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1 Introduction
Let C be a closed convex subset of a real Hilbert space H with the inner product (-, -) and
the norm || - ||. We denote weak convergence and strong convergence by the notations —
and —, respectively. Let A : C — H be a nonlinear mapping and let F be a bifunction of
C x C into R, where R is the set of real numbers.

Consider the generalized mixed equilibrium problem which is to find x € C such that

F(x,p) + (Ax,y —x) + (y) —p(x) =0, VyeC. 1.1)

The solution set of (1.1) is denoted by GMEP(F, ¢, A). See [1-4].
If = 0, the problem (1.1) is reduced to the generalized equilibrium problem which is to
find x € C such that

F(x,y) + (Ax,y—x) >0, VyeC. (1.2)

The set of solutions of (1.2) is denoted by GEP(F, A).
If A= 0 and ¢ =0, the problem (1.1) is reduced to the equilibrium problem [5] which is
to find x € C such that

F(x,y) >0, VyeC. 1.3)

The solution set of (1.3) is denoted by EP(F).
If F =0 and ¢ = 0, the problem (1.1) is reduced to the Hartmann-Stampacchia varia-
tional inequality [6] which is to find x € C such that

(Ax,y—x) >0, VyeC. (1.4)

The solution set of (1.4) is denoted by VI(C, A).
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A mapping T : C — C is called nonexpansive if | Tx — Ty|| < |lx — y|| for allx,y € C.If C
is bounded closed convex and T is a nonexpansive mapping of C into itself, then F(T) is
nonempty [7]. A point x € H is a fixed point of T provided Tx = x. Denote by F(T) the set
of fixed points of T; that is, F(T) = {x € H : Tx = x}.

We discuss the following variational inequality problem over the generalized mixed
equilibrium problem, which is called the hierarchical problem over the generalized mixed
equilibrium problem, which is to find a point x € GMEP(F, ¢, B) such that

(Ax,y—x) >0, Vye GMEP(F,¢,B),

where A, B are two monotone operators. See [8, 9].

A mapping A : C — C s called «-strongly monotone if there exists a positive real number
a such that (Ax — Ay,x —y) > a|lx — y||? for all x,y € C. A mapping A : C — C is called L-
Lipschitz continuous if there exists a positive real number L such that ||[Ax—Ay|| < L||x—y||
for all x,y € C. A linear bounded operator A is called strongly positive on H if there exists
a constant y > 0 with the property (Ax,x) > 7 x||? for all x € H. A mapping f : C — H is
called a p-contraction if there exists a constant p € [0,1) such that |[f(x) —f)| < pllx -yl
forallx,y € C.

In 2010, Yao et al. [10] considered the hierarchical problem over the generalized equi-
librium problem, x;; being defined by implicit algorithms:

x5 = S[tf (%se) + (1= D) (e — AMAxg) | + (1 = ) Tp(x5, — rBxsys),  s,£ € (0,1), (1.5)

for each (s, t) € (0,1). The net x; ; hierarchically converges to the unique solution x* of the
problem of the variational inequality which is to find a point x* € GEP(F, B) such that

(Ax*,x—x*)>0, Vxe GEP(F,B), (1.6)

where A, B are two monotone operators. The solution set of (1.6) is denoted by . Fur-
thermore, x* also solves the following variational inequality:

xfeQ, <(1 —f)x*,x—x*) >0, VxeQ.

In 2011, Yao et al. [11] studied the hierarchical problem over the fixed point set. Let the
sequence {x,} be generated by two algorithms as follows.
Implicit Algorithm: x; = TPc[I — t(A — yf)]x;, VE € (0,1) and
Explicit Algorithm: %41 = B,x, + (1 — B,) TPc[I — oy (A — yf)]x,, Vi > 0.
They showed that these two algorithms converge strongly to the unique solution of the
problem of the variational inequality which is to find * € F(T') such that

(A-yf)x*,x-x*)>0, VxeF(T),

where A : C — H is a strongly positive linear bounded operator, f : C — H is a p-
contraction, and T : C — C is a nonexpansive mapping.

