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Abstract
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in the literature.
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1 Introduction
Let H be a real Hilbert space, C be a nonempty closed convex subset of H . A mapping
T : C → C is called Lipschitz or Lipschitz continuous if there exists L >  such that

‖Tx – Ty‖ ≤ L‖x – y‖ ∀x, y ∈ C. (.)

If L = , then T is called nonexpansive, and if L < , then T is called a contraction. It fol-
lows from (.) that every contraction mapping is nonexpansive and every nonexpansive
mapping is Lipschitz.
A mapping T : C → C is said to be a λ-strictly pseudocontractive mapping in the sense

of Browder-Petryshyn [] if there exists a constant  ≤ λ <  such that

‖Tx – Ty‖ ≤ ‖x – y‖ + λ
∥∥(I – T)x – (I – T)y

∥∥ ∀x, y ∈ C. (.)

If λ = , then T is said to be a pseudocontractive mapping, i.e.,

‖Tx – Ty‖ ≤ ‖x – y‖ + ∥∥(I – T)x – (I – T)y
∥∥ ∀x, y ∈ C. (.)

The class of strictly pseudocontractive mappings falls into the one between the class of
nonexpansive mappings and that of pseudocontractive mappings. The class of strict pseu-
docontractivemappings hasmore powerful applications thannonexpansivemappings, see
Scherzer [].
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Amapping T : C → C is said to be an asymptotically λ-strictly pseudocontractive map-
ping [] if there exists a sequence {kn} ⊂ [,∞) with limn→∞ kn = , and a constant λ ∈ [, )
such that

∥∥Tnx – Tny
∥∥ ≤ kn‖x – y‖ + λ

∥∥(
I – Tn)x – (

I – Tn)y∥∥ ∀x, y ∈ C. (.)

We now give an example to show that a λ-strictly asymptotically pseudocontractive
mapping is not necessarily a λ-strictly pseudocontractive mapping.

Example . Consider H = � = {x = {xi}∞i= : xi ∈ C,
∑∞

i= |xi| < ∞}, and let B = {x ∈ � :
‖x‖ ≤ }. It is clear that � is a normed linear space with respect to the norm

‖x‖ =
(∑

k

|xk|
) 


.

Define T : B → � by the rule

Tx = (, x,ax,ax, . . .),

where {ai}∞i= is a real sequence satisfying a > ,  < ai < , i 	=  and
∏∞

i= ai =

 . By defi-

nition

Tnx =

(
,, . . . , , 

n∏
i=

aixi,
n+∏
i=

aix,
n+∏
i=

aix, . . .

)

and

Tny =

(
,, . . . , , 

n∏
i=

aiyi,
n+∏
i=

aiy,
n+∏
i=

aiy, . . .

)
.

Hence,

∥∥Tnx – Tny
∥∥ =

(


n∏
i=

ai

)

|x – y| +
(n+∏

i=

ai

)

|x – y|

+

(n+∏
i=

ai

)

|x – y| + · · ·

≤
(


n∏
i=

ai

)[|x – y| + |x – y| + |x – y| + · · · ]

=

(


n∏
i=

ai

)

|x – y|

≤
(


n∏
i=

ai

)

|x – y| + λ
∥∥(
I – Tn)x – (

I – Tn)y∥∥

for all λ ∈ (, ), n ≥ . Since limn→∞ 
∏n

i= ai = , it follows that T is an asymptotically
strictly pseudocontractive mapping.
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We now show that the T is not a λ-strictly pseudocontractive mapping. Choose x =
(  ,


 ,


 , , , . . . , ), y = (, , , . . . , ) and a = . Then

〈Tx – Ty,x – y〉 =
〈(

,


,


,
a

, , . . . , 

)
–

(


,


,


, , . . . , 

)〉

=



>



= ‖x – y‖

> ‖x – y‖ – λ
∥∥(I – T)x – (I – T)y

∥∥.

Hence T is not a λ-strictly pseudocontractive mapping.

