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1 Introduction
If X is a nonempty set, then we denote by 2% the family of all nonempty subsets of X and
by F(x) the family of all nonempty finite subsets of X. Let E be a topological vector space
over @, F be a vector space over ® and X be a nonempty subset of E. Let (-,-) : F X E —> &
be a bilinear functional. Throughout this paper, & denotes either the real field R or the
complex field C.

For each xy € E, each nonempty subset A of E and each € > 0, let W(xg;€) := {y € F:
[(y,%0)| < €} and U(A;€) := {y € F : sup,4 |(y,%)| < €}. Let o (F,E) be the (weak) topol-
ogy on F generated by the family {W(x;¢) : x € E,e > 0} as a subbase for the neigh-
borhood system at 0 and §(F,E) be the (strong) topology on F generated by the family
{U(A;€): A is a nonempty bounded subset of E and € > 0} as a base for the neighborhood
system at 0. We note then that F, when equipped with the (weak) topology o (F, E) or the
(strong) topology 8(F, E), becomes a locally convex topological vector space which is not
necessarily Hausdorft. But, if the bilinear functional (-,-) : F x E — & separates points in
F,i.e., for each y € F with y # 0, there exists x € E such that (y,x) # 0, then F also becomes
Hausdorff. Furthermore, for any net {y,}oer in F and y € F,

(@) yo = yin o (F,E) if and only if (y4,%) — (y,x) for each x € E;

(b) yo — yin 8(F,E) if and only if (y,,x) — (y,%) uniformly for each x € A, where A is a

nonempty bounded subset of E.
Suppose that, for the sets X, E and F mentioned above, S: X — 2X and T : X — 2F are

two set-valued mappings. We now introduce below a slightly modified definition of the

©2014 Chowdhury et al; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

L]
@ Sprlnger Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction

in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/449
mailto:msrchowdhury@hotmail.com
mailto:showkat.chowdhry@umt.edu.pk
mailto:yjcho@gnu.ac.kr
http://creativecommons.org/licenses/by/2.0

Chowdhury et al. Journal of Inequalities and Applications 2014, 2014:449 Page 2 of 18
http://www.journalofinequalitiesandapplications.com/content/2014/1/449

generalized quasi-variational inequality in infinite dimensional spaces given by Shih and
Tan in [1]:
Find y € S() and w € T(J) such that

Re(w,y—x) <0

for all x € S(9).
Now, we state the following definition which is a slightly corrected version of the corre-
sponding definition given in [2]. Please note that there were typos in Definition 1.1 in [2].

Definition 1.1 Let the sets X, E and F and the mappings S and T be as defined above. Let
n:X x X — E be a single-valued mapping and /2 : X x X — R be a real-valued function.
Then the generalized quasi-variational-like inequality problem is defined as follows: Find
y € 8®) and w € T(y) such that

Re(w, n(3,%)) + h(3,%) <0
for all x € S(9).

For more results related to the generalized quasi-variational-like inequality problems,
we refer to [3—6] and the references therein.

The following definition given in [7] is a slight modification of demi-operators defined
in [8] and of pseudo-monotone type II operators defined in [9] (see also [10]).

Definition 1.2 Let X be a nonempty subset of a topological vector space E over @, F bea
vector space over ¢ which is equipped with o (F, E)-topology, where (,-) : F x E— ® isa
bilinear functional. Let #: X x X — R, : X x X — E and T : X — 2f be three mappings.
Then T is said to be:
(1) an (n, h)-pseudo-monotone type II (respectively, a strongly (n, h)-pseudo-monotone
type II) operator if, for each y € X and every net {y,}oer in X converging to y
(respectively, weakly to y) with

lim sup [uér%’{"y) Re(u, n(ya,y)) + h(ya,y)] <0,

o

we have

lim sup[ 11%1(C )Re(u, n(ya,x)) + h(ya,x)]
ue X,

o

> i f R g ) h ’
> Mér}(x) e(u n(y x)) + h(y,x)
forallx € X;
(2) an h-pseudo-monotone type II operator (respectively, a strongly h-pseudo-monotone

type Il operator) if T is an (1, h)-pseudo-monotone type II operator with
n(x,y) =x —y and, for some /' : X — R, h(x,y) = h'(x) — K (y) for all x,y € X.

Note that, if F = E*, the topological dual space of E, then the notions of /-pseudo-
monotone type II operators coincide with those in [8].
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Pseudo-monotone type II operators were first introduced by Chowdhury in [8] with
a slight variation in the name of this operator. Later, these operators were renamed as
pseudo-monotone type II operators by Chowdhury in [9].

Next, we shall state and prove the following lemma which provides a numerous col-
lection of (1, i)-pseudo-monotone type II and strongly (1, #)-pseudo-monotone type II
operators.

