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1 Introduction and main results
Consider the second-order Hamiltonian systems

ii(t) = VE(t, u(t)) ae.tel0,T],
u(0) — u(T) = i(0) — i(T) = 0,

where T'> 0 and F: [0, T] x RN — R satisfies the following assumption:
(A) F(t,x) is measurable in ¢ for every x € RN and continuously differentiable in x for
a.e. t € [0, T, and there exist a € C(R*,R*), b € L'(0, T; R*) such that

|F(t,x)| <a(lx)b(t),  |VE(tx)| < a(]x])b(t)

for all x € RN and a.e. t € [0, T.

As is well known, a Hamiltonian system is a system of differential equations which can
model the motion of a mechanical system. An important and interesting question is under
what conditions the Hamiltonian system can support periodic solutions. During the past
few years, under assumption (A) and some other suitable conditions, such as the coer-
civity condition, the convexity conditions, the sublinear nonlinearity conditions, the sub-
quadratic potential conditions, the superquadratic potential conditions, the periodicity
conditions, and even the type potential condition, and so on, the existence and multiplic-
ity of periodic solutions are obtained for problem (1) in [1-20]. Inspired and motivated by
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the results due to Wang and Zhang [1], Aizmahin and An [2], Ye and Tang [5], and Ma and
Tang [9], we obtain some new existence theorems for problem (1), which generalize some
results mentioned above.

The following main results are obtained by using the least action principle and by the

minimax methods.

Theorem 1.1 Suppose that F(t,s) = G(x) + H(¢,x) satisfies assumption (A) and the follow-
ing conditions:

(F1) there exist constants C > 0, C* > 0, and a positive function q € C(R*,R*) with the
properties:

(ql) q(s) <q(t)+ C,Vs,t e R and s <t,

(q2) gls+1) < C*(q(s) + q(1)), Vs,t € R*,

(q3) tq(t) —2Q(t) > —ococ as t — +00,

(q4) Q(t)/t> = 0 ast— +oo,
where Q(t) = fot q(s) ds. Moreover, there exist f € LY(0, T;R") and g € LY0, T; R*) such that

|VH(t,x)| < f(O)q(lx]) +g(2) 2)

forallx e RN anda.e.t €[0,T];
(F2) there exists a positive function g € C(R*, R*) which satisfies the conditions (ql)-(q4)
and

1
Q(lx1)

liminf
|x]— 00

T
/ F(t,x)dt > 0; 3)
0

(F3) there exists r < 4mw?/T? such that

(VG() - VG(),x—y) = —rlx -y @)
forall x,y € RN.
Then problem (1) has at least one solution which minimizes the functional ¢ on H. given

by
1 T . 9 T
¢(u)=§[) |i(t)| dt+f0 [F (£, u(t)) - F(£,0)] dt
for u € H-., where

HlT = {u :[0, T] — RN |u is absolutely continuous, u(0) = u(T) and ir € L* (O, T;RN)}

is a Hilbert space with the norm defined by

T T 1/2
||u||=</0 \u(t)]zdt+/0 |it(t)|2dt)

1
foru e Hy.
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Remark1 Theorem 1.1 extends Theorem 1.1 in [1], in which it is a special case of our The-
orem 1.1 corresponding to G(x) = 0. There are functions F(¢, x) satisfying the assumptions
of our Theorem 1.1 and not satisfying the corresponding assumptions in [1-20]. For ex-
ample, let

F(t,x) = G(x) + H(t,x)

with G(x) = C(x) — (/2)|x|2, which is bounded from below, and

|x|*

H(t, x) =f(t)m,

where C(x) is convex in RN (e.g., C(x) = (r/2)(|x1|* + %2 |2 + - - - + |xn[2)), r < 472/ T?, £ (¢t) €
LY0,T;RN) and f(t) > 0 for a.e. t € [0, T]. Let

t

=——— ., C=0, C'=L1
In(100 + £2)

q(?)

Then Q(¢) = fot m(loSTsZ) ds, and it is easy to see the (F1), (F2), and (F3) conditions are sat-
isfied. Then by Theorem 1.1, we conclude that problem (1) has at least one solution which
minimizes the functional ¢ in Hy.. We note that F does not satisfy those of the results
given in [1-20] (e.g., F does not satisfy (S1) of Theorem 1.1 in [1, 3], (ii) of Theorem 2 in
[2], (8) of Theorem 2 in [5] and (4) of Theorem 1in [9],...).

Replacing (3) with the following condition:

T
/ F(t,x)dt <0, (5)
0

. 1
lim sup

|x|—o00 Q(|x|)

we then obtain Theorem 1.2 by the Saddle Point Theorem (see Theorem 4.6 in [13]).