The study on iterative methods for strict pseudocontractive mappings was initiated by
Browder and Petryshyn [] in , but the iterative methods for strict pseudocontrac-
tive mappings are far less developed than those for nonexpansive mappings. The probable
reason is the second term appearing on the right-hand side of (.), which impedes the
convergence analysis. Therefore it is interesting to develop the iterationmethods for strict
pseudocontractive mappings.
Browder and Petryshyn [] showed that if a λ-strict pseudocontractive mapping T has

a fixed point in C, then starting with an initial x ∈ C, the sequence {xn} generated by the
formula

xn+ = αxn + ( – α)Txn,

where α is a constant such that λ < α < , converges weakly to a fixed point of T .
Marino and Xu [] extended the above mentioned result of Browder and Petryshyn []

by considering the sequence {xn} generated by the following formula:

xn+ = αnxn + ( – αn)Txn, (.)

where {αn} is a sequence in (, ). Iteration (.) is called the Mann iteration [].
Another interesting problem is to find a common fixed point of a finite family of strict

pseudocontractive mappings. One approach to study the problem is cyclic algorithm, in
which sequence {xn} is generated cyclically by

xn+ = αnxn + ( – αn)T[n]xn, (.)

where T[n] = Ti with i = n mod N , ≤ i≤N – .
However, the convergence of both algorithms (.) and (.) can only be weak in an

infinite dimensional space. So, in order to have strong convergence, onemustmodify these
algorithms.
One such modification of Mann’s algorithm for nonexpansive mappings is given by

Nakajo and Takahashi [], in which a modified algorithm is obtained by applying addi-
tional projections onto the intersection of two half-spaces and is guaranteed to have strong

http://www.journalofinequalitiesandapplications.com/content/2014/1/374
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convergence. The sequence {xn} is produced as follows:

xn+ = PCn∩Qnx, (.)

here PC is the metric projection of H onto C and Cn, Qn are given by

Cn =
{
z ∈ C : ‖yn – z‖ ≤ ‖xn – z‖}, (.)

where

yn = αnxn + ( – αn)Txn (.)

and

Qn =
{
z ∈ C : 〈xn – z,x – xn〉 ≥ 

}
. (.)

Marino and Xu [] proposed the following modification for strict pseudocontractive
mappings in which the sequence {xn} is given by the same formula (.) with Cn given by

Cn =
{
z ∈ C : ‖yn – z‖ ≤ ‖xn – z‖ + ( – αn)(λ – αn)‖xn – Txn‖

}
, (.)

where yn and Qn are given by formulas (.) and (.), respectively.
Thakur [] extended the idea of Marino and Xu [] to asymptotically strict pseudocon-

tractive mappings. Recently, Yao and Chen [] proposed a new hybrid method for strict
pseudocontractive mappings, in which {xn}, Cn, Qn are given by the same formulas (.),
(.), (.) respectively, and

yn = αnxn + ( – αn)
[
δxn + ( – δ)Txn

]
,

where δ ∈ (λ, ),  ≤ λ < .
Takahashi et al. [] introduced the idea of shrinking projection method for nonexpan-

sive mappings, in which projection is applied on a single set. Here the sequence {xn} is
produced by the formula

xn+ = PCn+x, (.)

where Cn is given by

Cn+ =
{
z ∈ Cn : ‖yn – z‖ ≤ ‖xn – z‖}, (.)

and yn is given by the same formula (.).
Inchan and Nammanee [] modified the shrinking projection method for asymptoti-

cally strict pseudocontractive mappings, in which the sequence {xn} is generated by the
same formula (.) and

Cn+ =
{
z ∈ Cn : ‖yn – z‖ ≤ ‖xn – z‖ + [

λ – αn( – αn)
]∥∥xn – Tnxn

∥∥ + θn
}
,

http://www.journalofinequalitiesandapplications.com/content/2014/1/374
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where

yn = αnxn + ( – αn)Tnxn

and

θn = ( – αn)
(
kn – 

)
(diamC) →  as n→ ∞.

Motivated and inspired by the studies going on in this direction, we now propose the
modified shrinking projection method for a finite family of asymptotically λ-strict pseu-
docontractive mappings.
Let C be a bounded closed convex subset of a Hilbert space H and {Ti}Ni= : C → C be a

finite family of asymptotically (λi,k(i)n )-strict pseudocontractive mappings with Lipschitz
constant L(i)n ≥ , i = , , . . . ,N , and for all n ∈ N such that F =

⋂N
i=F(Ti) 	= ∅. Set λ =

max{λi} and kn = max{k(i)n }, i = , , . . . ,N . For arbitrarily chosen x ∈ C, let C = C and
x = PCx, define a sequence {xn} as

⎧⎪⎨
⎪⎩
yn = αnxn + ( – αn)[δxn + ( – δ)Th(n)

i(n) xn],
Cn+ = {v ∈ Cn : ‖yn – v‖ ≤ ‖xn – v‖ + θn},
xn+ = PCn+x,

(.)

where δ ∈ (λ, ) is some constant and

θn =
(
kh(n) – 

)
(diamC) →  as n → ∞,

also for each n≥ , it can be written as n = (h(n) – )N + i(n), where i(n) ∈ {, , . . . ,N} and
h(n)≥  is a positive integer with h(n)→ ∞ as n→ ∞.
We shall prove that the iteration generated by (.) converges strongly to z = PFx.

