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1 Introduction and Preliminaries
As a development of singular integral operators [, ], their commutators have been well
studied. In [–], the authors prove that the commutators generated by the singular in-
tegral operators and BMO functions are bounded on Lp(Rn) for  < p < ∞. Chanillo []
proves a similar result when singular integral operators are replaced by the fractional in-
tegral operators. In [–], the boundedness for the commutators generated by the singu-
lar integral operators and Lipschitz functions on Triebel-Lizorkin and Lp(Rn) ( < p < ∞)
spaces are obtained. In [, ], the boundedness for the commutators generated by the
singular integral operators and the weighted BMO and Lipschitz functions on Lp(Rn)
( < p <∞) spaces are obtained. In [, ], someToeplitz type operators related to the sin-
gular integral operators and strongly singular integral operators are introduced, and the
boundedness for the operators generated by BMO and Lipschitz functions is obtained. In
this paper, wewill study theToeplitz type operators related to the strongly singular integral
operator and the weighted Lipschitz functions.
First, let us introduce some notation. Throughout this paper, Q will denote a cube of

Rn with sides parallel to the axes. For any locally integrable function f , the sharp maximal
function of f is defined by

M#(f )(x) = sup
Q�x


|Q|

∫
Q

∣∣f (y) – fQ
∣∣dy,

where we write fQ = |Q|– ∫Q f (x)dx. It is well known that [, ]

M#(f )(x)≈ sup
Q�x

inf
c∈C


|Q|

∫
Q

∣∣f (y) – c
∣∣dy.
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Let

M(f )(x) = sup
Q�x


|Q|

∫
Q

∣∣f (y)∣∣dy.

For η > , setMη(f )(x) =M(|f |η)/η(x).
For  < η <  and  ≤ r < ∞, set

Mη,r(f )(x) = sup
Q�x

(


|Q|–rη/n
∫
Q

∣∣f (y)∣∣r dy
)/r

.

The Ap weight is defined by []

Ap =
{
w ∈ Lloc

(
Rn) : sup

Q

(


|Q|
∫
Q
w(x)dx

)(


|Q|
∫
Q
w(x)–/(p–) dx

)p–

< ∞
}
,

 < p <∞,

and

A =
{
w ∈ Lploc

(
Rn) :M(w)(x) ≤ Cw(x), a.e.

}
.

The A(p,q) weight is defined by [], for  < p,q < ∞,

A(p,q) =
{
w >  : sup

Q

(


|Q|
∫
Q
w(x)q dx

)/q( 
|Q|

∫
Q
w(x)–p/(p–) dx

)(p–)/p

< ∞
}
.

Given a non-negative weight function w, for  ≤ p < ∞, the weighted Lebesgue space
Lp(w) is the space of functions f such that

‖f ‖Lp(w) =
(∫

Rn

∣∣f (x)∣∣pw(x)dx
)/p

< ∞.

For β > , p >  and the non-negative weight function w, let Ḟβ ,∞
p (w) be the weighted

homogeneous Triebel-Lizorkin space [].
For  < β <  and the non-negative weight function w, the weighted Lipschitz space

Lipβ (w) is the space of functions b such that

‖b‖Lipβ (w) = sup
Q


w(Q)+β/n

∫
Q

∣∣b(y) – bQ
∣∣dy < ∞.

Remark () For b ∈ Lipβ (w), w ∈ A and x ∈Q, it is well known that

∣∣bQ – bkQ
∣∣ ≤ Ck‖b‖Lipβ (w)w(x)w

(
kQ

)β/n.

() Let b ∈ Lipβ (w) and w ∈ A. By [], we know that the spaces Lipβ (w) coincide and
the norms ‖b‖Lipβ (w) are equivalent with respect to different values of  ≤ p≤ ∞.