Lemma 1.1 Let E be a topological vector space and X be a nonempty bounded subset of E.
Let T : X — 2F" be an operator such that each T(x) is strongly compact. Suppose that h :
X x X — R is a real-valued function such that, for each y € X, h(-,y) is continuous and
h(X x X) is bounded. Let n : X x X — E be a continuous mapping. Suppose further that
the operator T is a continuous mapping from the relative weak topology on X to the weak*
topology on E*. Then T is both an (n, h)-pseudo-monotone type Il and a strongly (n, h)-
pseudo-monotone type Il operator.

Proof Suppose that {y4}eer is a net in X and y € X with y, — y (respectively, y, — ¥
weakly) and that

lim sup[u g}g ) Re(i, 1(ya,y)) + h(ya,y)] <0.

o

Let x € X be arbitrarily fixed. Then, using the continuity of /(-,y), n and T, we obtain the
following:

lim sup [uér}fx) Re(ut, 11(ya, %)) + h(ya,x)]

o

zlimsup[ inf Re(u,n(ya,x)>] + liminfh(y,, x)

o ueT(x)

= ug}fx) Re(, (3, %)) + h(y, %)

for all x € X. Consequently, T is both an (n, /1)-pseudo-monotone type II and a strongly
(n, h)-pseudo-monotone type II operator. d

The above lemma will, therefore, provide ample examples for our main results in The-
orems 3.1 and 3.2 given in Section 3.

In this paper, we obtain some general theorems on solutions for a new class of gener-
alized quasi-variational-like inequalities for pseudo-monotone type II operators defined
on compact sets in topological vector spaces. In obtaining our results, we shall mainly use
the following generalized version of Ky Fan’s minimax inequality [11] due to Chowdhury
and Tan which was stated and proved as Theorem 2.1 in [12] and is a slight modification
of Theorem 1 in [13].

Theorem 1.2 Let E be a Hausdor(f topological vector space and X be a nonempty convex
subset of E.Let h: X x X — Rand ¢ : X x X — RU{-o00, +00} be the mappings such that
(a) foreach A € F(X) and fixed x € co(A), y — ¢(x,y) is lower semi-continuous on
co(A);
(b) foreach A € F(X) and y € co(A), mingea[¢(x,y) + h(y,x)] <O0;
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(c) foreach fixed x € X, y — h(x,y) is lower semi-continuous and concave on X, and
h(x,x) = 0;

(d) foreach A € F(X) and each pair of points x,y € co(A) such that every net {yy}aer in
X converging to y with ¢(tx + (1 — £)y,¥a) + h(ye,tx+ (1 —t)y) <0 foralla € T and
all t € [0,1], we have ¢(x,y) + h(y,x) < 0;

(e) there exist a nonempty closed and compact subset K of X and x, € K such that
@ (x0,) + h(y,20) >0 forally e X \ K.

Then there exists y € K such that ¢(x,y) + h(y,x) <0 forallx € X.

Proof For the proof, we refer to [12]. d

Definition 1.3 A function ¢ : X x X — R U {#o0} is said to be 0-diagonally concave (in
short, 0-DCV) in the second argument [14] if, for any finite set {x;,...,x,} C X and 1; >0
with Y7, A; =1, we have Y1) L;¢p(y,x;) <0, where y = Y7, A,

Now, we state the following definition given in [15].

Definition 1.4 Let X, E, F be the sets defined before and 7: X — 2F, n: X x X — E,
g: X — E be mappings.
(1) The mappings T and 7 are said to have the 0-diagonally concave relation (in short,
0-DCVR) if the function ¢ : X x X — R U {00} defined by

$xy) = inf Re(w, 1(x,7))

is0-DCVin y.
(2) The mappings T and g are said to have the 0-diagonally concave relation if T and
n(x,y) = g(x) — g(y) have the 0-DCVR.

The following definition of upper hemi-continuity was given in [16]. For a more general
definition, we refer to Definition 1 in [17].

Definition 1.5 Let E be a topological vector space, X be a nonempty subset of E and
T:X — 2. Then T is said to be upper hemi-continuous on X if and only if, for each
p € E, the function f, : X — R U {+00} defined by

Jo(2) = sup Re(u,p)
ueT(z)

for each z € X is upper semi-continuous on X (if and only if, for each p € E, the function
g : X = R U {-00} defined by

z) = inf Re(u,

gp( ) et (1, p)

for each z € X is lower semi-continuous on X).
2 Preliminaries

Now, we present some preliminary results in this section. First, we state the following
result which is Lemma 1 of Shih and Tan in [1].
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Lemma 2.1 Let X be a nonempty subset of a Hausdorff topological vector space E and
S: X — 2F be an upper semi-continuous map such that S(x) is a bounded subset of E for
each x € X. Then, for each continuous linear functional p on E, the mapping f, : X — R
defined by

f;’(.)/) = sup Re(p,x)
x€S(y)

is upper semi-continuous, i.e., for each ) € R, the set {y € X : f,(y) = sup,cg,) Re(p,x) < A}
isopenin X.