In this paper, we construct an algorithm and introduce the hierarchical problem over the
generalized mixed equilibrium problem. The sequence {x,} is generated by the algorithm
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for xy € C,
Xnil = Oy (ﬁnxn + (1 - /Sn)PC [1 - }\n(A - Vf)]xn) + (1 - Oln)Trn (I - rnB)xnr (17)

where {o,}, {B4}, {A} C [0,1], and r, € (0,2p) satisfy some conditions. Then {x,} con-
verges strongly to x* € GMEP(F, ¢, B), which is the unique solution of the variational in-

equality:
(A-yf)x*,x—x*)>0, Vxe GMEP(F,¢,B). (1.8)
Our results improve the results of Yao et al. [10], Yao et al. [11] and some other authors.

2 Preliminaries

Let C be a nonempty closed convex subset of H. We have the following inequality in an
inner product space: ||x + y[|> < ||x||? + 2{(y,x + ¥), Vx,y € H. For every point x € H, there
exists a unique nearest point in C, denoted by Pcx, such that

llx —Pex|| < |lx—y|, forallyeC.

P is called the metric projection of H onto C. It is well known that Pc is a nonexpansive
mapping of H onto C and satisfies

(x —y,Pcx — Pcy) > ||Pcx — Peyll,

for every x,y € H. Moreover, Pcx is characterized by the following properties: Pcx € C
and

(x = Pcx,y — Pcx) <0, (2.1)

2 2 2
%= y1" = llx = Pex||” + lly — Pcx|”,

forallx € H, y € C. Let B be a monotone mapping of C into H. In the context of the vari-
ational inequality problem the characterization of projection (2.1) implies the following:

ueVI(C,B) < u=Pc(u—-ABu), X>0.

Itis also well known that H satisfies the Opial condition [12], i.e., for any sequence {x,,} C H
with x,, — x, the inequality liminf,_, o [|%, — || < liminf,_, « ||%, — ||, holds for every y € H
with x # y.

For solving the generalized mixed equilibrium problem and the mixed equilibrium prob-
lem, let us give the following assumptions for the bifunction F, ¢, and the set C:

(Al) F(x,x)=0forallx e C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) for each y € C, x> F(x,y) is weakly upper semicontinuous;

(A4) foreachx € C, y+> F(x,y) is convex;

(A5) for each x € C, y — F(x,y) is lower semicontinuous;
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(B1) for each x € H and r > 0, there exist a bounded subset D, C C and y, € C such that
forany z € C\ Dy,

1
Fzy:) + 90x) = 0(2) + - x — 2,2 - %) < 0; (2:2)
(B2) Cisabounded set.

Lemma 2.1 [13] Let C be a nonempty closed convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying (A1)-(A5) and let ¢ : C — R be a proper lower
semicontinuous and convex function. For r > 0 and x € H, define a mapping T, : H — C as
follows.

T,(x) = {ZG C:F(z,y)+o(y) —o(z) + %(y—z,z—x) >0,Vye C} (2.3)

for all x € H. Assume that either (B1) or (B2) holds. Then the following results hold:
(1) foreachx € H, T,(x) #;
(2) T, is single-valued,;
(3) T, is firmly nonexpansive, i.e., for any x,y € H, | Trx — T,y||> < (T,x — Tyy,x — y);
(4) F(T,) = MEP(F,¢);
(5) MEP(F, ) is closed and convex.

Lemma 2.2 [14] Let C be a closed convex subset of a real Hilbert space H andlet T : C — C
be a nonexpansive mapping. Then I — T is demiclosed at zero, that is, x, — %, x, — Tx, — 0

implies x = Tx.

Lemma 2.3 [15] Assume A is a self adjoint and strongly positive linear bounded operator
on a Hilbert space H with coefficient y >0 and 0 < p < ||A|| ™Y, then |I - pA| <1-py.

Lemma 2.4 [16] Assume {a,} is a sequence of nonnegative real numbers such that
A1 < (1— Vn)ﬂn +6,, VYn=>0,

where {y,} C (0,1) and {8,} are sequences in R such that
(i) 221 Yn = 00,
(i) limsup,_, o f/—z <0o0r) o2 184l < 00.

Then lim,,_, o, a, = 0.