Definition Let T : S → S′ be a bounded linear operator. T is called a strongly singular
integral operator if it satisfies the following conditions:

(i) T extends to a bounded operator on L(Rn);

http://www.journalofinequalitiesandapplications.com/content/2014/1/42
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(ii) there exists a function K (x, y) continuous away from the diagonal on Rn × Rn such
that

∣∣K (x, y) –K (x, z)
∣∣ + ∣∣K (y,x) –K (z,x)

∣∣ ≤ C|y – z|δ|x – z|n+δ/ε

if |y – z|ε ≤ |x – z| for some  < δ ≤ ,  < ε < , and
(Tf , g) =

∫
Rn

∫
Rn K (x, y)f (y)g(x)dydx for f , g ∈ S with disjoint support;

(iii) for some ( – ε)n/ ≤ β < n/, T and T∗ extend to a bounded operator from Lq(Rn)
into L(Rn), where /q = / + β/n.

Let b be a locally integrable function on Rn. The Toeplitz type operator related to T is
defined by

Tb =
m∑
k=

Tk,MbTk,,

where Tk, are strongly singular integral operators or ±I (the identity operator), Tk, are
bounded linear operators on Lp(Rn) for  < p < ∞, k = , . . . ,m,Mb(f ) = bf .
Note that the commutator [b,T](f ) = bT(f ) – T(bf ) is a particular case of the Toeplitz

type operators Tb. The Toeplitz type operators Tb are non-trivial generalizations of the
commutator. It is well known that commutators are of great interest in harmonic analy-
sis and have been widely studied by many authors [, ]. In [–], the boundedness of
the strongly singular integral operator is obtained. In [], a sharp function estimate of the
strongly singular integral operator is obtained. In [], the boundedness of the strongly sin-
gular integral operators and their commutators is obtained. In [], the Toeplitz type oper-
ators related to the strongly singular integral operators are introduced, and the bounded-
ness for the operators generated by BMO and Lipschitz functions is obtained. Our works
are motivated by these papers. The main purpose of this paper is to prove sharp maximal
inequalities for the Toeplitz type operators Tb. As applications, we obtain the weighted
Lp-norm inequality and the Triebel-Lizorkin space boundedness for the Toeplitz type op-
erators Tb.
We need the following preliminary lemmas.

Lemma  ([]) Let T be a strongly singular integral operator.Then T is bounded on Lp(w)
for w ∈ Ap with  < p < ∞, and when (( – ε)n + β)/β < u ≤ ,  < u/v ≤ δ, T is bounded
from Lu(Rn) into Lv(Rn).

Lemma  ([]) For any cube Q,b ∈ Lipβ (w),  < β < , and w ∈ A, we have

sup
x∈Q

∣∣b(x) – bQ
∣∣ ≤ C‖b‖Lipβ (w)w(Q)

+β/n|Q|–.

Lemma  ([]) For  < β < ,  < p < ∞, and w ∈ A∞, we have

‖f ‖Ḟβ ,∞
p (w) ≈

∥∥∥∥sup
Q�·


|Q|+β/n

∫
Q

∣∣f (x) – fQ
∣∣dx

∥∥∥∥
Lp(w)

≈
∥∥∥∥sup
Q�·

inf
c


|Q|+β/n

∫
Q

∣∣f (x) – c
∣∣dx

∥∥∥∥
Lp(w)

.
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Lemma  ([]) Let  < p < ∞ and w ∈ ⋃
≤r<∞ Ar . Then, for any smooth function f for

which the left-hand side is finite,
∫
Rn
M(f )(x)pw(x)dx≤ C

∫
Rn
M#(f )(x)pw(x)dx.

Lemma  ([]) Suppose that  < η < n,  < s < p < n/η, /q = /p – η/n, and w ∈ A(p,q).
Then

∥∥Mη,s(f )
∥∥
Lq(wq) ≤ C‖f ‖Lp(wp).

2 Theorems and proofs
We shall prove the following theorems.

Theorem Let w ∈ A,  < β < , b ∈ Lipβ (w), and ((–ε)n+β)/β < s < n/β . If g ∈ Lp(Rn)
( < p < ∞) and T(g) = , then there exists a constant C >  such that, for any f ∈ C∞

 (Rn)
and x̃ ∈ Rn,

M#
(
Tb(f )

)
(x̃) ≤ C‖b‖Lipβ (w)w(x̃)

+β/n
m∑
k=

Mβ ,s
(
Tk,(f )

)
(x̃).