The following result is Lemma 3 of Takahashi in [18] (see also Lemma 3 in [19]).

Lemma 2.2 Let X and Y be topological spaces, f : X — R be non-negative and continuous
and g : Y — R be lower semi-continuous. Then the mapping F : X x Y — R defined by
F(x,y) = f(x)g(y) for all (x,y) € X X Y is lower semi-continuous.

The following result, which was stated and proved as Lemma 2.2 in [12], follows from
slight modification of Lemma 3 of Chowdhury and Tan given in [13].

Lemma 2.3 Let E be a Hausdor(f topological vector space over &, A € F(E) and X = co(A),
where co(A) denotes the convex hull of A. Let F be a vector space over ® and {-,-) : FXE — ¢
be a bilinear functional such that (-,-) separates points in F. We equip F with the o (F,E)-
topology. Suppose that, for each w € F, x — Re(w,x) is continuous. Let n: X x X — E be
continuous. Let T : X — 2F be upper semi-continuous from X into 2F such that each T (x)
is o (F,E)-compact. Let f : X x X — R be defined by f(x,y) = inf,.cr() Re(w, n(y,x)) for all
ox TO)] X n(X x X)
of F x E. Then, for each fixed x € X, y — f(x,7) is lower semi-continuous on X.

x,y € X. Suppose that (-,-) is continuous on the (compact) subset [|_J

For the completeness, we include the proof here given in [12].

Proof Let 1 € R be given and let x € X = co(A) be arbitrarily fixed. Let A; = {y € X :
f(x,y) < A}. Suppose that {y,}acr is a net in A; and yy € co(A) = X such that y, — yo.
Then, for each @ € T,

A= »Ja) = inf R ’ o> .
2fya) = inf Refw,n(ye,)

Since F is equipped with the o (F, E)-topology, for each x € E, the function w — Re(w, x)
is continuous. Also, n(ys,%) — n(yo,%) because 7n(-,x) is continuous. By the o (F,E)-
compactness of T(y,), there exists w, € T(y,) such that

A> inf
weT(y

) Re(w, 1y, %)) = Re(Wa, 1Y %))-

o

Since T is upper semi-continuous from X = co(A) to the o (F, E)-topology on F, X is com-
pact, and each T'(z) is o (F,E)-compact, | J,., T(2) is also o (F, E)-compact by Proposi-
tion 3.1.11 of Aubin and Ekeland [20]. Thus there is a subnet {wy }y/cr Of {Wg}aer and
wo € U,ex T(2) such that w,y — wq in the o (F, E)-topology. Again, as T is upper semi-
continuous with the o (F, E)-closed values, wy € T (yo).
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Suppose that A = {ay,as,...,a,} and let £, ,...,¢, > 0 with ZL t; = 1 such that y, =
S tiai. Foreacha' e T, let £,¢5,...,t¢ > 0 with Y7 ¢ =1 such that y, = 1| ¥ a;.

i=1"%i

Since E is Hausdorff and y,» — y, we must have tf‘, — t;foreach i=1,2,...,n. Thus

n
A > Re(wa/, n(ya/,x)) = Re<wa/, n (Z tf‘/ai,x>>

i=1
n

— Re<w0, n <Z tiai,x)>
i=1

RC(WO) U(YO,x» = Wei;l(t;lo)Re(W, ’7()’0,?6»

Sf(x,50), (2.1)

where (2.1) is true since (-, x) is continuous on X and (-, -) is continuous on the compact
subset [Uyex T(y)] x n(X x X) of F x E. Hence yo € A;. Thus A, is closed in X = co(A)
for each A € R. Therefore y — f(x,y) is lower semi-continuous on X. This completes the
proof. d

By the slight modification of Lemma 4.2 in [16], we obtained the following result given
in [7] as Lemma 2.3.

