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1 Introduction

The fixed point theorems for nonexpansive mappings in the setting of CAT(0) space have
been studied extensively by many authors (see, for example, Refs. [1-8]). Nanjaras and
Panyanak [9], in 2010, obtained a A-convergence theorem for asymptotically nonexpan-
sive mappings in CAT(0) spaces. In 2012, Chang et al. [10] introduced the concept of to-
tal asymptotically nonexpansive mappings and proved the demiclosed principle for total
asymptotically nonexpansive mappings in CAT(0) spaces and obtained a A-convergence
theorem for the Krasnoselskii-Mann iteration. Recently, Sahin and Basarir [11] obtained a
strong convergence theorem for asymptotically quasi-nonexpansive mappings by a mod-
ified S-iteration.

The classes of asymptotically demicontractive mappings and asymptotically hemicon-
tractive mappings were introduced in 1987 by Liu [12] in Hilbert spaces. Liu [13] ob-
tained some convergence results of the Mann iterative scheme for the class of asymp-
totically demicontractive mappings. Osilike [14] in 1998 extended the results of Liu [13] to
more general g-uniformly smooth Banach spaces. Zegeye et al. [15] in 2011 obtained some
strong convergence results of the Ishikawa-type iterative scheme for the class of asymp-
totically pseudocontractive mappings in the intermediate sense without resorting to the
hybrid method which was the main tool of Qin et al. [16]. Olaleru and Okeke [17] in 2012
established a strong convergence of Noor-type scheme for uniformly L-Lipschitzian and
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asymptotically pseudocontractive mappings in the intermediate sense without assuming
any form of compactness.

Inspired and motivated by the recent work of Olaleru and Okeke [18], Chang et al. [10],
Sahin and Basarir [11], the purpose of this paper is to introduce the concept of total asymp-
totically demicontractive mappings and total asymptotically hemicontractive mappings in
CAT(0) spaces, and prove some strong convergence theorems of Mann- and Ishikawa-
type iterative schemes for uniformly L-Lipschitzian total asymptotically demicontractive
mappings and total asymptotically hemicontractive mappings. The result presented in the
paper extend and improve the corresponding results in Chang et al. [10], Sahin and Basarir
[11], Liu [12, 13], Osilike [14] and Olaleru et al. [17, 18].

2 Preliminaries and lemmas
Let (X,d) be a metric space. A geodesic path joining x € X to y € Y (or, more briefly,
a geodesic from x to y) is a map c: [0,] — X such that ¢(0) = x, ¢({) = y, and d(c(¢), c(¢)) =
|t — ¢| for all ,¢' € [0,/]. In particular, ¢ is an isometry and d(x,y) = [. The image « of ¢
is called a geodesic (or metric) segment joining x and y. When it is unique, this geodesic
segment is denoted by [x,y]. The space (X, d) is said to be a geodesic space if every two
points of X are joined by a geodesic, and X is said to be uniquely geodesic if there is exactly
one geodesic joining x and y for each x,y € X. A subset Y C X is said to be convex if ¥
includes every geodesic segment joining any two of its points.

Let x,y € X, by [8, Lemma 2.1(iv)] for each ¢ € [0,1], then there exists a unique point
z € [x,] such that

d(x,z) = td(x,y), dly,z) = (1 -t)d(x,y). (2.1)
From now on, we will use the notation (1 - £)x @ ¢y to denote the unique point z satisfying
(2.1).

The following lemma plays an important role in our paper.

Lemma 2.1 [8] A geodesic space X is a CAT(0) space, if and only if the following inequality
holds:

a4’ ((1 —-Hx D ty, z) < (1 -0d*(x,2) + td*(y,2) — t(1 — t)d*(x, y) (2.2)

forallx,y,z € X and all t € [0,1]. In particular, if x, y, z are points in a CAT(0) space and
t €(0,1], then

d((l —-tx @ty z) <1 -8dx,z)+ td(y,z). (2.3)

Let (X, d) be a metric space, C be a nonempty subset of X. Recall a mapping 7: C — C
is said to be nonexpansive if

d(Tx, Ty) <d(x,y), Vx,yeC.