Theorem  Let w ∈ A,  < β <min(, δ/ε), (( – ε)n + β)/β < s < n/β , and b ∈ Lipβ (w).
If g ∈ Lp(Rn) ( < p <∞) and T(g) = , then there exists a constant C >  such that, for any
f ∈ C∞

 (Rn) and x̃ ∈ Rn,

sup
Q�x̃

inf
c∈Rn


|Q|+β/n

∫
Q

∣∣Tb(f )(x) – c
∣∣dx ≤ C‖b‖Lipβ (w)w(x̃)

+β/n
m∑
k=

Ms
(
Tk,(f )

)
(x̃).

Theorem Let w ∈ A,  < β < , /q = /p–β/n,and b ∈ Lipβ (w). If g ∈ Lp(Rn) ( < p < ∞)
and T(g) = , then Tb is bounded from Lp(w) to Lq(wq/p–q(+β/n)).

Theorem Let w ∈ A,  < β <min(, δ/ε),  < p < n/mβ , /q = /p–β/n, and b ∈ Lipβ (w).
If g ∈ Lp(Rn) ( < p < ∞) and T(g) = , then Tb is bounded from Lp(w) to Ḟβ ,∞

q (wq/p–q(+β/n)).

Proof of Theorem  It suffices to prove for f ∈ C∞
 (Rn) and some constant C that the

following inequality holds:


|Q|

∫
Q

∣∣Tb(f )(x) –C
∣∣dx≤ C‖b‖Lipβ (w)w(x̃)

+β/n
m∑
k=

Mβ ,s
(
Tk,(f )

)
(x̃).

Without loss of generality, we may assume Tk, are T (k = , . . . ,m). Fix a cubeQ =Q(x,d)
and x̃ ∈Q. We have the following two cases.
Case . d > . Write

Tb(f )(x) = Tb–bQ (f )(x) = T(b–bQ)χQ (f )(x) + T(b–bQ)χ(Q)c (f )(x) = f(x) + f(x).

Then


|Q|

∫
Q

∣∣Tb(f )(x) – f(x)
∣∣dx ≤ 

|Q|
∫
Q

∣∣f(x)∣∣dx + 
|Q|

∫
Q

∣∣f(x) – f(x)
∣∣dx = I + I.
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For I, by Hölder’s inequality, boundedness of T , and Lemma , we obtain


|Q|

∫
Q

∣∣Tk,M(b–bQ)χQT
k,(f )(x)

∣∣dx

≤
(


|Q|

∫
Rn

∣∣Tk,M(b–bQ)χQT
k,(f )(x)

∣∣s dx
)/s

≤ C|Q|–/s
(∫

Q

∣∣M(b–bQ)χQT
k,(f )(x)

∣∣s dx
)/s

≤ C|Q|–/s
(∫

Q

(∣∣b(x) – bQ
∣∣∣∣Tk,(f )(x)

∣∣)s dx
)/s

≤ C|Q|–/s sup
x∈Q

∣∣b(x) – bQ
∣∣(∫

Q

∣∣Tk,(f )(x)
∣∣s dx

)/s

≤ C|Q|–/s‖b‖Lipβ (w)
w(Q)+β/n

|Q| |Q|/s–β/n
(


|Q|–sβ/n

∫
Q

∣∣Tk,(f )(x)
∣∣s dx

)/s

≤ C‖b‖Lipβ (w)

(
w(Q)
|Q|

)+β/n

Mβ ,s
(
Tk,(f )

)
(x̃)

≤ C‖b‖Lipβ (w)w(x̃)
+β/nMβ ,s

(
Tk,(f )

)
(x̃),

thus

I ≤
m∑
k=


|Q|

∫
Q

∣∣Tk,M(b–bQ)χQT
k,(f )(x)

∣∣dx

≤ C‖b‖Lipβ
w(x̃)+β/n

m∑
k=

Mβ ,s
(
Tk,(f )

)
(x̃).