3 Strong convergence theorems
In this section, we introduce an explicit algorithm for solving some hierarchical problem
over the set of fixed points of a nonexpansive and the generalized mixed equilibrium prob-

lem.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H, A :
H — H be a strongly positive linear bounded operator, f : C — H be p-contraction, y be a
positive real number such that % <y < % Let B: C — H be B-inverse-strongly monotone
and F be a bifunction from C x C — R satisfying (A1)-(A5) and let ¢ : C — R be convex
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and lower semicontinuous with either (Bl) or (B2). Let {x,} be a sequence generated by the

following algorithm for arbitrary x, € C:
Xntl = Oy (ﬁnxn + (1 - /Sn)PC [1 - }\n(A - Vf)]xn) + (1 - Oln)Trn (1 - VnB)xnr (31)

where {ot,}, {Bu}, {Au} C [0,1], oy < Ay, and r,, € (0,2p) satisfy the following conditions:
(C1) Zz; loty, — ap1| < 005
(C2) 30 1Bu = Buaa| < 00;
(C3) Y% Ay = At | < 00, 120, Ay = 00, limy,_ o0 Ay = O;
(C4) Y02 17w = 1yl < 00, liminf,, o 75y > 0.
Then {x,} converges strongly to x* € GMEP(F, ¢, B), which is the unique solution of the

variational inequality:
((A —yf)x*,x - x*) >0, Vxe& GMEP(F,¢,B). (3.2)

Proof We will divide the proof into five steps.
Step 1. We will show {x,,} is bounded. For any ¢ € GMEP(F, ¢, B) and taking y,, = Pc[I -
An(A = yf)]x,, we note that

Iyn = qll = |Pc[I = n(A = y)]xu — Peq]
<[ - ruA = y)]xn 4|
< | ¥f o) = ¥ @] + 2] vf (@) — Aq| + 1T = XuAlllx - gl
< hnyPll%n = qll + 2| vf(q) - Aq + (1= 2, 7)1, — gl

= [1- @ - yo)hu]lxn — qll + 2u | vf(q) - Aq]|. (3.3)
From (3.1), we have

I%ne1 = gll = ||t {Bun + (1= Bu)yn} + (1= ) Ty, (I = ruB)xs — g

< || Bun + (1= Bu)yn —q| + A=) | T, (I = 7, B)x, — 4|

< @uBulln = qll + (1 = Bu)llyn - 4l
+(1- )| T, ( - ruB)x, — T,,(I - r,B)q||

< @ Bulln = qll + (L= B){[1= (7 = vo)hn ] 120 = qll + 2n|| v/ (@) - Aq] }
+ (1= o)l — gl

= auBulln — qll + au@ = B)[1 = (7 = y0)hn] 20 — 4l
+ (1= B | vf (@) — Aql| + (1= )l — gl

= [1-u = )] %0 = qll + a1 = B)[1 = (7 = )] 1% — 4
+an(l = Bk | vf (@) — Aq|

={1-a,(0=-B)(1-[1=- 7 = vp)ru])}Ixn -4l

+a,(1 = Bu)hy ”)/f(Q) _Aq“
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= [1 — (L= Bu)hn(y — ]/,O)] s = qll + an(1 = By “ vf(q) —Aq”

= [1-a,( = B)Au(@ = v0)]I%n — 4l

_ llvf(q) — Aqll
+ (1= B)Aa(y - yp)y'
Y=o
It follows by induction that
lvf(q) - Aqll
I~ qll < max{ I%o - qll qu_iypq , Vn=0.

Therefore {x,} is bounded and so are {y,}, {Ax,}, and {f(x,)}.
Step 2. We show that lim,,_,  ||%,41 — %, || = 0. Setting v,, = [I — A,(A — yf)]x, and we

observe that

191 = Yull = [1PcVii1 = Peval

<[ = naa(A = y)]owma = [I= 2a(A = vf) ]|

= Ay [f@na) = F@n)] + Guner = 2n)Vf @) + (= A1 A) (Kot — %)
+(Ans1 — An) A% |

< hpar¥ [f ) = f @) || + (1= 21 7) %1 — %
# oner = Al ([ ) | + 1A% 1)

< A1 VP %ns1 = x|l + (L= A1V ) %041 = %l
# Pt = 2l (| 7f @) | + 1A% 1)

= [1 -y - Vp))‘nﬂ] %041 = Xull + | Ans1 — 2y | M, (3.4)

where M; = sup{||yf(x,)|l + |Ax,| : n € N}. Setting z,, = B,x, + 1 — B,,)y, for all n > 0. We

observes that

”Zn+1 - Zn” = ||ﬂn+1xn+l + (1 - ﬁn+l)yn+l - (lgnxn + (1 - ,Bn)yn) ||

< Bl = %l + | Brsr = Bullln = yull + 11 = Bustl 1Yne1 = ¥l (3.5)