T is said to be asymptotically nonexpansive, if there is a sequence {k,} C [0, c0) with
k, — 0 such that

d(T"x, T"y) < 1+ k.)d(x,9), Vn>1xy¢€C.


http://www.journalofinequalitiesandapplications.com/content/2014/1/436

Liu and Chang Journal of Inequalities and Applications 2014, 2014:436
http://www_.journalofinequalitiesandapplications.com/content/2014/1/436

T is said to be ({it,}, {vn}, @)-total asymptotically nonexpansive [10], if there exist non-
negative sequences {t,}, {v,} with u, — 0, v, — 0 and a strictly increasing continuous
function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

d(T"x, T"y) < d(x,y) + und(d(x,9)) + v, Vn>1x,y€C.

T is said to be quasi-nonexpansive, if F(T) # ¢ and
d(Tx,p) <d(x,p), VxeC,peF(T).

T is said to be uniformly L-Lipschitzian, if there exists a constant L > 0 such that
d(T”x, T”y) <Ld(x,y), Vn>1lxyeC. (2.4)

T is said to be completely continuous, if the image of each bounded subset in C is con-
tained in a compact subset of C.

Berg and Nikolaev [19] introduced the concept of quasilinearization as follows:

Let us formally denote a pair (a,b) € X x X by ab and call it a vector. Then a quasilin-
earization is defined as a map (-,-) : (X x X) x (X x X) — R which is defined by

— —

1
(ab,cd) = 3 (d*(a,d) + d*(b,0) - d*(a,0) - (b)), Va,be.d € X. 2.5)
Itis easily seen that (ab, cd) = (cd, ab), (ab, cd) = —(ba, cd), and (a%, cd) + (xb, cd) = (ab, cd)

for all a,b,c,d,x € X. We say that X satisfies the Cauchy-Schwarz inequality if

- —

(ab,cd) < d(a,b)d(c,d)

forall a,b,c,d € X. It is well known [19, Corollary 3] that a geodesically connected metric
space is a CAT(0) space if and only if it satisfies the Cauchy-Schwarz inequality.

By using the quasilinearization, we can define demicontractive mappings in CAT(0)
spaces.

Definition 2.2 Let X be a CAT(0) space, C be a nonempty subset of X. A mapping T :
C — C is said to be demicontractive if F(T) # ¢ and there exists a constant k € (0,1] such
that

(Txp,Xp) < d*(x, p) — kd*(x, Tx), Vx e C,p € E(T). (2.6)
It is easy to show that (2.6) is equivalent to
d*(Tx, p) < d*(x, p) + (1 — 2k)d* (x, Tx). (2.7)

Remark 2.3 From the definitions, we may conclude that each quasi-expansive mapping
is a demicontractive mapping with k = %
Definition 2.4 Let X be a CAT(0) space, C be a nonempty subset of X. A mapping 7 :
C — C with F(T) # 0 is said to be:
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(1) an asymptotically demicontractive mapping if there exist a constant k € [0,1) and a
nonnegative sequence {1,,} C [0, 00) with w,, — 0 such that

d*(T"x,p) < (L + pa)d* (%, p) + kd*(x, T"x),

foralln>1,x€ C,p e F(T);

(2) an asymptotically demicontractive mapping in the intermediate sense if there exist a
constant k € [0,1) and nonnegative sequences {,}, {v,} C [0,00) with u, — 0,
v, — 0 such that

dQ(T"x,p) <+ pun)d*(x,p) + kd® (x, T”x) + V

foralln>1,x€C,p e F(T);

(3) a ({tn}, {vn}, @)-total asymptotically demicontractive mapping if there exist a

~

constant k € [0,1) and nonnegative sequences {t,,}, {v,} C [0, 00) with u, — 0,
v, — 0, and a strictly increasing continuous function ¢ : [0, 00) — [0, 00) with
¢(0) = 0 such that

d*(T"x,p) < d*(x,p) + tad(d(x, p)) + kd* (x, T"%) + vy, (2.8)

foralln>1,x€ C, p e F(T);

(4) a ({un}, (v}, ¢)-total asymptotically hemicontractive mapping if there exist

~

nonnegative sequences {1, }, {v,} C [0, 00) with u, — 0, v, — 0 and a strictly
increasing continuous function ¢ : [0, 00) — [0, c0) with ¢(0) = 0 such that

d*(T"x,p) < d*(x,p) + wup (d(x,p)) + d* (x, T"x) + vy, (2.9)
forallu>1,x€ C,pe F(T).