For I, by d >  and |x – x|ε ≤ |y – x| for x ∈Q and y ∈ (Q)c, we obtain, for x ∈Q,

∣∣Tk,M(b–bQ)χ(Q)c T
k,(f )(x) – Tk,M(b–bQ)χ(Q)c T

k,(f )(x)
∣∣

≤
∫
(Q)c

∣∣b(y) – bQ
∣∣∣∣K (x, y) –K (x, y)

∣∣∣∣Tk,(f )(y)
∣∣dy

≤ C
∫
(Q)c

∣∣b(y) – bQ
∣∣ |x – x|δ
|x – y|n+δ/ε

∣∣Tk,(f )(y)
∣∣dy

≤ Cdδ

∞∑
j=

∫
jd≤|y–x|<j+d

(
jd

)–n–δ/ε∣∣b(y) – bi+Q
∣∣∣∣Tk,(f )(y)

∣∣dy

+Cdδ

∞∑
j=

(
jd

)–n–δ/ε|bj+Q – bQ|
∫
jd≤|y–x|<j+d

∣∣Tk,(f )(y)
∣∣dy

≤ C‖b‖Lipβ (w)d
δ–δ/ε

×
∞∑
j=

–jδ/ε
(
w(j+Q)
|j+Q|

)+β/n( 
|j+Q|–sβ/n

∫
j+Q

∣∣Tk,(f )(y)
∣∣s dy

)/s

+C‖b‖Lipβ (w)d
δ–δ/ε
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×
∞∑
j=

j–jδ/εw(x̃)
(
w(j+Q)
|j+Q|

)β/n( 
|j+Q|–sβ/n

∫
j+Q

∣∣Tk,(f )(y)
∣∣s dy

)/s

≤ C‖b‖Lipβ (w)w(x̃)
+β/nMβ ,s

(
Tk,(f )

)
(x̃),

thus

I ≤ 
|Q|

∫
Q

m∑
k=

∣∣Tk,M(b–bQ)χ(Q)c T
k,(f )(x) – Tk,M(b–bQ)χ(Q)c T

k,(f )(x)
∣∣dx

≤ C‖b‖Lipβ (w)w(x̃)
+β/n

m∑
k=

Mβ ,s
(
Tk,(f )

)
(x̃).

Case . d ≤ . Set Q̃ =Q(x,dε) and write

Tb(f )(x) = Tb–bQ (f )(x) = T(b–bQ)χQ̃ (f )(x) + T(b–bQ)χ(Q̃)c (f )(x) = f(x) + f(x).

Then


|Q|

∫
Q

∣∣Tb(f )(x) – f(x)
∣∣dx ≤ 

|Q|
∫
Q

∣∣f(x)∣∣dx + 
|Q|

∫
Q

∣∣f(x) – f(x)
∣∣dx = I + I.

For I, since (( – ε)n + β)/β ≤ s < ∞, there exists q such that r < s,  < r/q ≤ ε, and T is
bounded from Lr(Rn) into Lq(Rn). By using the same argument as in the proof of I, we get


|Q|

∫
Q

∣∣Tk,M(b–bQ)χQ̃T
k,(f )(x)

∣∣dx

≤
(


|Q|

∫
Rn

∣∣Tk,M(b–bQ)χQ̃T
k,(f )(x)

∣∣q dx
)/q

≤ C|Q|–/q
(∫

Rn

∣∣(b(x) – bQ
)
f(x)

∣∣r dx
)/r

≤ C|Q|–/q
(∫

Q̃

(∣∣b(x) – bQ̃
∣∣r + |bQ̃ – bQ|r)∣∣Tk,(f )(x)

∣∣r dx
)/r

≤ C‖b‖Lipβ (w)|Q|–/q(w(Q̃)+β/n|Q̃|– +w(x̃)w(Q̃)β/n
)(∫

Q̃

∣∣Tk,(f )(x)
∣∣r dx

)/r

≤ C‖b‖Lipβ (w)d
n(ε/r–/q)w(x̃)

(
w(Q̃)
|Q̃|

)β/n( 
|Q̃|–sβ/n

∫
Q̃

∣∣Tk,(f )(x)
∣∣s dx

)/s

≤ C‖b‖Lipβ (w)w(x̃)
+β/nMβ ,s

(
Tk,(f )

)
(x̃),

thus

I ≤
m∑
k=


|Q|

∫
Q

∣∣Tk,M(b–bQ)χQ̃T
k,(f )(x)

∣∣dx

≤ C‖b‖Lipβ
w(x̃)+β/n

m∑
k=

Mβ ,s
(
Tk,(f )