Substituting (3.4) into (3.5) it follows that

121 = Zull < Buet [%ne1 = Xl + |Buer = Bul 196 =yl
+ 11 = Buaal{[1 = (7 = ¥0) 21 |11 = | + D1 = Al M1 }
< Buet e = Znll + 1Bust = Bul %0 — yull
+[1= Buor = (L= Bua) (@ = ¥0) st 11 = %l + (Mt — AulMy
= [1 (1= By - )’P)Aml] %01 = %l + | Brs1 — Bul M2

+|)"n+1 - )"n |M17 (36)
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where M, = sup{||x, — y,|| : n € N}. On the other hand, from u,_; = T}, , (x,_1 — r4-1B%,_1)
and u, = T, (x, — r,Bx,) it follows that

F(uy-1,9) + (Bxp_1,y — tty1) + @(¥) — (1) + (¥ — U1y U1 — %4-1) = 0,

-1

VyeC, (3.7)
and
1
F(unry) + (me)’ - un) + §0(J/) - q)(”n) + }"_ O’ — Uy, Uy _xn) > O’ Vy € C (38)

Substituting y = u,, into (3.7) and y = u,,_; into (3.8), we have

F(ty_1, ) + (By_1, thy — 1) + () — @(thy1) + (U — Up_1, U1 —Xp_1) = 0

n-1

and

1
F(tty, 1) + (BXps thy—1 — ) + (1) — (1) + - (U1 = Upy Uy — %) > 0.
n

From (A2), we have

Up-1 — Xp-1 Uy — Xn
<Mn — Up_1,Bxy1 — Bx,, + - >0,

Tp-1 n
and then
-1
Uy — Up_1, T'n-1 (BXp_1 — BXy) + U1 — X1 — (y —x4)) = 0,
n
SO
rp-1
Up — Up-1, T'n-1BXp_1 — 0ot BXy + Uyt — Uy + Uy — X1 — (y —x4) ) = 0.
n

It follows that

-1

(n _xn)> >0,

<un — Uyt U = 19o1B)xy — (I — 11 B)oyoy + Ut — Uy + Uy — Xy — .
n

Tp-1
(U — Up_1, Up1 — Uy) + <un — Uy 1,% — X1 + (1 - )(un —xn)> > 0.
n

Without loss of generality, let us assume that there exists a real number ¢ such that r,,_; >
¢> 0, for all # € N. Then we have

2 Tn-1
”un - un—l” = <un —Up-1,%n —Xp-1 1t (1 - )(un _xn)>

Tn

n-1
1-

llztn _xn”}

< llun =ty [ oy — 21 || +
n

Page 7 of 17
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and hence

1
llety = thpi ll < Nlogn — uall + r_|rn = rucalllwn — x4l
n

M.
< Ity =l + == = 7, (3.9)
where M3 = sup{||u,, — x| : n € N}. From (3.1), we have

||xn+1 _xn” = ”anzn + (1 - an)”n —0y_1Zp-1 — (1 - an—l)un—l ||
< ullzn = znall + |ty — 1|1 Zno1 = Ut || + 11 = @l 26y — w1 ||

= tyllzn — Zp-1 |l + |ty — @1 | My + |1 = a2ty — 1wyl (3.10)
where My = sup{||z, — u,|| : n € N}. Substituting (3.6) and (3.9) into (3.10)

19641 — % ll < Ol,,{[l -A-B)y - J/,O))»n] I, — %41
+ |ﬂn - ﬂn—l|M2 + |)\n - }‘n—1|M1}

M3
+ |an _an—l|M4 + |1_an| ”xn _xn—ln + 7|rn _rn—1|
= [1 -1-B) - Vp)an)\n] ¢y = xnall + 0tnl Bu — Bu1lMa
M;
+ anl)w - }\n—l |M1 + |an - an—1|M4~ + T |rn - Vn—ll: (311)

from (C1)-(C4) and the boundedness of {x,}, {y.}, {24}, {f(x,)}, and {Ax,}. Applying
Lemma 2.4, we obtain

lim ||%,41 — %, = 0. (3.12)
n—00

Step 3. We show that lim,,_, o ||, — #,|| = 0. For each ¢ € GMEP(F, ¢, B), note that T,

is firmly nonexpansive, then we have

llzen — q”2 = ” T,,(xn — ruBx,) — T, (q — r.Bq) “2

S <Trn(xn - rann) - Tr,,(q - ran): Uy — q)