Lemma 2.4 Let E be a topological vector over ¢, X be a nonempty convex subset of E and
F be a vector space over ¢ with the o (F, E)-topology such that, for each w € F, the function
x +> Re(w, ) is continuous. Let T : X — 2F be upper hemi-continuous along line segments
in X. Let n: X x X — E be such that for each fixed y € X, n(-,y) is continuous, and let
h:X x X — R be a mapping such that, for each fixed y € X, h(-,y) is lower semi-continuous
on co(A) for each A € F(X) and, for each fixed x € X, h(x,-) is concave and h(x,x) = 0 and
T, n have the 0-DCVR. Suppose that y € X such that inf,c 1) Re(u, n(,x)) < h(x,y) for all
x € X. Then

inf
weT(y

. Re(w, (3, %)) < h(x,5)

forallx e X.
We need the following Kneser’s minimax theorem in [21] (see also Aubin [14]).

Theorem 2.5 Let X be a nonempty convex subset of a vector space and Y be a nonempty
compact convex subset of a Hausdor(f topological vector space. Suppose that f is a real-
valued function on X x Y such that for each fixed x € X, the map y — f(x,y), i.e., f(x,-) is
lower semi-continuous and convex on Y and, for each fixed y € Y, the mapping x +— f(x,),
i.e, f(-y) is concave on X. Then

minsupf(x,y) = sup minf(x, y).
VeY xex xeXx V€Y

3 Generalized quasi-variational-like inequalities

In this section, we prove some existence theorems for the solutions to the generalized

quasi-variational-like inequalities for pseudo-monotone type Il operators T' with compact
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domain in locally convex Hausdorff topological vector spaces. Our results extend and/or
generalize the corresponding results in [1].
First, we establish the following result.

Theorem 3.1 Let E be a locally convex Hausdor(f topological vector space over ®, X be a
nonempty compact convex subset of E and F be a vector space over ® with o (F, E)-topology,
where (-,-) : F X E — ® is a bilinear functional separating points on F such that, for each
w € F, the function x — Re(w,x) is continuous. Let S: X — 2X, T: X — 2F, n: X x X - E
and h : E x E — R be the mappings such that

(a) S is upper semi-continuous such that each S(x) is closed and convex;

(b) h(X x X) is bounded,

(c) T is an (n, h)-pseudo-monotone type II (respectively, a strongly
(n, h)-pseudo-monotone type II) operator and is upper hemi-continuous along line
segments in X to the o (F, E)-topology on F such that each T (x) is o (F, E)-compact
and convex and T(X) is 8 (F, E)-bounded,

(d) T and n have the 0-DCVR and n is continuous;

(e) foreach fixed y € X, x — h(x,y), i.e., h(-,y) is lower semi-continuous on co(A) for
each A € F(X) and, for each fixed x € X, h(x,-) and n(x,-) are concave, n(x, ) is
affine, h(x,x) = 0 and n(x,x) = 0;

(f) theset X ={yeX: SUP.es(y) [inf,er( Re(u, n(y, %)) + h(y,x)] > 0} is open in X;

(g) foreach A € F(X) and eachy € co(A), there exist X € A and u € T (%) such that

Bo)[Re(it, (. ®) + h(y,8)] + Y B0)Re(py-X) <0

pELE(E)

Sor any family {Bo, By : p € LF(E)} of non-negative real-valued functions from X into
[0,1], where LE(E) denotes the set of all continuous linear functionals on E;
(h) foreach A € F(X), the bilinear functional (-,-) is continuous over the compact subset
[UyECO(A) T(y)] x n(co(A) x co(A)) of F x E.
Then there exists a point § € X such that
@) 7S
(2) there exists a point w € T(y) with Re(w,n(3,x)) + h(J,x) <0 for all x € S(9).

Proof Step 1. Let us first show that there exists a point ¥ € X such that y € S(y) and

sup [ inf Re(u,n@,x)) + h@,x)] <0.
xeS() ueT(x)

Now, we prove this by contradiction. So, we assume that, for each y € X, either y ¢ S(y)
or there exists x € S(y) such that

inf Re(u, n(y,x)) +h(y,x) >0,
ueT(x)
that s, for each y € X, either y ¢ S(y) ory € X.If y ¢ S(y), then, by a slight modification of a
separation theorem for convex sets in locally convex Hausdorff topological vector spaces,
there exists a continuous linear functional p on E such that

Re(p,y) — sup Re(p,x) > 0.
x€S(y)
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For each y € X, set

Y () = sup[ inf Re(u,n(y,x)>+h(y,x)],

xeS(y) ueT(x)

Vo=X={yeX:y(y) >0}

and, for each continuous linear functional p on E,

V, = {y € X:Re(p,y) — sup Re(p,x) > 0].
x€S(y)

Then we have

X=vu (] V.
PELF(E)