)
(x̃).
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For I, by using the same argument as in the proof of I, we get, for x ∈ Q,

∣∣Tk,M(b–bQ)χ(Q̃)c T
k,(f )(x) – Tk,M(b–bQ)χ(Q̃)c T

k,(f )(x)
∣∣

≤
∫
(Q̃)c

∣∣b(y) – bQ
∣∣∣∣K (x, y) –K (x, y)

∣∣∣∣Tk,(f )(y)
∣∣dy

≤ C
∫
(Q̃)c

∣∣b(y) – bQ
∣∣∣∣f (y)∣∣ |x – x|δ

|x – y|n+δ/ε dy

≤ Cdδ

∞∑
j=

(
jdε

)–n–δ/ε
∫
j+Q̃

∣∣b(y) – bj+Q̃
∣∣∣∣Tk,(f )(y)

∣∣dy

+Cdδ

∞∑
j=

(
jdε

)–n–δ/ε|bj+Q̃ – bQ̃|
∫
j+Q̃

∣∣Tk,(f )(y)
∣∣dy

+Cdδ

∞∑
j=

(
jdε

)–n–δ/ε|bQ̃ – bQ|
∫
j+Q̃

∣∣Tk,(f )(y)
∣∣dy

≤ C‖b‖Lipβ (w)

∞∑
j=

–jδ/ε
(
w(j+Q̃)
|j+Q̃|

)+β/n( 
|j+Q̃|–sβ/n

∫
j+Q

∣∣Tk,(f )(y)
∣∣s dy

)/s

+C‖b‖Lipβ (w)

×
∞∑
j=

j–jδ/εw(x̃)
(
w(j+Q̃)
|j+Q̃|

)β/n( 
|j+Q̃|–sβ/n

∫
j+Q̃

∣∣Tk,(f )(y)
∣∣s dy

)/s

+C‖b‖Lipβ (w)

∞∑
j=

–jδ/εw(x̃)
(
w(Q̃)
|Q̃|

)β/n( 
|j+Q̃|–sβ/n

∫
j+Q̃

∣∣Tk,(f )(y)
∣∣s dy

)/s

≤ C‖b‖Lipβ (w)w(x̃)
+β/nMβ ,s

(
Tk,(f )

)
(x̃),

thus

I ≤ 
|Q|

∫
Q

m∑
k=

∣∣Tk,M(b–bQ)χ(Q)c T
k,(f )(x) – Tk,M(b–bQ)χ(Q)c T

k,(f )(x)
∣∣dx

≤ C‖b‖Lipβ (w)w(x̃)
+β/n

m∑
k=

Mβ ,s
(
Tk,(f )

)
(x̃).

These complete the proof of Theorem . �

Proof of Theorem  It suffices to prove for f ∈ C∞
 (Rn) and some constant C that the

following inequality holds:


|Q|+β/n

∫
Q

∣∣Tb(f )(x) –C
∣∣dx ≤ C‖b‖Lipβ (w)w(x̃)

+β/n
m∑
k=

Ms
(
Tk,(f )

)
(x̃).

Without loss of generality, we may assume Tk, are T (k = , . . . ,m). Fix a cubeQ =Q(x,d)
and x̃ ∈Q. We have the following two cases.
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Case . d > . Similar to the proof of Theorem , we have

Tb(f )(x) = Tb–bQ (f )(x) = T(b–bQ)χQ (f )(x) + T(b–bQ)χ(Q)c (f )(x) = f(x) + f(x)

and


|Q|+β/n

∫
Q

∣∣Tb(f )(x) – f(x)
∣∣dx

≤ 
|Q|+β/n

∫
Q

∣∣f(x)∣∣dx + 
|Q|+β/n

∫
Q

∣∣f(x) – f(x)
∣∣dx = II + II.