Remark 2.5 From the definitions, it is easy to see that each asymptotically demicontrac-
tive mapping is an asymptotically demicontractive mapping in the intermediate sense with
sequence {v, = 0}, and each asymptotically demicontractive mapping in the intermediate
sense is a total asymptotically demicontractive mapping with ¢(t) = t2.

Let C be a nonempty bounded closed convex subset of a complete CAT(0) space X and
T : C — C be a completely continuous and uniformly L-Lipschitzian and total asymp-
totically demicontractive or hemicontractive mapping with F(T) # . We introduce the
Mann-type iteration process,

x=x€C,
(2.10)
Xnel = Oy Tnxn @ (1 - an)xm n>1,
and the Ishikawa-type iteration process,
x1=x€C,
Vn = BT %0 © (1= Bu)xn, (2.11)

Xnl = Oy Tnyn &1-anx, n=l1,
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where {«,}, {8,} are the sequences in [0,1]. Under suitable conditions, we prove that se-
quences {x,} generated by (2.10) and (2.11) converges strongly to a fixed point of 7. The
results presented in the paper extend and improve some recent results announced in the
current literature.

The following lemmas will be useful in this study.

Lemma 2.6 [13] Let {a,}°;, {b,};2, be sequences of nonnegative real numbers satisfying
an1 <a,+b,,a,>0,Vn>1, Zn:l b, < 00 and we have a subsequence {a,, }72,, converging
to 0. Then we have

lim a, = 0. (2.12)

n—00

3 Main results

Theorem 3.1 Let C be a nonempty bounded closed convex subset of a complete CAT(0)
space X and T : C — C be a completely continuous, uniformly L-Lipschitzian and
({itu}, {vu}, @)-total asymptotically demicontractive mapping with F(T) # (. Let {x,} be
the sequence defined by (2.10). If the following conditions are satisfied:

(i) D02y M <00, 3021 Vi < 005
(ii) there exist positive constants M and M*, such that ¢(t) < M*t? for all t > M;
(ili) €e <ay, <1-k-—¢€,Vn>1forsomee >0 andk € [0,1),
then {x,} converges strongly to a fixed point of T

Proof Fix p € F(T), using (2.8), we obtain
dz(T”xn,p) <d*(x,,p) + ;L,,qﬁ(d(x,,,p)) + kd? (% T" %) + Vi (3.1)

Since ¢ is an increasing function, we have the result that ¢(¢) < ¢(M) if t < M and ¢(¢) <
M*£2 if ¢ > M. In either case, we obtain

¢ (d(xn,p)) < $M) + M*d* (xs, p). (32)
From (3.1), (3.2), and Lemma 2.1, we have

d* (1, p) = d* (n T"%0 ® (1 — )%, p)
< 0ud*(T" %, p) + (1= ) d> (0, p) — 01 = ) d* (T" %, %)
< au{d* (%0, p) + pn®(d (X p)) + kd® (0, T %) + Vi1 }
+ (1= p)d® (%, p) — otw(1 = ot,)d> (T" %0, %)
< otu{ (1 + wuM*)d* (@, p) + kd? (%0, T" %) + Ln (M) + v, }
+ (1= a)d* (%, p) — w1 = 0, )d* (T" %, %)
= (1+ apptuM*)d* (%, p) + Cn (M) + v,
—oty(1 =k = a)d* (T" %, %) (3.3)
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Now, we show that lim,,_, o, d(T"x,,x,) = 0. In fact, by condition (iii), we have o, > € > 0,
1-k—-oy, > €. Hence a,,(1 - k — ) > €2 > 0. It follows from (3.3) that

d2(xn+1rp) = dz(xn)p) + Oln,unM*dZ(me) + P (M)
—&2d*(T" % %) + V. (3.4)

Since C is bounded, there exists a constant K > 0 such that d*(x,, p) <K, Vn=11t
follows from (3.4) that

d* (tns1,1) < d* () + (MUK + $(M)) s — €2 (T" %5, %) + V. (3.5)
Hence,
Ed*(T"%,%,) < d* (K, p) = d* (i1, p) + (MK + (M) + Vi (3.6)