Since Vj is open by hypothesis and each V), is open in X by Lemma 2.1 (Lemma 1 in
[19]), {V4,V, : p € LF(E)} is an open covering for X. Since X is compact, there exist
P1:P2s - Pn € LE(E) such that X = Vo UL, V,,,. For the simplicity of notation, let V; = V),
fori=1,2,...,n.Let {Bo, B1, ..., Bu} be a continuous partition of unity on X subordinated to
the covering {Vj, V4,..., V,,}. Then By, B, ..., B, are continuous non-negative real-valued
functions on X such that B; vanishes on X\ V; foreachi=0,1,...,nand )", Bi(x) =1 for
all x € X. Note that, for each y € X and A € F(X), x — h(x,y), i.e., h(-,y) is continuous on
co(A) (see [22], Corollary 10.1.1). Define a function ¢ : X x X — R by

#(x,7) = o) min Refu, n(,) + h(, )|

+ Y By Re(piy—x)

i=1

for all x,y € X. Then we have the following:
(I) Since E is Hausdorff, for each A € F(X) and fixed x € co(A), the mapping

inf R ) ) h »
yr> inf e{u, n(y,x)) + h(y, x)

is continuous on co(A) by Lemma 2.3 and the fact that / is continuous on co(A4), and so

the mapping
= Bo) [MI;ITI&) Re(u, n(y, %)) + h(y,x)]

is lower semi-continuous on co(A) by Lemma 2.2. Also, for each fixed x € X,
n
y=> Y B Re(piy —x)
i=1

is continuous on X. Hence, for each A € F(X) and fixed x € co(A), the mapping y > ¢(x,y)
is lower semi-continuous on co(A).
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(IT) Since By, B1,---, By is a family of continuous non-negative real-valued functions on
X into [0,1], by the hypothesis, for each A € F(X) and each y € co(A), there exist x € A
and i € T(x) such that

Bo)[Relit, n(y, %)) + h(y,%)] + Y _ Bi(y) Re(pi,y - %) <0.
i=1
Thus we have

[Bo) (Re{u, n(y, %)) + h(y,%)] + > Biy) Re(piy — %) <0,

min
ueT(x) -
i=

(Refut, 13, ) + h0, D) | + Y i) Re(piy - 7) = 0.

i=1

ﬁo@)[

min
ueT(x)

Therefore, we have
r;éi/{l |:/30(y) (urenTi&)(Re(u, n(y, %)) + h(y,x))) + Z Bi(y) Re(ps,y — x):| <0
i-1

and so mingea ¢(x,y) <0 for each A € F(X) and y € co(A).

(III) Suppose that A € F(X), x,y € co(A) and {yq }eer is a net in X converging to y (re-
spectively, weakly to y) with ¢(¢tx + (1 - £)y,y,) <0 foralle € I" and all £ € [0, 1].

Case 1: Bo(y) = 0. Since B is continuous and y, — y, we have By(y,) = Bo(y) = 0. Note
that Bo(y,) > 0 for each o € I. Since T(X) is strongly bounded and {y }ucr is a bounded
net, it follows that

llmasup [ﬁo V) (urEnTla) Re(u, r/(ya,x)) + h(ya,x)>] =0. (3.1)
Also, we have

Bo(y) [urngl&) Re(u, n(y, x)) + h(y,x)] =0.
Thus it follows from (3.1) that

lim sup I:ﬂO (ya)ugl%&) Re(”: n(yarx)> + h(ywx)]

+ Y Bi)Re(piy - x)

i=1

=Y Bi)Re(p,y—x)

i=1

= Bo(y) [MI;]Tla) Re(u, n(y,%)) + h(y, x)]

+ Z Bi(y)Re(p,y — x). (3.2)

i=1

Page9of 18
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When ¢ =1, we have ¢(x,7,) <O forallax €T, ie,

ﬁO(ya)[urell}}}c) Re(u, ﬂ(Ya,x)) + h()/onx)]

+ Z ﬁi@a)Re@’ya _x>

i=1

<0 (3.3)
for all « € I'. Therefore, by (3.3), we have

limasup [/30 () (uren%gc) Re(, 1y, %)) + h(ya,x))]

+ lin}xinf|:z Bi(ya) Re(p, yo — x)}

i=1

< limasup |:/30 () (urenTlgc) Re(u, NVa» x)) +h(yy, x))

+ 3 Biya) Re(p, ya —x)}

i=1

<0,
and so

limasup [ﬂo V) (urngla) Re(u, NWer x)> +h(Y, x)) ]

+ Z Bi(y)Re(p,y — x)

i=1

<0. (3.4)
Hence, by (3.2) and (3.4), we have ¢(x,7) <O0.