((¥n = ruBxs) = (q — raBq), tn — q)
= A= riBx) ~ g rBa) | + s —al?
|| Gon = ruB) ~ (@ - ruBq) ~ (0~ )|}
< b=l + ity — 1P~ o~y — (B~ B}
< ol =1 + it = 1 = o — P
+ 27y (% — tn, Bxy — Bq) — || Bx, - Bq|*}, (3.13)

which implies that

letw = q11* < 11w = q11* = 6w — 1 + 27l — ]| Bx,, = Bl (3.14)
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From (3.1), we get

||J’n _xn” = HPC(I_)WI(A - yf))xn _Pan ||
E H (I_)\n(A - yf))xn —Xn H

By (C3), we have

lim [y, — %]l = 0. (3.15)
n—0oQ

Setting w,, = [I — 1,,(A — yf)]x,. It follows that
Wy — x|l = ” [1_ An(A - Vf)]xn —%n ”

= [[7=2A=yN)on =]

By using (C3) again, we get
lim ||w, —x,]|| = 0. (3.16)
n—oQ

From y, = Pc[I — A,,(A — yf)]x,, we compute

lyn = qll = | Pc[I = 2u(A - yf)]xn - Pcq|
< |1 - 2alA = v)]xn -4

= [lw, -4l (3.17)

It follows from (3.15) that

%, = gll < Iwn —4lI. (3.18)

Then we get

lwn = qll* < ([1 = 2a(A = )20 — g, W — q)
= (¥ fon = Aq, W — q) + (I = 1uA) (0 — @), Wi — q)
< MV fon = Aqwn — q) + (L= 1Y) %0 = qll W, — 4l
< (L= 2P wn = qlI* + Ay fotu — Aqy Wy — q).

It follows that
, 1
lw, —ql” < ;(fon -Aq,w, —q)
1
= ﬁ[y tn —f2y W — @) + (vf7 — Aq W — @)
1 2
< ;[ypnwn —ql” +((A -y g, q—wh)),
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that is,

1
Iwn =gl < ———((A = y/)qq — wa). (3.19)
Yy -vp
On the other hand, we note that

ltn = qI? = | T, % = ruBa) = Ty, (@ — rBa) |
< | Gen = ruBxs) = (g - 4B |
= |@n — @) — ru(Bxs — Bg)|*
< %4 — qlI* = 27 (% — 4, Bx, — Bq) + ;|| Bx,, — Bq|)?

< llxx = ql* = 27, 81| Bx, — Bq|* + ry | Bx, - Bq|*. (3:20)
Using (3.17), (3.18), (3.19), and (3.20), we note that

141 — q||2 < o Bullx, - q||2 +a,(l- ,Bn)Hyn - 61||2 + (L —ay)llu, — 4||2
< ouBullway _q”Z +a,(1— By llw, _(/I”Z + (1 —ay)llu, —61||2
= apllwn —ql* + (1= o)y — gl

n

<= ((A-yN)g.q-wn)
v-vp

+ (- a){ll%: - qll* - 27,811 Bx, - Bl + 1| Bx,, - Bql|*}

n

- 2 A-yNaq-w)
7-vo

+(1 _an){”xn - 61||2 + 1 (ru = 2P) || Bxy, —BQHZ}
oy

——((A-y/)q,q—wn) + llx, —qll”

y-vpe

+ (L= ) (ry — 2B)||Bx, — Bql*. (3.21)

IA

Then we have

(1-a,)c(2B - d)||Bx, - Bql®

o
E_n

p((A —¥NGq = Wa) + %0 = q11* = %001 - gl

o
_ _"yp((A =@ G~ Wa) + 1% = %t | (160 = gl + 1%021 — gll).-

=
From (C3), {r,} C [¢,d] € (0,28), and (3.12), we obtain
lim ||Bx, - Bq|| = 0. (3.22)
n—0Q
Substituting (3.13) into (3.21), we have