From (3.6), we have

> e (T %nx) <Y _[d* 8, p) — @1, p) + (MK + (M) 11+ Vi ]
n=1
= d*(x1,p) — d*(Xma1, p) + (M*K + oM Z Wy + Z Vy

<2K + (M*K + pM Z U + Z Vi (3.7)

Since (M*K + ¢(M)) Y 02 tn + D poy Va < 00, it follows that
lim d(T”xn,x,,) =0. (3.8)

n—00

Using (3.8), (2.10), and Lemma 2.1, we have
AXps1%0) = d (0t T"%, ® (1 — )%, %) = € d(T"%0,%,) = 0 (n— 00). (3.9)
Hence,

d(xm Txn) = d(xm xn+1) + d(xn+l: Tn+1xn+1) + d(Tn+lxn+11 Tn+1xn) + d(Tn+lxn: Txn)
= (1 + L)d(xn+lr xn) + d(xm-l; Tn+1xn+1) + Ld(Tnxm xn)
-0 (n— 00). (3.10)

Since {x,}°; is bounded and T is completely continuous, there is a convergent subse-
quence {Tx,,}2; of {Tx,}52, such that Tx, — g as r — oo. Since

A%, q) < dxn,, Txy,) + d(Txy,,q) — 0 (r — 00),

we have x,,, — g as r — oo.
Since T is continuous, we obtain Tg = g, which shows that g is a fixed point of 7. The
implies that {x,};°, has a subsequence which converges to a fixed point of T
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In view of (M*K + ¢(M)) D oo fin + D ooy Vn < 00 and Y o) €2d*(T"xy,%,) < 00, by
Lemma 2.6, and (3.5), we have lim,,_, o, d*(x,, q) = 0. Hence, x,, — g as n — oc. The proof

of Theorem 3.1 is completed. 0

Theorem 3.2 Let C be a nonempty bounded closed convex subset of a complete CAT(0)
space X and T : C — C be a completely continuous and uniformly L-Lipschitzian and
({ian}, {vn}, @)-total asymptotically demicontractive mapping with F(T) # (. Let {x,} be a
sequence defined by (2.11), where {a,},{B,} € [0,1]. Assume that the following conditions
are satisfied:
(i) D 021 Hn <00, 307 Vi < 005
(i) there exist positive constants M and M*, such that ¢(t) < M*£? for all t > M;
(ili) e <k<a,<B,<b,Vn=>1forsomee>0,ke|0,1) and some
be(0,L72[V1+12-1)).
Then {x,} converges strongly to a fixed point of T .

Proof Fixing p € F(T), using (2.8), (2.11), (3.2), and Lemma 2.1, we obtain

&> G, p) = d*(BaT"% © (1= By)%n, )
< Bud* (T, p) + (L= Bu)d” (% ) — Bu(1 = Bu)d> (T" % %)
< Bu{d* (%, p) + 1n® (d(xn, p)) + kd® (300, T"%,) + v, }
+ (1= Bu)d>(tn ) — Bu(1 = Bu)d® (T" %, %)
< Buf (1 + 1nM*)d? (%, p) + kd? (%, T"%,) + pnp(M) + v, }
+ (L= Bn)d® % p) = Bu(l = Bu)d> (T" %, %)
= (1+ ButtnM*)d* (%, ) + Buttn®(M) + Buvi
= Bu( =k = B)d* (T" % %) (3.11)
& T"y) = d> (B T" %0 ® (1= B1), T"y,)
<Bud®(T"%n, T"y) + (L= B)d (%, T"y1)
= Bu(L = B (T" %, %)
< BuLl?d* @, yu) + (1= B (s Ty
= Bu1 = B)d* (T" %, %)
= BoL?d* (0, T"x) + (1 = Bu)d* (%, T"yn)
— B = B)d* (T" % %)
= (1= Bu)d® (s T"9n) = Bu(1 = Bu = BaL?) A (T" % ). (312)