Case 2: Bo(y) > 0. Since By is continuous, Bo(¥e) = Bo(y). Again since Bo(y) > 0, there

exists A € I such that By(y,) > 0 for all @ > .
When ¢ = 0, we have ¢(y,7,) <O foralla €T, ie,

foly)| min Relio (e, ) + k)| + 3 Ay Re(p, =) <0

i=1

forall €T, and so

limaSllP |:ﬁ0 (Ya) (MIEHYI"I(;) RC<M, U()’a:}’)) + h()/ony))

+ Y Bila) Re(p, ya —y>}

i=1

<0. (35)
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Hence, by (3.5), we have

limasup [ﬂo ) (ur;lTu&) Re(1, 1y, ) + h(ymy))]

- lintllinf|:z Bi(ya) Re(p, ya —w}

i=1

< limasup |:ﬂo V) (uren%r(}) Re(u, n(ya,y)) + h(ya,y))

+ 3 Bilya) Re(p, ya —w}
i=1
<0.
Since liminf, [> "} Bi(¥«) Re(p, yo — )] = 0, we have
timsup| o) min Re(u,n0t) + iy )) | < 0. (3.6)
Since Bo(yy) > 0 for all @ > A, it follows that
Bo(y) limasup [urélTlr(;) Re(u, n(ya,y)) + h(ya,y)]
- limasup[ﬁo (ya)<ur;1Ti1&) Re(tt, 1y ) + (Y y))]. (3.7)
Since By (y) > 0, by (3.6) and (3.7), we have

1. [ i R ) [02] o ] < M
im sup| min e, e y)) + h(yary) | <0

Since T is an (1, h)-pseudo-monotone type II (respectively, a strongly (»,)-pseudo-
monotone type II) operator, we have

limasup [M?Tlg) Re(tt, n(ya, %)) + h(ya,x)]
> urenTigc) Re(u, n, x)) + h(y,x)
for all x € X. Since By(y) > 0, we have
Bo() [limasup urEnTig) Re(, (5, %)) + h(ya,x)]
> Bo(y) [ungi&) Re{u, n(y,x)) + h(y, x)],
and so

Bo(y) [limasup urEnTiBC) Re(u, NWa» x)) +h(ya, x)]

+ Z Bi(y)Re(p,y — x)

i=1
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> foy)| min Reli,n(,:0) + h(y, |

+ Z Bi(y)Re(p,y — x). (3.8)

i=1

When ¢ =1, we have ¢(x,7,) <Oforalla €T, ie,

Folyi)| min Rel, (0, 0) + hiya,2) | + 3 Bilye) Re(p,yo =) <0

i=1

for all « € I' and so, by (3.8),
0> hmasup [,Bo(ya)(urenTl(r}C) Re(u, n(ya,x)) + h(ya,x))

+ 3 Bilya) Re(p, ya —x>}

i=1

> limasup[ﬁo () (ungi&) Re{u, n(ya, ) + h(mw))]

+ lin}yinf|:z Bive)Re(p, vy — x):|

i=1

= Bo(y) [limasup (urenTlgc) Re(ut, n(ye, %)) + h(ywx))]

+ Z Bi(y)Re(p,y — x)

i=1

= o) min Refu,n(y,) + h(y, |

+ Y Bi)Re(p,y - x). (3.9)

i=1

Hence we have ¢(x,y) <O0.

(IV) Since X is a compact (respectively, weakly compact) subset of the Hausdorff topo-
logical vector space E, it is also closed. Now, if we take K = X, then, for any x; € K = X,
we have ¢(xp,y) > 0 forall y € X \ K (= X \ X = ). Thus the hypothesis (d) of Theorem 1.2
is satisfied trivially. (If T is a strongly (», /1)-quasi-pseudo-monotone type II operator, we
equip E with the weak topology.) Thus ¢ satisfies all the hypotheses of Theorem 1.2. Hence,
by Theorem 1.2, there exists a point j € K = X such that ¢(x,7) <0 forall x € X, i.e.,

Bo®) [MrenTlgc) Re(, 1(3,%)) + h(3, x)] + Z B Re(p;,y—x) <0 (3.10)
i=1

for all x € X.
If Bo(§) > 0, then § € V = T so that y(9) > 0. Choose & € S(y) C X such that

miq)Re(u, n(3,%) +h(3,%) > y(3)/2> 0.

ueT(x
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Then it follows that
Bo() [urerl%&) Re(u, n(¥, x)) +h(y, x)] > 0.
If B;() > 0 for each i =1,2,...,n, then y € V; and hence

Re(p;,y) > sup Re(p;,x) > Re(p;, %)
x€S(3)

and so Re(p;,J — &) > 0. Then we see that 8;(J) Re(p;, 5 — %) > 0 whenever 8;(3) > 0 for each
i=1,2,...,n. Since By(J) > 0 or B;(J) > 0 for each i = 1,2,..., n, it follows that