Theorem 1.2 Suppose that F(t,s) = G(x) + H(t,x) satisfies assumption (A), (F1), (F3),
and (5). Assume that there exist M > 0, N > 0 such that

[VG(x) - VG()| <Mlx—y| +N 6)
forall x,y € RN. The problem (1) has at least one solution in Hr..

Remark 2 We note that Theorem 1.2 generalizes Theorem 1.2 in [1], which is the special
case of our Theorem 1.2 corresponding to G(x) = 0. There are functions F(t,x) satisfying
the assumptions of our Theorem 1.2, but not satisfying the corresponding assumptions in
[1-20]. For example, let

F(t,x) = G(x) + H(t,x)

with G(x) = C(x) — (r/2)|x|?, which is bounded from above, and

H(t,x) = lT ¢ x| a0
’x_<§ _>Eﬁﬁrm§+( %),
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where C(x) satisfies the requirement that V C(x) is Lipschitz continuous and monotone in
RN (e.g., C(x) = (r/2)(x1 + |x%2|% + - - - + |xn|?)), r < 472/ T? and d(t) € L1(0, T; RN). Take

t t s
qt) = In(100 + £2)’ Q) = /0 In(100 + s2) s,

then it is easy to see that F satisfies the assumptions of Theorem 1.2, we conclude that
problem (1) has one solution in H.. However, the results in [1-20] cannot be applied.

Theorem 1.3 Let the hypotheses of Theorem 1.2 be satisfied. Again, assume that there exist
8 >0, >0 and an integer k > 0 such that

1
—5 (k+ 1’|l < F(t,%) - F(2,0) (7)
forallx € RN and a.e. t € [0, T), and
1
F(t,x) - F(t,0) §—§k2w2(l+€)|x|2 (8)

forall |x| <danda.e.t €[0,T], wherew = 27” Then problem (1) has at least one non-trivial
solution in Hx..

Theorem 1.4 Let the hypotheses of Theorem 1.1 be satisfied. Again, assume that there exist
8 > 0 and an integer k > 0 such that

1 1
5k 1)%w?|x|* < F(t,x) - F(£,0) < —5/(2c02|x|2 ©9)

forall |x| < 6§ and a.e. t € [0, T]. Then problem (1) has at least two non-trivial solutions
in Hr.

2 Preliminaries
For u € Hy, let

Then one has
~12 T r . 2 y . .
lzls < B li(t)|"dt  (Sobolev’s inequality),
0
and

T 9 T2 T 9
/ |Zt(t)| dt < 2 f |z'4(t)| dt (Wirtinger’s inequality),
0 0

where [|it]| oo = max;ejo,ry |1(2)].
It follows from assumption (A) that the corresponding function ¢ on Hi. given by
T
0

T
o(u) = %/0 |i¢(t)|2dt+/ [F(t,u(t)) - E(t,0)] dt
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is continuously differentiable and weakly lower semi-continuous on H}. (cf. [13], pp.12-13).
Moreover, one has

T T
(¢/(),v) = / (ie), W0)) dit + f (VE(t,u(0),v(0)) dt
0 0

forall u,v € HL. It is well known that the solutions to problem (1) correspond to the critical
point of ¢.
In order to prove our main theorems, we need the following lemmas.

Lemma 2.1 (Lemma 2.1 of [1]) Suppose that there exists a positive function q which satis-
fies the conditions (ql), (q3), (q4) of (F1), then we have the following estimates:

(a) 0<q(t) <et+Cy,Ve>0,Cy>0,t€R,

(b) % — 0ast— +00,

(¢) Q(t) > +oo ast— +0o0.

Lemma 2.2 (Theorem 4 of [11]) Let X be a Banach space with a direct sum decomposition
X = X1 ® X, with dim X, < 0o, and let ¢ be a C' function on X with ¢(0) = 0, satisfying
(P.S.). Assume that for some R > 0

o(u) >0 forue Xy with |u|| <R
and

o(u) <0 forue X, with |u|| <R.

Again, assume that ¢ is bounded from below and inf ¢ < 0. Then ¢ has at least two non-zero
critical points.

3 The proof of main results
For the sake of convenience, we will denote various positive constants as C;, i = 1,2, 3,....
Now, we are ready to prove our main result, Theorem 1.1.