Using (2.8), (3.2), (3.11), and (3.12), we obtain

d*(T"Y,p) < d* Qs P) + 1in® (A P)) + Kd* (s T"Y) + Vi
=< dz(ymp) + Un [¢(M) +M*d2()/n,p)] + kd* (yn’ Tnyn) + Vi
= (1+ wu*)d> (s p) + kd> (Vr T"y) + pnp(M) + v,y
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< (L ) (L + BuptnM)d* (%, ) + Buttnp(M)
+ BV — Bu(L =k = B)d” (T" %, ) }
+ k{1 = Bu)d® (% T"¥) = Bu(L = Bu — BoL?)d* (T" %, %) }
+ Un@(M) + vy

= (1 tu) (14 Buptn*) A (@, p) + (1 + 1) Buptnp(M)
+ (L4 1) v = (14 wn*) Bu(L = k = B)d* (T"x,, %)
+ k(L= B)d® (20, T"y) = kBu(1 = B — ByL*)d* (T" %, %)

+ UpP(M) + v,y (3.13)

Using (3.13), Lemma 2.1, and condition (iii), we obtain
d*(xpe1, ) = d*(n T"yn ® (1 = )%, p)
< oud”(T"ymp) + (1 = 0)d* %, p) — n(L = 0n)d> (T" Y, %)
< {1+ pnM*) (1 + BupinM*)d> @, p) + (1 + M) Bupind (M)
X (14 wuM*) Buviy — (1 + M) Bu(1 = k = B)d> (T" %, %)
+ k(L= B)d* (%0, T"y) = kBu(1 = B — BoL?)d> (T" %, %)
+ (M) + v} + (1= 0)d> (%, p) = 0 (1 = €)d> (T"y,0, %)
= [1+ ot (1 + B (1 + pnM*)) ]d? (5 p)
— B[ k(1= Bu = BPL?) + (1 + nM*) (1 = k = Bu) |d* (T" %, %)
+ 0t [k(L = B) = (1= ) | (T" Y %)
+ o1+ Bu(1+ nM*) | M)ty + o[ 1+ Bu(1+ 1uM*) v,
< [1+ aupnM* (L + B (1 + puM*)) Jd* (. p)
— B[ k(1= Bu = BPL?) + (1 + nM*) (1 = k = Bu) |d* (T" %, %)
+ [k = By) — 0n (1 = @) ]d* (T" Y0, %)
+ |1+ Bu(1+ wuM*) | M)ty + o[ 1+ Bu(1 + 1uM*) v,
< [1+ auptn* (1 + Ba(1 + 1, M*)) |d* (5, p)
— B[ k(1= Bu = BPL?) + (1 + nM*) (1 = k = Bu) |d* (T" %, %)
+ 0L+ Bu(1+ nM*) | dM) i + [ 1+ B (1 + 110 [V (3.14)
Observe that by condition (iii), k(1 — ,) — &,(1 - a,) < 0, so that the term d*(T"y,,,)

can be dropped. Hence, we obtain (3.14).
Next, we show that lim,,_, o, d(T"x,,x,,) = 0. From (3.14), we have

dz(xwrl:p) - d2(me)
< @ty M* (1 + Bu(1 + wnM*))d* (x4, p)
— B[ k(1= By = BEL?) + (L + tuM*) (1 = k = Bo) |d? (T" %1, %)

+ 1+ Bu(1+ pnM*) M)ty + o[ 1+ Bu(1 + 1uM*) vy (3.15)
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Since @, — 0, {,}:°; is bounded. Observe that C is bounded, «,, 8, € [0,1], ¢p(M),
and M* are constants. Now {ot,[1 + 8, (1 + . M*)1}521, {1 + B (1 + M *)1p(M)}52,, and

n=1’
{0, M*(1+ Bu(1 + pu,,M*))d?(x,, )}, are bounded. Hence, there exists a constant K > 0
such that
0 < atu[1+ Bu(1+ puud*)] (1 + p(M) + M*d*(x,, p)) <K. (3.16)

Using (3.15) and (3.16), we obtain

dz(xnﬂ’p) - dz(xmp) < K(n + Vi) = otu Py [k(l = Bu - ﬁﬁLz)
+ (L4 waM*) A =k = B)]d* (T" % %) (3.17)

By condition (iii), b € (0, L72[v/1 + L2 —1]), this shows that 1+ bL? < /1 + L2. On squaring