#(8:3) = Bo(3)| min RelunG, ) + h(3,8)] + 3 BG)Repsd -3 >0,

i=1

which contradicts (3.10). This contradiction proves Step 1. Hence we have shown that
there exists a point ¥ € X such that y € S(¥) and

sup [ inf Re(u,n@,x)) + h(f/,x)] <0.
xeS() ueT(x)

Step 2. We need to show that

i f R ) A) S h bl y
nf e(w, (3, %)) < h(x,9)

for all x € S(3).
From Step 1, we know that y € S(y) which is a convex subset of X and

inf R ) Ar =< )A
o e(u, (3, %)) < h(x,9)

for all x € S(y). Hence, applying Lemma 2.4, we obtain
i f R ’ A) < h ) y
ot e(w,n(,%)) < h(x,3)

for all x € S(9).
Step 3. There exists a point w € T(y) with Re(w, n(5,x)) < h(x,y) for all x € S(). From
Step 2, we have

inf Re(w,n(y, h(y,x)| <0, 311
s i, e} 461 611

where T(9) is a o (F, E)-compact convex subset of the Hausdorff topological vector space
(F,o(F,E)) and S(y) is a convex subset of X.

Now, we define f : S() x T(y) = R by f(x, w) = Re(w,n(,x)) + h(y,x) for each x € S(9)
and w € T (). Then, for each fixed x € S(J), the mapping w — f(x, w) is convex and con-
tinuous on T'(y) and, for each fixed w € T(y), the mapping x — f(x, w) is concave on S()).
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So, we can apply Keneser’s minimax theorem (Theorem 2.5) and obtain the following:

min sup |Re(w, n(3,x)) + h(y,x)| = sup min [Re{w,n(7,x)) + h(y,x)|.
iy s R, ] = s i [Rel5.9) +46,9)

Hence, by (3.11), we obtain

i R ) A: h A’ = 0.
min, sup [Rel 16, + 1)

Since T(y) is compact, there exists w € T(y) such that
Re(fv, n(j/,x)) +h(@,x) <0
for all x € S(y). This completes the proof. d

Note that, if for each open subset U of X and for each x,y € U, n(x,y) = x — y and there
exists /' : X — R such that h(x,y) = #'(x) — #'(y); and if the mapping S : X — 2% is, in
addition, lower semi-continuous and, for each y € X, T is upper semi-continuous at some
point x in S(y) with inf,cru) Re(u, n(y,%)) + h(y,x) > 0, then the set X in Theorem 3.1 is
always open in X, and so we obtain the following result.

Theorem 3.2 Let E be a locally convex Hausdor{f topological vector space over ®, X be a
nonempty compact convex subset of E and F be a vector space over ® with o (F, E)-topology,
where (-,-) : F x E — ® is a bilinear functional separating points on F such that, for each
w € F, the function x — Re(w,x) is continuous. Let S: X — 2X, T: X — 2F n: X x X - E
and h : E x E — R be the mappings such that

(a) S is continuous such that each S(x) is closed and convex;

(b) h(X x X) is bounded,

(c) T is an (n, h)-pseudo-monotone type II (respectively, a strongly
(n, h)-pseudo-monotone type II) operator and is upper hemi-continuous along line
segments in X to the o (F, E)-topology on F such that each T (x) is o (F, E)-compact
and convex and T(X) is §(F, E)-bounded,;

(d) T and n have the 0-DCVR and n is continuous;

(e) foreach fixed y € X, x — h(x,y), i.e., h(-,y) is lower semi-continuous on co(A) for
each A € F(X) and, for each fixed x € X, h(x, ) and n(x,-) are concave, n(x,-) is
affine, h(x,x) = 0 and n(x,x) = 0;

(f) for each open subset U of X and x,y € U, n(x,y) = x —y, and there exists i’ : X — R
such that h(x,y) = i’ (x) — i’ (y);

(g) foreachye £ ={yeX: SUP,e5(y) [inf,erw) Re(u, n(y, %)) + h(y,x)] > 0}, T is upper
semi-continuous at some point xo in S(y) with infuer,) Re(u, n(y,%0)) + h(y,%0) > 0;

(h) foreach A € F(X) and y € co(A), there exist x € A and u € T (x) such that

Bo)[Re(it, n(y, %) + h(y,®)] + Y B()Re(py—x) <0

PpELF(E)

Sor any family {Bo, By : p € LF(E)} of non-negative real-valued functions from X into
[07 1]:
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(i) foreach A € F(X), the bilinear functional {-,-) is continuous over the compact subset
U)oty TO] x n(co(A) x co(A)) of F x E.
Then there exists a point § € X such that
@) y€SO%
(2) there exists a point w € T(y) with Re(w,n(¥,x)) + h(y,x) <0 for all x € S(y).