By using the same argument as in the proof of Theorem , we get

II ≤
m∑
k=

C
|Q|β/n sup

x∈Q

∣∣b(x) – bQ
∣∣|Q|–/s

(∫
Q

∣∣Tk,(f )(x)
∣∣s dx

)/s

≤
m∑
k=

‖b‖Lipβ (w)

(
w(Q)
|Q|

)+β/n( 
|Q|

∫
Q

∣∣Tk,(f )(x)
∣∣s dx

)/s

≤ C‖b‖Lipβ (w)w(x̃)
+β/n

m∑
k=

Ms
(
Tk,(f )

)
(x̃),

II ≤ 
|Q|+β/n

∫
Q

∫
(Q)c

∣∣b(y) – bQ
∣∣∣∣K (x, y) –K (x, y)

∣∣∣∣Tk,(f )(y)
∣∣dydx

≤ C
|Q|+β/n

∫
Q

∫
(Q)c

∣∣b(y) – bQ
∣∣ |x – x|δ
|x – y|n+δ/ε

∣∣Tk,(f )(y)
∣∣dydx

≤ Cdδ

∞∑
j=

(
jd

)–n–δ/ε
∫
j+Q

∣∣b(y) – bj+Q
∣∣∣∣Tk,(f )(y)

∣∣dy

+Cdδ

∞∑
j=

(
jd

)–n–δ/ε|bj+Q – bQ|
∫
j+Q

∣∣Tk,(f )(y)
∣∣dy

≤ C‖b‖Lipβ (w)d
δ–δ/ε

×
∞∑
j=

j(β–δ/ε)
(
w(j+Q)
|j+Q|

)+β/n( 
|j+Q|

∫
j+Q

∣∣Tk,(f )(y)
∣∣s dy

)/s

+C‖b‖Lipβ (w)d
δ–δ/ε

×
∞∑
j=

jj(β–δ/ε)w(x̃)
(
w(j+Q)
|j+Q|

)β/n( 
|j+Q|

∫
j+Q

∣∣Tk,(f )(y)
∣∣s dy

)/s

≤ C‖b‖Lipβ (w)w(x̃)
+β/n

m∑
k=

Ms
(
Tk,(f )

)
(x̃).

Case . d ≤ . Set Q̃ =Q(x,dρ), where ρ = (δ – β)/(δ/ε – β) < ε, and write

Tb(f )(x) = Tb–bQ (f )(x) = T(b–bQ)χQ̃ (f )(x) + T(b–bQ)χ(Q̃)c (f )(x) = f(x) + f(x)
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and


|Q|+β/n

∫
Q

∣∣Tb(f )(x) – f(x)
∣∣dx

≤ 
|Q|+β/n

∫
Q

∣∣f(x)∣∣dx + 
|Q|+β/n

∫
Q

∣∣f(x) – f(x)
∣∣dx = II + II.

By using the same argument as in the proof of Theorem , for (( – ε)n + β)/β ≤ s < ∞,
there exists q such that r < s,  < r/q ≤ ε, and T is bounded from Lr(Rn) into Lq(Rn), and
we get

II ≤
m∑
k=


|Q|

∫
Q

∣∣Tk,M(b–bQ)χQ̃T
k,(f )(x)

∣∣dx

≤
m∑
k=


|Q|β/n

(


|Q|
∫
Rn

∣∣Tk,M(b–bQ)χQ̃T
k,(f )(x)

∣∣q dx
)/q

≤ C
m∑
k=

d–β–n/q
(∫

Rn

∣∣(b(x) – bQ
)
f(x)

∣∣r dx
)/r

≤ C
m∑
k=

d–β–n/q
(∫

Q̃

(∣∣b(x) – bQ̃
∣∣r + |bQ̃ – bQ|r)∣∣Tk,(f )(x)

∣∣r dx
)/r

≤ C
m∑
k=

‖b‖Lipβ (w)d
–β–n/q(w(Q̃)+β/n|Q̃|– +w(x̃)w(Q̃)β/n

)(∫
Q̃

∣∣Tk,(f )(x)
∣∣r dx

)/r

≤ C
m∑
k=

‖b‖Lipβ (w)d
ρ(n/s+β)–β–n/qw(x̃)

(
w(Q̃)
|Q̃|

)β/n( 
|Q̃|

∫
Q̃

∣∣Tk,(f )(x)
∣∣s dx

)/s

≤ C‖b‖Lipβ (w)w(x̃)
+β/n

m∑
k=

Ms
(
Tk,(f )

)
(x̃),

II ≤
m∑
k=


|Q|+β/n

∫
Q

∫
(Q̃)c

∣∣b(y) – bQ
∣∣∣∣K (x, y) –K (x, y)

