) = [P](,,p (”)pLP(M)] g
In association with (2.5) and (3.1), we get

V(Koo s K Ly, L)

-

m-1
<[[Voo&s....Kooms Kot ... K Ly, L L, . L) (3.3)
i=0

m m

Similar to the proof of (1.7), combining with (1.2) and (3.3), we obtain

P m
[0n" GU(Ks, ..., Ky)]
= inf {nV_,(Ksy ..., KL, ..., D)V (LF) 7 )"
LeK?

-1

3

~ _r
<|[ inf {nV_,(&K,....Kucps Kty s Kz Ly ..., L, L,...,L)V(L*) "}

T Lekl ———— —_——

i=0 m m

m-1 p
= ﬂ (1(17 1<n—m;]<n—i’ ce ;Kn—i)‘

i=0

m

According to the equality condition of inequality (3.1), we see that equality holds in in-
equality (1.6) if and only if

apg o W) = e’ Wp" ) = - = cupre’ (Wpr" (W)
for all u € S"1, where ¢; = b (i = 1,2,...,m). This means that
apg, ) =caph () = - = cupy” (W)

forallu e S" ', ie,K; (i=n—-m+1,...,n) all are dilates of each other. O
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Proof of Corollary 1.1 Let m = nin (1.6), and together with (1.4) and (1.5), we easily obtain

[GAK,,....K)]" < [GU(K,.... K]

ﬂ D Koy Kopi)

i=0

< G_p(K)G () -+ Gp(Ksy).

This gives (1.8).
From the equality condition of (1.6), we easily find that equality holds in the second
inequality of (1.8) if and only if there exist constants cj, ¢, ...,c, (not all zero) such that,

for all u € S"1, clp,ré:p(u)pgp(u) = cngpl(u)p;p(u) == c,,pgp(u)p;p(u). This means all
K; (i=1,2,...,n) are dilates of each other. O

In order to prove Corollary 1.2, we give the following lemma.
Lemma 3.1 ([13]) IfK € K!, n>p > 1, then
G_p(K)G_,(K*) < nw?, (3.4)
with equality if and only if K is a ball centered at the origin.

Proof of Corollary 1.2 Corollary 1.1, for K and K*, immediately yields

[GAK,,....K)]" < [GUK, ... Kn)]" < Gp(K) - G_p(Ky), 3.5)

~

[GAKT,.... k)" < [GU(KT, ... )] < Gp(K) -+ Gy (KT). (3.6)
Combining with (3.5), (3.6), and (3.4), we obtain

[GAK,,....K)]"[GA(KT,.... K;)]"
<[GY®K,.... K] [GL(KT,.... k)]

< G_(K)G_p(KY) - G_p(K) Gy (K7) < [He0?]”,

GAKy, ... KGO (KT, ..., KY) < GO(Ky, ..., K) GO (KT, ... K} < nPwl.

This yields (1.9).

By the equality conditions of inequality (3.4) and the second inequality of (1.8), we know
that equality holds in the second inequality of (1.9) if and only if Kj,..., K, all are balls
centered at the origin. O

Proof of Theorem 1.2 From (1.3), it follows that, for any L; € K7,

~ P~ i i
GAKy,..., Ky) < 1ot Vop(Kay . K Ly, ., L) [ V(L) 7
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Since K3, ..

., K, € KI, taking K;,
get

., K, for Ly,...,L,, and using (2.6), (2.3), and (2.1), we

n
Lo _r
GAKy,...., K) < naoi Vop(Kay. ., K Koy K) [ [ V(KF)

i=1
'y _r
=nw; V(Ky,..., K, )]_[ V(K;)
i=1
p 1 n p
noy (V) V)] [V (Kr)
i=1

n

= nw,, [V(K1) ... V(K,,)V(I(l*) L. V(K:)]% l—[ V(Ki*)_(mp)

n2

i=1
2n+p n

(r+p)
< nw," HV(I L.*)_%.
i-1

This gives the proof of Theorem 1.2

O
Proof of Theorem 1.3 Using the Holder inequality, (2.5), and (2.2), we get

V(K ..., Ky Ly,

1 ‘ L
-~ [1lo#" i)

r 7-p
1 n " N 1 q n 1 q
- / 1<H[pKi+q(u)po(u)]n> (H[m’%(u)h) du
S\ i=1 i=1
~ P~ a-»
< V_p(Kl,...,I(n;Ll,.. LL)iV(Ky,...,K,) T,
that is,

<\7p(Kl,...,1<n;L1,...,Ln)>% 3 <\7q(Kl,...,1<n;L1,...,Ln)>% 57)
VK, ..., K,) - V(Ki,...,K,) ‘ ’

According to the equality condition in the Holder inequality, we know that equality holds
in (3.7) ifand only if there exist constants ¢; > 0 (

i i=12,..
for any u € 8", i.e., foreach i =1,2

.,n)such that p(K;, u) = c;p(L;, u)
.,n, K; and L; both are dilates.
From definition (1.3) and inequality (3.7), we have

~ 1
w—1< GO K, .., Ky)" )
"\ V(K. .

G, )p

(Ko Ki Ly, L)\ 2 1 " r\?
p( 1 1 ))p _ V(L*) :2
LLEK" V(I(l, vee ,I(n) V([(l, cee :

Jo) i
(K 1<n;L1,...,Ln)>? 1 ﬁv( %
=, nf, VK, Ky) V(K. K)o
-q(1<1, Kn;Ll,...,Ln))g 1 . V()
V(K ..., Ky) V(K. K)o
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QN

Vo (Koo K3 Ly, L)\ 4 1 " 4
= inf < al L ! n)> ~ l_[V(Li) "qz
LieK? V(K ..., K,) V(K. K) \ 1

. ( 5(;2}(1(1,...,1(”)” )
"\ VK, ... K,

~

~ 1 1
( GA(Ksy ..., Ky)" ) << GAK, ..., Ky >q
V(K. Ky ) — \ V(K. K1)

ST

This is just (1.11). Because of each L; € K! in inequality (3.7), together with the equality
condition of (3.7), we see that equality holds in (1.11) if and only if each K; € K7.

In order to prove (1.10), (3.7) can be written

V(K ..., K,)

V(Ky,...,K,) (3.8)

(\7_p(1<1,...,Kn;L,...,L))% 5 (\7_q(1<1,...,1<n;L,...,L))%

In the same way as (1.11), from definition (1.2) and (3.8), we get

~ 1 ~ 1
( GO(K, ..., K,)" )p << GU(Ky, ..., K" >q
WV (K, ..., K,)"? V(K ..., K,)"a

From the equality condition in (1.11), we see that equality holds in (1.10) if and only if each
K, e K. O
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