%01 = gl” < eullwy = qll* + (1= ) lun — g1

< aullwn —ql* + (L= a){llxn = qlI* = 1% — ]|

Page 10 of 17
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+ 27 || — n|| |1 Bx, — Bql|}
< aullw, - q||2 + [l = 61||2 -1 —an)lx, - ”n”z

+ 21, (1 — &) I, — ||| By - Bql,

and it follows that

2
I

2 2 2
(A=)l = wull™ < ctullwn = gll” + %5 = qlI” = %01 — 41l

+ 27, (1 — o) 1% — 14 || | By - Bq||
< oyl = qll* + 60 — %t | (1% — gl + %001 — gl

+ 27, (1 — o) 1% — t4 || | B, - B4l
Since we have (C3), (3.12), and (3.22),
lim ||x, — u,|| = 0. (3.23)
n— o0

By (C4), we obtain

Xn — Up

1
= lim —|lx, —u,| =0. (3.24)

n—>00 r,

lim
n—0o0

Tn

Step 4. Next, we will show that

limsup((yf — A)x*, %, — x*) < 0.

n—00

Indeed, we choose a subsequence {x,,} of {x,} such that

lim sup((yf—A)x*,xn —x*) = lim ((yf—A)x*,xni —x*).
1—> 00

n—0o0

Since {x,,} is bounded, there exists a subsequence {x;, ij} of {x,,,} which converges weakly to
z € C. We notice that |w,, — x| < X,[[(A — yf)x,|| = 0. Hence, we get limsup,,_, .. ((yf —
A)x*,x, — x*) < 0. Next, we will show that z € GMEP(F, ¢, B). Since u,, = Ty, (x,, — ruBxy),

we have

1
F(unry) + (an:y_ un) + §0()’) - §0(Mn) + r—O’— Uy, Uy _xn) = O; Vy € C

n

From (A2), we also have

1
(Bxy,y — up) + <P()/) - (P(un) + =y = Upy Uy —Xy) = F(y’ Up), vy e C,

n
and hence

Uy, — Xy,

(B, y — th;) + () — () +<y—u,,l., >2F(y,u,,i), VyeC. (3.25)

nj
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FortwithO<t<landye C,lety, =ty +(1—¢)z. Sincey € C and z € C, we have y, € C.
So, from (3.25), we have
(0t = tnjy Bye) = (¥t = tns Bye) = 9(e) + @ thn;) = (ye = thn;» Bxn,)

Uy, — Xy,
_<yt_ur1,-7 l}" l>+F(J/t¢Mni)

nj

= (Yt — tn;, By — Buy,) + (¥ — th;, Buy, — Bxy,) — () + ()

Uy, — Xy,
—<yt—uni, ’r l>+F()/t;un,')~

nj

Since || u,, =%, || = 0, we have || Bu,,, —Bx,,|| — 0. Further, from the inverse strongly mono-
tonicity of B, we have (y; — u,,, By; — Bu,,;) > 0. So, from (A4), (A5), and the weak lower
semicontinuity of ¢, % — 0 and u,, — w, we have in the limit

(ye = w, Bys) = —0(y;) + (W) + F(y, w) (3.26)

as i — oo. From (Al), (A4) and (3.26), we also get

0 = Fr,y0) + 9(y2) — p(ye)
<tF(yuy) + 1= OF(yn2) + to(y) - (1 - )e(2) — o ()
= t{/F5,9) + 9(0) — p(r)] + (1 - t)[F(yt,Z) +9(2) - (y,)]
< t{F(oy) + 90 = )] + 1 = ). — 2, By:)
= t[F(y1,9) + 0(9) — ()] + 1= Oty — 2, By,),
0 =<F(uy) +90) - o) + A=)y —z,By,).

Letting ¢t — 0, we have, for each y € C,

F(z,9) + ¢(y) — (2) + (y — z,Bz) = 0.

This implies that z € GMEP(F, ¢, B). It is easy to see that Peaepr,p5(I — A + yf)(x*) is a
contraction of H into itself. Hence H is complete, there exists a unique fixed point x* € H,
such that x* = Pouepr,p,8) (I — A + v ) (x").