1-2b-b%12
2

both sides, after simplifying we obtain > 0. Since 1 + u,M* — 1, there exists a

natural number N such that, for n > N,

k(1= By = B2L*) + (1 + puu*) (L = k = B)
> (L+ pwuM*) (1= k) = (1 + puM*) B — kBIL?
>1-b— (1+pm,M*)b—b*L*

1-2b-b*L?
> >

5 0. (3.18)

Assuming that lim,,_, o, d(T"x,,%,) # 0, there exist €5 > 0 and a subsequence {x,,}°°; of
{x, )5, such that

d2(T”’xn,,x,,,) > €. (3.19)
Without loss of generality, we can assume that #; > N. From (3.17), we obtain

auBulk(L = Bn = BL?) + (1 + puM*) A = k = B) |d* (T %r %)
< d*(%nyp) = A* K1, ) + Kt + V).

Hence,
Za”lﬂnl [k(l — B — /gﬁle) + (1 + I’L”‘IM*)(I —k- ,Bn[)]dz(T”lxnl,xnl)
-1

< Z B[k (L= B = BLL?) + (1 + ¥ ) (L = k = B) |d* (T %15 %)

m=n1

= Z [dz(xmrp) - dZ(merl»P) + K (m + Vm)]

m=n1

= d* (% p) — @1, 0) + Y Kt + Vin). (3.20)

m=nj
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It follows from (3.18), (3.19), and (3.20) that

2(1 -2b-b’1?
re I T——

5 )60 <d*(n, ) — W1, 0) + Y Ko + Vin)- (3.21)

m=nj

Observing that )2, K(u, + v,;) < 00 and the boundedness of C, we see that the right-
hand side of (3.21) is bounded, the left-hand side of (3.21) is positively unbounded when
r — 00. Hence, a contraction. Therefore

lim d(T"%,,%,) = 0. (3.22)

n—00

Using (2.1) and (2.11), we have

A%, %) = d(ctn Ty D (1 = )%, %)
= 2 d(T" Yy, %)
< d(T"yu, %n)
< d(T", T"%,) + d(T"5,,%,)
< Ld(y,, %,) + d(T"x, %)
= BuLd(T" %, %) + d(T" %, %)
<@+ L)d(T" %, )

-0 (n— 00). (3.23)
Observe that

d(xnr Txn) 5 d(xnr xn+1) + d(xn+1: Tn+1xn+1)
+ d(T”*lxy,H, T"”x,,) + d(T"”xn, Txn)
=< (1 + L)d(xrwlyxn) + d(erl: Tn+1xn+1) + Ld(Tnxn: xn)
-0 (n— o). (3.24)
Since {x,}5°, is a bounded sequence and T is completely continuous, there is a conver-

gent subsequence {Tx,, }°; of {Tx,}52,. Let Tx,, — g as r — co. Thenx,, - gasr — oo
since

A%y, q) <d(xy,, Txn,) + d(Txy,,q) > 0 (r — 00).

From the continuity of 7, we obtain 77 = ¢, meaning that g is a fixed point of T.. Hence
{x, )02, has a subsequence which converges to a fixed point of T'.

Using (3.17) and (3.18), we see that there exists some natural number N such that, for
n>N,

A* (%41, p) < d* (% ) + K1y + v,).

Noticing that Y o) K(i, +v,) < 00, it follows from Lemma 2.6 that lim,,_, oo d*(x,,,q) = 0.
Hence, x,, — q as n — 00. The proof of Theorem 3.2 is completed. g
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Theorem 3.3 Let C be a nonempty bounded closed convex subset of a complete CAT(0)
space X and T : C — C be a completely continuous and uniformly L-Lipschitzian and
({ien}, {vu}, @)-total asymptotically hemicontractive mapping with F(T) # (. Let {x,} be a

sequence defined by (2.11), where {a,},{B,} € [0,1]. Assume that the following conditions
are satisfied:

(i) D021 Hn <00, 307 Vi < 00;

(ii) there exist positive constants M and M*, such that ¢(t) < M*t? for all t > M;
(i) € <ay, < By <b,Yn>1forsomee >0, andsomeb e (0,L72[v/1+ L2 -1)).
Then {x,} converges strongly to a fixed point of T .