Proof of Theorem 1.1 1t follows from (F1), Lemma 2.1, and Sobolev’s inequality that

‘/()T[H(t,u(t)) — H(t, )] dt‘

T 1
f / (VH(t’ﬁ+Sﬁ(t)),it(t))dsdt‘
0 0
T 1 T 1
i+ si(t)|)|(e)| dsd a(t)| dsd
sfo /Of<t>q(\u+su(t)|);u(t)| s t+/(; /Og(,f)|u(t)| -
T 1 -
S/O fof(t)[q(|u|+|u(t)|)+C]|u(t)}dsdt+||u||oo/0 g(t)dt
T 1 .
5/0 /Of(t)[c (‘I(|u|)+61(|u(t)|))+C]|u(t)|dsdt+||u||00/0 g(t)dt

T T T
sc*[q(|a|)+q(|a(t>|)]nﬁ||oo/0 f(t)dt+cnanoo/0 f(t)dt+||z¢||oo/0 @) dt
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[3@r2 o1, amCT ([T ,
EC[ acr et e ) (|Ml)(/0 f(t)dt)]

T T T
+C*[q(||zt||oo)+c]||a||oo/0 f(t)ducnauoofo f(t)dnnauoofo a(t)dt

47? — rT?
-

T' 2(,{ . i} _ ~ T p
62 /0|u(t)| t+Cq (|u|)+C(s||u||oo+C0+C)||u||oo/0 f@)de

T T
s Clliloe [ FO)dt + il / a(0)dt
0 0

4 2 _ TZ T . _ T . 1/2
< (7164712 +8C2)/0 ‘u(t)’zdt+ C1q2(|u|) +Cs (/(; !u(t)’zdt) (10)

for u € Hy.. From (F3) and Wirtinger’s inequality we obtain

/ T[G(u(t) - G(w)]dt
0

_ / ' / (VG (@ + silt), i0) ds dt

f/VGu+su - VG(n), ())dsdt

_ / / ~(VG(@+ siv) - V6@, su)) s
0

/ / rsz|u(t)| dsdt

z-;?/() |iu(e)[” it (1)

for u € H}.. Hence we have

1 (7. T )
- 5/0 |u(t)|2dt+/0 [H(t,u(t)) - H(¢t, )] dt

T T T
+ /0 [G(u(t)) - G@@)] dt + /0 F(t,i)dt - fo F(t,0)dt
472 — T2 T T 1/2
Z(%_gcz)/o |u(t)|2dt—c3</0 |u(t)|2dt>
N R Y @] _ ("
+Q(|u|)[m/0 F(t, ) dt — C; Q(Iﬁl)]_/o F(t,0) dt. 12)

Taking into account Lemma 2.1 and (F2), one has

_ Y q*(|al)
Q('”')[Q(mn/o Feu)dt -G Q(Iﬁl)} e 42)

as |u| — +oo.
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As |lu|| — +oo if and only if (|i|? + fOT lie(2)|? dt)V'* — +00, for & small enough, by (12)
and (13) one deduces that

ou) —> +oo  as |lul| - +oo.

Hence, by the least action principle, the problem (1) has at least one solution which mini-
mizes the functional ¢ in H.. O

Proof of Theorem 1.2 First we prove that ¢ satisfies the (P.S.) condition. Suppose that
{u,} C HL is a (P.S.) sequence of ¢, that s,

¢ (u,) =0 asn— o0

and {¢(u,)} is bounded. In a way similar to that the proof of Theorem 1.1 above, we have

T
= +ec2>/0 it (8)| dt + Crg? (|2l

T 1/2
+c3(/ |i¢n(t)|2dt>
0

T
/ (VH (£, un(0)), ita(2)) dt
0

<4n2 —rT?
E -

and
/OT(VG(un(t)),itn(t)) dt > —;—Z /0T|L'tn(t)|2dt
for all #. Hence one has
il = |(¢" (1), 18|
T T
z/o \it,,(t)\zd”/() (VE(t, un(t)), itn(£)) dt
T T
> /0 |itn (@) dt + /O (VG (un(®)), (1)) dit

_ ’/OT(VH(t, (D)), i (2) dt’

3(4n? - rT?) o ;
= (P o) [[ ol -

T 1/2
G ( / |z'4n(t)|2dt) (14)
0

for large n. On the other hand, it follows from Wirtinger’s inequality that

T 1/2 ~ T2 1/2 T . 1/2
(/0 |un(t>|dt) snunus(mn) (fo |un<t)|dt) (15)

for large n. Combining (14) with (15), we obtain

T ) 1/2
Coallin) = ( / itn(0) dt) G (16)
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for all large # and ¢ small enough. It follows from (6), Cauchy-Schwarz’s inequality, and
Wirtinger’s inequality that