Step 5. Next, we will prove x, — x* € GMEP(F, ¢, B), which solves the variational in-
equality (1.8). It follows from (3.1) that

[ = * = @Bl — 21 - 2%)
+ 0u(1 = Bu)(Pc[1 = n(A = y) Jtn = Pc[I = ha(A = y )], 211 = )
+ ay(1= B)(Pc[l = AnlA = y)]x" = &%, 00 — 57)
+ (1= a)(T,, (I = ruB)xy — Ty, (I = 1,B)x", 041 — %)
< 0 Bou|%n — " || | ni1 — 2|

+o(l - lsn)<[] — (A - Vf)]xn - [1 — (A~ yf)]x*:xnﬂ - x*>

Page 12 of 17
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+a,(l- ﬁn)([[ — (A - )/f)]x* — & X1 — x*>

+(1- oz,,)” T,,(I —ryB)x, — Ty, (I — r,B)x* || Hx,,+1 —x* ||

n

< B0 — & | ||2e1 — 2|
+an(L=B)[1- 7 = vo)hn] | 20 — 57|
+ 2| vf (&) = Ax" [} |ir - 7|
= an(1= Bu)du((A = Y)&* X1 — %) + (1= ) |2 = *|| |01 — &7
= 0B | — 2| [0me1 = x*|| + (1= 0t) |20 — || [ 001 — |
+ (L= B [L= (7 = yo)hu] |60 — &*|| [ 6ns1 — %)
L= Bl f () = A5 ]
= (1= Bu) k(A = Y )x", %1 — &)
- [1-antt— ]l ]
+ (1= B)[L = (7 = y0)hn ] |00 — 5™ ||| 1 — x|
R M e
— (1= Bu) k(A = Y )x", %1 — &)
= 1=l =B [1 =1+ (7 = yo)hn] ] [n = 2* | [ 001 =27
1= Boralf () = A -]
— (1= B)Mnl(A = ¥ A" 21 — x7)
= [1=u( = B = o)k || %0 = " | [ 00e1 — 57
+on(L= B vf (%) = Ax”| 001 2

—o,(1- ,Bn))\n((A - Vf)x*’xnﬂ - x*>

1-o,(1-8) —vp)r,
2

P S |
—a,(l- ,Bn))‘n((A - Vf)x*;xn+1 - x*)

1- (1 - ﬂﬂ)(); - yp)an)‘n
2

(= o7 () = A [0 |

- (]- - /3,,)0[,,)\,,,((14 - Vf)x*r Xn+l — x*>;

IA

(o = + lns =°[)

IA

1
oo ="+ 5 o —*[

which implies that

||xn+1 -x* ”2 = [1 - (1 - /3}1)()7 - yp)an)\n] ”xn _x* ”2
201 Bt [ () = Ax* [t —

—2(1 - Bu)awhn((A = y)x*, 1 — &¥).
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Since {x,}, {f(x,)}, and {Ax,} are all bounded, we can choose a constant M > 0 such that

1
sup —
y_

o {2”yf(x*) — Ax* H ”xml —x* ” + 2<(A -y, X1 —x*)} <M.

It follows that
k 2 - €3 2
||xn+1 -X ” = [1 -1-B) - V:O)O‘n)hn] ”xn —X ” + (1= Buayr,M.
By (C3), we conclude that x,, — x*, as # — 00. This completes the proof. g

4 An example
Next, the following example shows that all conditions of Theorem 3.1 are satisfied.

Example 4.1 For instance, let «;, = %’ By = ﬁ, Ay = ﬁ, and r, = HLH Then clearly

the sequences {«,}, {A,} satisfy the following condition:

n+1l 1
< .
n2+1 7~ 2(m+1)

We will show that the condition (C1) is fulfilled. Indeed, we have

> 2| n+1 n
Zmn_d%l' :Z 2+l (n—1)2+1‘
n=1 n=1

(m+1)(m®-2n+2)—nn*+1)
(m? +1)(n%2 -2n+2)

M

N
l‘

2+4n-n
n*—2md +3n2 -2n+2

: ‘

M

I
—_

n

The sequence {a,} satisfies the condition (C1) by a p-series.
Next, we will show that the condition (C2) is fulfilled. We compute

11 1
=1

Ewn—ﬂn_u:nz —

SN

=1

The sequence {8,,} satisfies the condition (C2).
Next, we will show that the condition (C3) is fulfilled. We compute

o]

=1 1
Z'An_)"n—ﬂ =Z 2(I’I+].) _ﬂ
n=1

n=1
1 1 1 1 1 1
=-\—-= )"\t ")+
2-1 2-2 2.2 2-3 2-3 2-4
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lim A, = lim

n—00 n—oo 2(n + 1) -
and

> =1

EAH:EZ(H+1) -0

The sequence {A,,} satisfies the condition (C3).
Finally, we will show that the condition (C4) is fulfilled. We compute

> 2| n n-1
> b-nal= X - 5

:i n(n)—(n—l)(n+1))

(n+1)n

2

_i n?—n?+1
B (n+1)n

=] 1
:Z n(n+1)

and

liminfr, = liminf =1.

n— 00 n—oo 1+ 1

The sequence {r,} satisfies the condition (C4).