Proof Fix p € F(T), using (2.9), (2.11), (3.2), and Lemma 2.1, we obtain

&’ W p) = &> (BuT %, © (1= B,)%, p)
< Bud” (T"%,p) + (1= B)d* (%, p) = Bu(1 = B> (T" %, %,)
< Buld* s p) + n (A%, p)) + A (%0, T" %) + V)
+ (1= B () = Bu(1 = Bu)d (T" %, %)
< Bu{ (1 + pn*)d? (%, p) + &> (%, T"%0) + p1np (M) + v, }
+ (1= Bu)d>(tn ) — Bu(1 = Bu)d® (T" %, %)
= (1+ ButnM*)d* (%, ) + Buttn®(M) + Buvu
+ Bad* (T" % %), (3.25)
&3y T"yn) = d* (B T" %0 ® (1= B,)%s, T"9,)
< Bud*(T"%5, T"y) + (1= B)d” (%0, Ty,
= Bu(1 = B)d* (T" %, %)
< BuL?d* (%, yn) + (1 = Bu)d® (%1 T"Y)
= Bu = B)d* (T" %, %)
= BoL*d (%0, T"5) + (1= B)d* (%, T"yn)
= Bu(1 = B)d* (T" %, %)
= (L= B)d* (%, T"yn) = Bu(L = B = BoL?) A (T" %, x,). (3.26)

Using (2.9), (3.2), (3.25), and (3.26), we obtain

d*(T"y,p) < d* G p) + 1 (A0 D)) + &> (Vs T"Y) + Vi
< (14 wu*)d> G ) + @ (Vs T"Yn) + tin® (M) + v,
< (L+ )V (L + BuptnM)d* (%0, ) + Butt (M) + B,
+ Bed* (T" % %) } + (1= Bu)d® (% T"y1)
= Bu(1= By = BILY)A* (T" %, %) + [n (M) + v,y

= (1 + MnM*)(l + ,BnMnM*)dz(xn:p) + (1 + /LnM*),BnMnd’(M)
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+ (L4 ) Buvi + (1 + puM*) Brd® (T" %1, %)
+ (1 - /3}1)1'12 (xnr Tnyn) - /3,,(1 - ﬂn - ﬂy%LZ)dz(Tnxn’xn)
+ (M) + v,,. (3.27)

Using (3.27), Lemma 2.1, and condition (iii), we obtain

d* (X1, 0) = A% (@n Ty @ (1 — )%, p)
< oud(T"ymp) + (1 = 0)d> %, p) — (L = ) (T" Y, %)
< ot { (14 u) (1 Buptn M)A (0, p) + (1 + 14M*) Bt (M)
+ (L4 ) Buvi + (L pn*) BEd* (T" %0, %)
+ (L= B> (% T"yu) = Bu(1 = Bu = B2L*) A (T" %, %)
+ (M) + v, } + (1= ,)d (%, p) = (1= ,)d* (T, %)
= [1+ auptuM* (L + Bu(L + 1, M*)) |d* (5, p)
— Bl (1= B = BrL?) = Bu(1 + 1) & (T" %, ,)
+ [ = Bn) = (L= ) ]|d*(T"Y )
+ o[ 1+ Bu(1+ nM*) | (M) ity + 0|1+ Bu(1+ 11uM*) v,
< [1+ auuuM* (1 + Bu(1 + puM*))]d? (%, p)
— B[l = By = BoL? = Bu(1+ uM*) |d* (T" %, %)

+ |1+ Bu(1+ wuM*) | M)ty + |1+ Bu(1 + puM*) vy (3.28)
Next, we show that lim,,_, oo d(T"x,,,x,) = 0. From (3.28), we have

d” (11, p) = d* (%, 1)
< utnM* (1 + B (1 + 1y M*))d? (4, p)
— 0uBull = Bu = BEL* = Bu(L + pwuM*)|d* (T" %, %)
+ a,,[l + B (1 + ,u,,M*)]d)(M);L,, + ay,[l + Ba (1 + pc,,M*)]v,,. (3.29)
Since p, — 0, {t,}52; is bounded. Observe that C is bounded, o, 8, € [0,1], ¢(M) and
M* are constants. Now {o,[1 + B,(1 + w, M)}y, {onll + Bu(1 + w,M*)]p(M)}52,, and