T
/0 [G(un() - Glian)] e
T pl
:/ f(VG(ﬁ"+§“n(t))riln(t))dsdt
o Jo
T 11
=/0 /0 ~(VG(ity +5,(0)) = VGliby), st (1)) dsdt
T pl
S/O /0(sM|L7n(t)|2+N‘ﬁn(t)|)dsdt
’ T 1/2
51\2—4/0 |an(t)|2dt+zvﬁ(/0 |12,,(t)|2dt>

mr? [T NTVT ( [T e
<5 [l e 2‘F(/ |itn(t)|2dt) 1)
7T 0 T 0
for all . By the proof Theorem 1.1 we have

42 — rT? T
< (u +8C2)/ it (2)[ it
16 0

72

T
/ [H (£ un(t)) — H(t, it,)] dt
0

T , O\
+ C1q2(|ﬁn|) +C3 (f |itn(t)| dt) (18)
0
for all . By (16), (17), (18), Lemma 2.1, and (5), one has

1 r. 2 T .
o) = 5 [ lin@Pde+ [ [Gl(0) - 6]

T T T
+/0 [H(t,u,,(t))—H(t,u,,)]dt+/O F(t,u,,)dt—/o F(t,0)dt

IA

1272 — rT? + 2MT? . _
( 5 +8C2)/ |u,,(t)|2dt+C1q2(|un|)
167 0

NTﬁ T ) ) 172 T _ T
+<C3+ = )(fo |1 ()| dt) +/0 F(t,u,,)dt—/o F(t,0)dt

N Tf) [Ca(lita]) + Cs]

IA

Co[Caq(linl) + C5]2 + Cig* (|itnl) + (Cs +

T T
+/ F(t,z?t,,)dt—/ F(¢,0)dt
0 0

IA

T T
C7q2(|ﬁ,,|)+ng(|ﬁ,,|)+Cg+/ F(t,ﬁn)dt—/ F(t,0)dt
0 0

@) w1 [T ]
al)| C = C — — F(t,u,)d
Qi ')[ Qi 8Q(|”n|)+Q(|Mn|)/0 (6 en)

T
+C9—/ F(t,O)dt
0

— —00

IA

as |u,| — oo. This contradicts the boundedness of {¢(u,)}.
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Thus {u,} is bounded. Notice (16) and (a) of Lemma 2.1, {x,} is bounded, and by fol-
lowing the same arguments used as Proposition 4.1 in [13] we conclude that the (P.S.)
condition is satisfied.

We now prove that ¢ satisfies the other conditions of the Saddle Point Theorem. Let H. x
be the subspace of H1. given by

Hj = {ueHyli=0}.
Then one has

o(u) = +00 (19)

as |u| - oo in f{ﬂT In fact, by the proof of Theorem 1.1 we have
T 2 T
rT T
G(u(t)) - G(0)|dt > ——— 1) dt
| 6y - Goar= - [ jacy
forall u € I?IT In addition, by (F1), Sobolev’s inequality and Lemma 2.1, we have

‘/T[H(t,u(t)) - H(,0)] dt‘
0

/T/I(VH(t,su(t)),u(t)) dsdt‘
o Jo

< /0 g (lsu]) o) de + /0 ' oouto)] de
< /0 " 70[a((u®)]) + C]ju(®)] de + ull /0 et
T T T
seuuniO/O f(t)dt+(co+c:)||u||oof0 f(t)dt+||u||oof0 oL
T T 1/2
ggcmfo |it(t)|2dt+Cu(/0 |u(t){2dt> .

Hence one has
~ 1 T . 9 T
p(u) = 5/0 |in(t)| dt+f0 [G(u(t)) - G(0)] dt
T

+/ [H(t,u(r)) - H(t,0)]dt
0

472 — rT2 T
2(4(;) [ liop
8r 0

T 1/2
—Cu</0 ]zz(t)\zdt> . (20)

By Wirtinger’s inequality, one has ||u|| — +oo if and only if (fOT lie(t)|> dt)* — +00 on
ﬁlT Hence, for ¢ small enough, this implies (19) by (15) and (20).
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On the other hand, by (5) and Lemma 2.1, we get

T T
<p(x):/0 F(t,x)dt—/o F(t,0)dt — —o0 (21)

as |x| = oo in RN,
Now, Theorem 1.2 is proved by (19), (21), and the application of the Saddle Point Theo-

rem. O

Proof of Theorem 1.3 Let E = HY,

k
Hi = iZ(a, cosjwt + bjsinjwt)|a;, b € RN,j =0,1,.. .,k} (22)
j=0
and
17 ) T
Y (u) = —p(u) :—5/ |iz(t)| dt—/ [F(t,x)—F(t,O)]dt.
0 0

Then ¥ € C}(E, R) satisfies the (P.S.) condition by the proof of Theorem 1.2. In view of
Theorem 5.29 and Example 5.26 in [21] (e.g., the Generalized Mountain Pass Theorem),
we only need to prove that

(yn) liminf |||~y () > 0 as u — 0 in Hy,
(¥2) ¥ (u) <0 forall u € Hi, and
(¥3) ¥(u) = —oco as ||lul| = oo in Hi-,.