The proofis similar to the proof of Theorem 3.2 in [10]. For the completeness, we include

the proof here.

Proof The proof follows from Theorem 3.1 if we can show that the set

T = {yeX: sup [ inf Re(u,n(y,x)) +h(y,x)] > O}
xeS(y) ueT(x)

is open in X. To show that ¥ is open in X, we start as follows.

Let yo € X be an arbitrary point. We show that there exists an open neighborhood Ny
of ¥y in X such that Ny C . Now, by hypothesis (g), T' is upper semi-continuous at some
point xp in S(yo) with

inf Re(u, n(yo,xo)> + h(yo,%0) > 0.

ueT(xg)

Let

o:= inf Re(u,n(yo,xo))+h(yo,xo).
ueT(xg)

Thus o > 0. Again, let

W= {weF: sup |(W,Z1—Zz>| <0l/6]~

21,22€X

Then W is a strongly open neighborhood of 0 in F, and so U := T(x9) + W is an open
neighborhood of T'(x) in F. Since T is upper semi-continuous at x, there exists an open
neighborhood V; of % in X such that T'(x) C U, for all x € V;. Since the mapping x
infyer(xy) Re(u, n(x0,%)) + h(xo,%) is continuous at x, there exists an open neighborhood
V5 of x in X such that

uei;l(i@)RC(u, n(xo,x)) + h(xo,x)‘ < %
for all x € V,. Let Vi := V1 N V,. Then Vj is an open neighborhood of % in X. Since
x0 € Vo NS(yo) # ¥ and S is lower semi-continuous at yy, there exists an open neigh-
borhood N; of ¥y in X such that S(y) N Vi # @ for all y € Nj. Since the mapping y
inf,er() Re(u, n(,90)) + 1(y,50) is continuous at ¥y, there exists an open neighborhood
N, of yy in X such that

inf )Re(u,n(y,yo)) + h()/,yo)’ < %

ue T(xo

for all y € Ns.
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Let Ny := NN N,. Then Ny is an open neighborhood of g in X such that for each y; € Ny,
we have the following:

(a) S(y1) N Vo #0 as y1 € Ny; so we can choose any x; € S(y1) N Vo;

(b) linfuer(cy) Re(u, n(y1,50)) + Ay, y0)| < § as y1 € No;

() T(x)) CUy=T(xg)+ Wasw € Vy;

(d) linfuer(xy) Re(u, n(xo,x1)) + hlxo,x1)| < § asx1 € V5.
Hence, using property (f) and (b)-(d), we can obtain the following by omitting the details:

inf )Re(u, n(yl,x1)> + h(y1,%1)

ueT(x1

> inf  Relu, ,x0) + h(y,x
Z e (1, n(y1,%1)) + h(y1, 1)

> ';l(f )Re(u, 1O, 1)) + hi(y, %)
0

T ueT(x

+ uigvl;Re<u, n(yl,xl)>

> inf Re(u,y1—yo0) + 7 (y1) = (y0)

T ueT(xg)

+ inf Re(u,yo —xo) + 1 (o) — ' (x0)

ueT(xg)

+ inf Re(u,xo —x) + 1 (x0) — K (1)
ueT(xg)

+ uiélvaRe(u,yl —x1)

o o o
>——ta————
6 6 6
o
==>0.
2

Consequently, we have

sup [ inf Re(u,n(yl,x))+h(y1,x)] >0,
XES(}/]) MET(.X)

since x; € S(y1). Hence y; € X for all y; € Ny. Therefore, yo € Ny C X. But yo was arbitrary.
Consequently, ¥ is open in X. Thus all the hypotheses of Theorem 3.1 are satisfied. Hence,

the conclusion follows from Theorem 3.1. This completes the proof. d

Remark 3.1

(1) Theorems 3.1 and 3.2 of this paper are further extensions of the results obtained in
[10, Theorem 3.1] and in [10, Theorem 3.2], respectively, into generalized
quasi-variational-like inequalities of (1, /1)-pseudo-monotone type II operators on
compact sets.

(2) In 1985, Shih and Tan [1] obtained results on generalized quasi-variational
inequalities in locally convex topological vector spaces, and their results were
obtained on compact sets where the set-valued mappings were either lower
semi-continuous or upper semi-continuous. Our present paper is another extension
of the original work in [1] using (n, #)-pseudo-monotone type II operators on

compact sets.
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(3) The results in [10] were obtained on non-compact sets where one of the set-valued
mappings is a pseudo-monotone type II operator which was defined first in [8] and
later renamed as pseudo-monotone type II operator in [9]. Our present results are
extensions of the results in [10] using an extension of the operators defined in [9]

(and originally in [8]).
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