Corollary 4.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A :H — H be a strongly positive linear bounded operator, f : C — H be p-contraction, y
be a positive real number such that % <y< % and T : C — C be a nonexpansive mapping
with F(T) # 0. Let {x,} be a sequence generated by the following algorithm for arbitrary
xo € C:

Xn+l = ﬁnxn + (1 - ,Bn)TPC[I - )“W(A - yf)]xm (41)

where {B,}, {An} C [0,1] satisfy the following conditions:
(C1) Y07 1Bus1 = Bul < 00, 0 < liminf,_, « B, < limsup,,_, . B, < 1;
(C2) Y02 st = Anl <00, 302y Ay = 00, limy,— 00 Ay = 0.
Then {x,} converges strongly to x* € F(T), which is the unique solution of the variational

inequality:
((A—yf)x*,x—x*)z 0, VxeF(T). (4.2)

Proof Setting {a,} =1 and T to be a nonexpansive mapping in Theorem 3.1, we obtain

the desired conclusion immediately. O

Remark 4.3 Corollary 4.2 generalizes and improves the results of Yao et al. [11].
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Corollary 4.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A :
H — H be a strongly positive linear bounded operator, B: C — H be a B-inverse-strongly
monotone and F be a bifunction from C x C — R satisfying (Al)-(A5) and let o : C > R
be convex and lower semicontinuous with either (B1) or (B2). Suppose GMEP(F, ¢, B) # @.
Let {x,} be a sequence by the following algorithm for arbitrary xy € C:

Xnsl = Oy (ﬁnxn + (1= Bl - )\nA]xn) + (1= an) Ty, (I = ruB)xy, (4.3)

where {a,,}, {B.}, {An} C [0,1], o, < Ay, and 1, € (0,2p) satisfy the following conditions:
(C1) 3702 loty — i | < 003
(C2) 3050 1B = Bl < 005
(C3) D02y 1w = Apea| <00, 3021 Ay = 00, limyy00 Ay = 0
(C4) >0 |1 = rya] < 00, liminf,_ o0 7, > 0.
Then {x,} converges strongly to x* € GMEP(F, ¢, B), which is the unique solution of the
variational inequality:

(Ax*,x—x*)>0, Vxe GMEP(F,¢,B). (4.4)

Proof Setting T, Pc to be the identity and f = 0 in Theorem 3.1, we obtain the desired
conclusion immediately. O

Corollary 4.5 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A :H — H be a strongly positive linear bounded operator, f : C — H be p-contraction, B :
C — H be B-inverse-strongly monotone and F be a bifunction from C x C — R satisfying
(A1)-(A5) and let ¢ : C — R be convex and lower semicontinuous with either (B1) or (B2).
Let {x,} be a sequence generated by the following algorithm for arbitrary x, € C:

Xntl = Oy ()Vn(l - Isn)f(xn) + [1 - )\n(l - ﬂn)A]xn) + (1 - an)Trn (I - rnB)xm (4'5)

where {ot,}, {Bu}, {An} C [0,1], Ay < By, and 1, € (0,2) satisfy the following conditions:
(C1) 302 letws — il < 00;
(C2) 3321 |Bust = Bl < 003
(C3) Z:‘;l [Aps1 — Anl < 00, ZZZI Ay =00, lim, oo Ay =0;
(C4) Y02, 17we1 — 1l < 00, liminf,, oo 75y > 0.
Then {x,} converges strongly to x* € GMEP(F, ¢, B), which is the unique solution of the
variational inequality

((A-f)x*,x—x*) >0, Vxe GMEP(F,¢,B). (4.6)

Proof Setting T, Pc to be the identity and y =1 in Theorem 3.1, we obtain the desired
conclusion immediately. O
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