By (F1) and Lemma 2.1, one has
1
H(t,x) — H(t,0) = / (VH(t,sx),x) ds
0

1
5/ (F(Oq(Isx]) +g(t),x) ds
0

<f®[q(Ix1) + C]ixl + g(8)1x|
<f(®)(elx] + Co + C)lx| + g (D) x|

= ef (O)|x* + [(Co + O (1) + g(1)] || (23)
for all [x| > 8 and a.e. ¢t € [0, T]. From (6), it follows that
1
G(x) — G(0) = f (VG(sx),x) ds
0
1
= / (VG(sx) - VG(O),x) ds
0

1
< / (sMlx| + N)|x| ds
0

< M]x|* + N|x| (24)
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for all [x| > 8 and a.e. t € [0, T]. From (23) and (24), we obtain

F(t,x) = F(£,0) < [ef (£) + M]|x> + [(Co + C)f (¢) + g(¢) + N ||

<y@P
for all |x| > 8, a.e. t € [0, T] and some y(t) € L}(0, T; R*) given by
y(6) = [ef (©) + M]67" + [(Co + C)f (¢) + g(£) + N]672.
Now, it follows from (8) that
F(t,x) - F(£,0) < —%kzwz(l +8)xl* + y (8|«

for all x € RN and a.e. t € [0, T]. Hence, we obtain

1 T ) 9 1 5 5 T 9 T 3
w(u)z——/ |u(t)| dt+ —k*w (1+s)/ |u(t)| dt—/ y(t)|u(t)|
2 0 2 0 0
1 (T ) 1 T
> —5/ |iu(@)|" dt + =kPw* A + &) | T - ||u||20/ y (&) dt
2 0 2 0
> Ciallull® = Cusllul®

for all u € Hi. Then (y,) follows from the above inequality. For u € H, - by (7), one has

1 r . 2 1 2 2 r 2
w(u)f——/ |liut)|” dt + ~ Ko / |u@)|" dt <o,
2 Jo 2 0

which is (). Finally, (y3) follows from (21). Hence the proof of Theorem 1.3 is com-
pleted. 0

Proof of Theorem 1.4 From the proof of Theorem 1.1 we know that ¢ is coercive, which
implies that ¢ satisfies the (P.S.) condition. In a manner similar to ones used by the litera-
ture of [10, 11], we can get the multiplicity results. For convenience of the readers, we give
details.

Let X; be the finite-dimensional subspace Hy given by (22) and let X; = X; . Then by (9)
we have

1 T . 2 1 2 2 T 2
o) < —/ |u(t)| dt — —k“w f |u(t)| dt <0
2 Jo 2 0
for all u € X, with ||u|| < C;}'§ and
1 T . 2 1 2 2 T 2
ou) > - |u(t)‘ dt — —(k+1)°w ’M(t)| dt>0
2 Jo 2 0

forall u € X; with ||u|| < C;18, where Cy4 is the positive constant such that [|u]| < Cia||u|
for all u € HL..
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The case that
T
‘/[Ha@—Fmoﬂm<o
0

for some |x| < §, implies inf ¢ < 0. Now our Theorem 1.4 follows from Lemma 2.2.

On the contrary, we have

/OT[F(t,x) —F(t,0)]dt >0

for all |x| < §. Then it follows from (9) that for every given |x| < § one has
F(t,x)—F(t,0)=0

fora.e.t €[0,T]. Let
E(x) = {t € [0, T1|F(t,x) - F(£,0) #0}.

Then meas E(x) = 0 for all |x| < 8. Given |xg| < § we have

1
X0+ —€y| <6
n
for n > m, where {e,,|1 < m < N} is the canonical basis of R¥. Thus we obtain
F(t,xo + Le,) - F(t,x
(VE(t,x0),€,s) = lim (b0 "T) L)
n— 00 =

n

forall ¢ ¢ (J{E(xo + %em)|n > —L— 1< m < N}UE(xg)), which implies that VF(t,xy) = 0

3—|xol’
for a.e. t € [0, T], that is, xo is a solution to problem (1). Hence all |x| < § are the solutions

to problem (1). Therefore, Theorem 1.4 is proved. d
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