2 Preliminaries
This section collects some lemmas which will be used in the proofs for the main results
in the next section.
We will use the following notation:
. ⇀ for weak convergence and → for strong convergence.
. ωw(xn) = {x : ∃xnj ⇀ x} denotes the weak ω-limit set of {xn}.
. Fix(T) the set of fixed points of T .

Lemma . ([]) The following identities hold in a Hilbert space H :
(i) ‖x + y‖ = ‖x‖ + ‖y‖ + 〈x, y〉 ∀x, y ∈H ;
(ii) ‖αx + ( – α)y‖ = α‖x‖ + ( – α)‖y‖ – α( – α)‖x – y‖ ∀α ∈ [, ].

Lemma . ([]) Assume that C is a closed and convex subset of a Hilbert space H , and
let T : C → C be an asymptotically λ-strict pseudocontraction with Fix(T) 	= ∅. Then:

(i) For each n≥ , Tn satisfies the Lipschitz condition

∥∥Tnx – Tny
∥∥ ≤ Ln‖x – y‖

for all x, y ∈ C, where Ln =
λ+

√
+(kn–)(–λ)

–λ
.

http://www.journalofinequalitiesandapplications.com/content/2014/1/374
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(ii) If {xn} is a sequence in C with the properties xn ⇀ z and Txn – xn → , then
(I – T)z = , i.e., I – T is demiclosed at .

(iii) The fixed point set Fix(T) of T is closed and convex so that the projection PFix(T) is
well defined.

Lemma . ([]) Let H be a real Hilbert space. Given a closed convex subset C ⊂ H and
points x, y, z ∈ H . Given also a real number a. The set

D =
{
v ∈ C : ‖y – v‖ ≤ ‖x – v‖ + 〈z, v〉 + a

}
is convex (and closed).

Lemma . Let C be a closed convex subset of a real Hilbert space H . Given x ∈ H and
z ∈ C. Then z = PKx if and only if there holds the relation

〈x – z, z – y〉 ≥  ∀y ∈ C,

where PK is the nearest point projection from H onto C.

3 Main results
In this section, we prove a strong convergence theorem by the hybrid method for a finite
family of asymptotically λi-strictly pseudocontractive mappings in Hilbert spaces.

Theorem . Let H be a real Hilbert space, and let C be a nonempty bounded closed
convex subset of H . Let {Ti}Ni= be a finite family of asymptotically (λi,k(i)n )-strictly pseudo-
contractive mappings of C into itself for some  ≤ λi <  with Lipschitz constant L(i)n ≥ ,
i = , , . . . ,N and for all n ∈N such that F =

⋂N
i= F(Ti) 	= ∅ and let x ∈ C. For C = C and

x = PCx, assume that the control sequence {αn}∞n= is chosen such that lim supn→∞ αn < .
Then {xn} generated by (.) converges strongly to z = PFx.

Proof Suppose L =max{L(i)n :  ≤ i ≤ N ,n ∈ N}, kn =max{k(i)n :  ≤ i ≤ N} and λ =max{λi :
≤ i≤N}. By Lemma ., set Cn is closed and convex.
Now, for every n ∈N, we prove that F ⊂ Cn and {xn} is well defined.
We use themethod ofmathematical induction. For any z ∈F , we have z ∈ C = C. Hence

F ⊂ C. Now assume that F ⊂ Ck for some k ∈N. Then, for any p ∈F ⊂ Ck , we have

‖yn – p‖ =
∥∥αn(xn – p) + ( – αn)

[
δ(xn – p) + ( – δ)

(
Th(n)
i(n) xn – p

)]∥∥

≤ αn‖xn – p‖ + ( – αn)
∥∥δ(xn – p) + ( – δ)

(
Th(n)
i(n) xn – p

)∥∥

= αn‖xn – p‖ + ( – αn)
[
δ‖xn – p‖ + ( – δ)

∥∥Th(n)
i(n) xn – p

∥∥

– δ( – δ)
∥∥xn – Th(n)

i(n) xn
∥∥]

≤ αn‖xn – p‖ + ( – αn)
[
δ‖xn – p‖ + ( – δ)

{
kh(n)‖xn – p‖

+ λ
∥∥xn – Th(n)

i(n) xn
∥∥} – δ( – δ)

∥∥xn – Th(n)
i(n) xn

∥∥]
≤ αn‖xn – p‖ + ( – αn)

[
kh(n)‖xn – p‖ – ( – δ)(δ – λ)