∣∣∣∣Tk,(f )(y)
∣∣dydx

≤
m∑
k=

C
|Q|+β/n

∫
Q

∫
(Q̃)c

∣∣b(y) – bQ
∣∣ |x – x|δ
|x – y|n+δ/ε

∣∣Tk,(f )(y)
∣∣dydx

≤ C
m∑
k=

dδ–β

∞∑
j=

(
jdρ

)–n–δ/ε
∫
j+Q̃

∣∣b(y) – bj+Q̃
∣∣∣∣Tk,(f )(y)

∣∣dy

+C
m∑
k=

dδ–β

∞∑
j=

(
jdρ

)–n–δ/ε|bj+Q̃ – bQ̃|
∫
j+Q̃

∣∣Tk,(f )(y)
∣∣dy

+C
m∑
k=

dδ–δ

∞∑
j=

(
jdρ

)–n–δ/ε|bQ̃ – bQ|
∫
j+Q̃

∣∣Tk,(f )(y)
∣∣dy

≤ C
m∑
k=

‖b‖Lipβ (w)

∞∑
j=

j(β–δ/ε)
(
w(j+Q̃)
|j+Q̃|

)+β/n( 
|j+Q̃|

∫
s+Q

∣∣Tk,(f )(y)
∣∣s dy

)/s

+C
m∑
k=

‖b‖Lipβ (w)
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×
∞∑
j=

jj(β–δ/ε)w(x̃)
(
w(j+Q̃)
|j+Q̃|

)β/n( 
|j+Q̃|

∫
j+Q̃

∣∣Tk,(f )(y)
∣∣s dy

)/s

+C
m∑
k=

‖b‖Lipβ (w)

∞∑
j=

jj(β–δ/ε)w(x̃)
(
w(Q̃)
|Q̃|

)β/n( 
|j+Q̃|

∫
j+Q̃

∣∣Tk,(f )(y)
∣∣s dy

)/s

≤ C‖b‖Lipβ (w)w(x̃)
+β/n

m∑
k=

Ms
(
Tk,(f )

)
(x̃).

This completes the proof of Theorem . �

Proof of Theorem  Choose  < s < p in Theorem , notice that wq/p–q(+β/n) ∈ A∞ and
w/p ∈ A(p,q), and we have, by Lemmas , , and ,

∥∥Tb(f )
∥∥
Lq(wq/p–q(+β/n)) ≤ ∥∥M(

Tb(f )
)∥∥

Lq(wq/p–q(+β/n))

≤ C
∥∥M#

(
Tb(f )

)∥∥
Lq(wq/p–q(+β/n))

≤ C‖b‖Lipβ (w)

m∑
k=

∥∥Mβ ,s
(
Tk,(f )

)
w+β/n∥∥

Lq(wq/p–q(+β/n))

= C‖b‖Lipβ (w)

m∑
k=

∥∥Mβ ,s
(
Tk,(f )

)∥∥
Lq(wq/p)

≤ C‖b‖Lipβ (w)

m∑
k=

∥∥Tk,(f )
∥∥
Lp(w)

≤ C‖b‖Lipβ (w)‖f ‖Lp(w).

This completes the proof of Theorem . �

Proof of Theorem  Choose  < s < p in Theorem . By using Lemma , we obtain

∥∥Tb(f )
∥∥
Ḟβ ,∞
q (wq/p–q(+β/n))

≤ C‖b‖Lipβ (w)

m∑
k=

∥∥Ms
(
Tk,(f )

)
w+β/n∥∥

Lq(wq/p–q(+β/n))

= C‖b‖Lipβ (w)

m∑
k=

∥∥Ms
(
Tk,(f )

)∥∥
Lq(wq/p)

≤ C‖b‖Lipβ (w)

m∑
k=

∥∥Tk,(f )
∥∥
Lp(w)

≤ C‖b‖Lipβ (w)‖f ‖Lp(w).

This completes the proof of the theorem. �

Remark A typical example of strongly singular integral operators is a class of multiplier
operators whose symbol is given by exp(i|ξ |ε)/|ξ |δ for  < ε <  and δ >  [–, ].
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