{0, M*(1 + B,(1 + p,,M*))d?(x,, p)}°°, must be bounded. Hence, there exists a constant
K > 0 such that

0 < atu[1+ Bu(1 + puud*)] (1 + pM) + M*d*(x,, p)) <K. (3.30)
Using (3.29) and (3.30), we obtain

dz(xnﬂ:p) - dz(xmp) S I((/J«n + Vn)

=Bl = Bu— BPL? = Bu(L + pu*) }d? (T, ). (3.31)
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Observe that the condition » € (0,L72[+/1 + L2 — 1]) implies that » > 0 and b < L™ x
[v1+ L2 —1]. This implies that 1 + bL? < +/1+ L2. On squaring both sides, we obtain 1 +
2bL? + b’ L* <1+ L?, so we obtain L2 — 2bL? — b2L* > 0, and by dividing through by L2, we
obtain 1 — 2b — b*>L? > 0. Hence, % > 0. Since 1 + u,M* — 1, there exists a natural

number N such that, for n > N,
1= By — BrL? = Bu(1 + M)

>1-b—(1+pu,M*)b-b"L?

1-2b-b%17
ST oR

0. 3.32
> (332)

Assuming thatlim,,_, . d(T"x,,x,) # 0, then there exist €, > 0 and a subsequence {x,, }>,
of {x,,}52, such that

dQ(T"’xm,x,,,) > €. (3.33)
Without loss of generality, we can assume that 7; > N. From (3.31), we obtain
anBu[l = Bu = BrL? = Bu(1 + pn*) | &> (T" %, %)
= dz(xmp) - dz(xnu;l?) + Ky + vi).

Hence,
r
Zan[ﬂnl [1 - ﬂn[ - :3511’2 - IBVI[ (1 + I’Ln[M*)]dz(Tnlxnl!xn/)
=1

< Z W Bn[L = Bon = By L? = B (1 + M) |d® (T %1, %)

m=ny

= Z [dZ(xmrp) - dz(xmﬂxp) + K + Vm)]

m=n1

= d* (g, p) = A Goni, D) + ) Kt + V)- (3.34)

m=n1

It follows from (3.32), (3.33), and (3.34) that

2(1—219—19%2)
re — €

< @@, p) — A G, 2) + Y K + V). (3.35)

m=nj

Observing that Y o2 K(u, + v,) < 00 and the boundedness of C, we see that the right-
hand side of (3.35) is bounded, the left-hand side of (3.35) is positively unbounded when
r — 00. Hence, a contraction. Therefore

lim d(T"%,,%,) = 0. (3.36)

n—00
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Using (2.1) and (2.11), we have

A1, %) = A0 Ty © (1 )%, %)
= @y d(T"y, %)
<d(T"yn %)
< d(T" T"%0) + d(T" 3, 0)
< Ld(yn, %) + d(T" %, %)
= BuLd(T" %, %) + A(T" %, %)
< @+ L)d(T" %, %)

-0 (n— o0). (3.37)
Hence,

d(xnr Txn) = d(xmxm—l) + d(xn+1: Tn+1xn+1)
+d(T" %1, T %) + d(T" %, Tt
=< (1 + L)d(xrﬁ—l: xn) + d(xn+1; Tn+1xn+1) + Ld(Tnxn; xn)
-0 (n— 00). (3.38)
Since {x,}:°, is a bounded sequence and T is completely continuous, there is a conver-

gent subsequence {Tx,, }°; of {Tx,}52,. Let Tx,, — g as r — oo. Then x,,, - gasr — oo

since
A%y, q) <d(x,, Txn,) + d(Txy,,q) > 0 (r — 00).
From the continuity of T, we obtain 77 = ¢, meaning that g is a fixed point of T'. Hence
{x, )02, has a subsequence which converges to a fixed point of T'.
Using (3.31) and (3.32), we see that there exists some natural number N such that, for
n>N,
d* (1, 0) < d* () + K (1 + ). (3.39)
Notice that Y2 K(iy + v4) < 00, it follows from Lemma 2.6 that

lim d*(x,,q) = 0.
n—oQ

Hence, x, — q as n — 00. The proof of Theorem 3.3 is completed. O
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