∥∥xn – Th(n)
i(n) xn

∥∥]
≤ ‖xn – p‖ + (

kh(n) – 
)‖xn – p‖ ≤ ‖xn – p‖ + θn.

http://www.journalofinequalitiesandapplications.com/content/2014/1/374


Dewangan et al. Journal of Inequalities and Applications 2014, 2014:374 Page 7 of 11
http://www.journalofinequalitiesandapplications.com/content/2014/1/374

It follows that p ∈ Ck+ and F ⊂ Ck+. Hence F ⊂ Cn for all n ∈ N. Since Cn is closed and
convex for all n ∈N, this implies that {xn} is well defined.
Now, we prove that {xn} is bounded.
Since xn = PCnx, then by Lemma . we have

〈x – xn,xn – y〉 ≥  for all y ∈ Cn.

As F ⊂ Cn, we have

〈x – xn,xn – q〉 ≥  for all q ∈F ,n ∈N.

So, for q ∈F , we have

 ≤ 〈x – xn,xn – q〉
= 〈x – xn,xn – x + x – q〉
= –〈x – xn,x – xn〉 + 〈x – xn,x – q〉
≤ –‖x – xn‖ + ‖x – xn‖‖x – q‖.

This implies that

‖x – xn‖ ≤ ‖x – q‖ for all q ∈F ,n ∈N.

Hence {xn} is bounded.
From xn = PCnx and xn+ = PCn+x ∈ Cn+ ⊂ Cn, by Lemma . we have

〈x – xn,xn – xn+〉 ≥  for all n ∈N. (.)

So, for xn+ ∈ Cn, we have, for n ∈N,

 ≤ 〈x – xn,xn – xn+〉
= 〈x – xn,xn – x + x – xn+〉
= 〈x – xn,xn – x〉 + 〈x – xn,x – xn+〉
≤ –‖x – xn‖ + ‖x – xn‖‖x – xn+‖.

This implies that

‖x – xn‖ ≤ ‖x – xn+‖ for all n ∈N.

Hence limn→∞ ‖xn – x‖ exists.
Next, we show that ‖xn – xn+‖ exists.
Using (.), we have

‖xn – xn+‖ =
∥∥(xn – x) + (x – xn+)

∥∥

= ‖xn – x‖ + 〈xn – x,x – xn+〉 + ‖x – xn+‖

http://www.journalofinequalitiesandapplications.com/content/2014/1/374
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= ‖xn – x‖ – 
〈
x – xn, (x – xn) + (xn – xn+)

〉
+ ‖x – xn+‖

= ‖xn – x‖ – 〈x – xn,x – xn〉 – 〈x – xn,xn – xn+〉 + ‖x – xn+‖

≤ ‖xn – x‖ – ‖xn – x‖ + ‖x – xn+‖.

Since limn→∞ ‖xn – x‖ exists, it follows that

lim
n→∞‖xn – xn+‖ = .

Hence {xn} is a Cauchy sequence, and so convergent.
Consequently,

lim
n→∞‖xn – xn+j‖ = . (.)

Since xn+ ∈ Cn, we have

‖yn – xn+‖ ≤ ‖xn – xn+‖ + θn.

By the definition of yn, we have

∥∥Th(n)
i(n) xn – xn

∥∥ ≤ 
( – αn)( – δ)

‖yn – xn‖

≤ 
( – αn)( – δ)

(‖yn – xn+‖ + ‖xn – xn+‖
)
. (.)

Since xn+ ∈ Cn, by (.) we have

‖yn – xn+‖ ≤ ‖xn – xn+‖ + θn,

which implies that

‖yn – xn+‖ ≤ ‖xn – xn+‖ +
√

θn. (.)

Using (.) and (.), we have

∥∥Th(n)
i(n) xn – xn

∥∥ ≤ 
( – αn)( – δ)

(
‖xn – xn+‖ +

√
θn

)
. (.)

Since lim supn→∞ αn < , it follows from (.) that

lim
n→∞

∥∥xn – Th(n)
i(n) xn

∥∥ = . (.)

Now, we prove that limn→∞ ‖xn – Tnxn‖ = .
Since, for any positive integer n ≥ N , it can be written as n = (h(n) – )N + i(n) where

i(n) ∈ {, , . . . ,N}, observe that

‖xn – Tnxn‖ ≤ ∥∥xn – Th(n)
i(n) xn

∥∥ +
∥∥Th(n)

i(n) xn – Tnxn
∥∥

=
∥∥xn – Th(n)

i(n) xn
∥∥ +

∥∥Th(n)
i(n) xn – Ti(n)xn

∥∥
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≤ ∥∥xn – Th(n)
i(n) xn

∥∥ + L
∥∥Th(n)–

i(n) xn – xn
∥∥

≤ ∥∥xn – Th(n)
i(n) xn

∥∥ + L
(∥∥Th(n)–

i(n) xn – Th(n)–
i(n–N)xn–N

∥∥
+

∥∥Th(n)–
i(n–N)xn–N – xn–N

∥∥ + ‖xn–N – xn‖
)
. (.)

Since, for each n >N , i(n) = (n –N) mod N . Again since n = (h(n) – )N + i(n), we have

h(n –N) = h(n) –  and i(n –N) = i(n).

We observe that

∥∥Th(n)–
i(n) xn – Th(n)–

i(n–N)xn–N
∥∥ =

∥∥Th(n)–
i(n) xn – Th(n)–

i(n) xn–N
∥∥

≤ L‖xn – xn–N‖ (.)

and

∥∥Th(n)–
i(n–N)xn–N – xn–N

∥∥ =
∥∥Th(n–N)

i(n) xn–N – xn–N
∥∥. (.)

Substituting (.), (.) in (.), we obtain

‖xn – Tnxn‖ ≤ ∥∥xn – Th(n)
i(n) xn

∥∥
+ L

(
( + L)‖xn – xn–N‖ + ∥∥Th(n–N)

i(n–N) xn–N – xn–N
∥∥)
. (.)

It follows from (.), (.) and (.) that

lim
n→∞‖xn – Tnxn‖ = .

We also have

‖xn – Tn+jxn‖ ≤ ‖xn – xn+j‖ + ‖xn+j – Tn+jxn+j‖ + ‖Tn+jxn+j – Tn+jxn‖
≤ ( + L)‖xn – xn+j‖ + ‖xn+j – Tn+jxn+j‖
→  as n→ ∞ for any j ∈ {, , . . . ,N},

which gives that

lim
n→∞‖xn – Tjxn‖ =  for all j ∈ {, , . . . ,N}.

For each i ∈ {, , . . . ,N}, by Lemma .(ii), I – Ti is demiclosed at zero. This together
with the fact that {xn} is bounded guarantees that every weak limit point of {xn} is a fixed
point of Ti (i ∈ {, , . . . ,N}). That is ωw(xn) ⊂ F =

⋂N
i= F(Ti). Since for z = PF (x) we

have ‖xn – x‖ ≤ ‖z – x‖ for all n ≥ , by the weak lower semi-continuity of the norm,
we have

‖x – z‖ ≤ ‖x –w‖ ≤ lim inf
n→∞ ‖x – xn‖

≤ lim sup
n→∞

‖x – xn‖ ≤ ‖x – z‖
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for all w ∈ ωw(xn). However, since ωw(xn) ⊂ F , we must have w = z for all w ∈ ωw(xn).
Thus ωw(xn) = {z} and then xn ⇀ z. Hence, xn → z = PF (x) by

‖xn – z‖ = ‖xn – x‖ + 〈xn – x,x – z〉 + ‖x – z‖

≤ 
(‖z – x‖ + 〈xn – x,x – z〉

) →  as n→ ∞.

This completes the proof. �

If we take βn = ( – δ)αn + δ ∈ [δ, ) in (.), then we obtain the following.

Corollary . Let H be a real Hilbert space, and let C be a nonempty bounded closed con-
vex subset of H . Let {Ti}Ni= be a finite family of asymptotically λi-strictly pseudocontractive
mappings of C into itself for some  ≤ λi <  with Lipschitz constant L(i)n ≥ , i = , , . . . ,N
and for all n ∈ N such that F =

⋂N
i= F(Ti) 	= ∅ and let x ∈ C. For C = C and x = PCx,

assume that the control sequence {βn}∞n= is chosen such that δ ≤ βn < , define {xn} as fol-
lows:

⎧⎪⎨
⎪⎩
yn = βnxn + ( – βn)Th(n)

i(n) xn,
Cn+ = {v ∈ Cn : ‖yn – v‖ ≤ ‖xn – v‖ + θn},
xn+ = PCn+x,

(.)

where

θn =
(
kh(n) – 

)
(diamC) →  as n→ ∞.

Then {xn} generated by (.) converges strongly to z = PFx.

Corollary . Let H be a real Hilbert space, and let C be a nonempty bounded closed
convex subset of H . Let T be an asymptotically λ-strictly pseudocontractive mapping of C
into itself such that F(T) 	= ∅, and let x ∈ C. For C = C and x = PCx, assume that the
control sequence {βn}∞n= is chosen such that δ ≤ βn < , define {xn} as follows:

⎧⎪⎨
⎪⎩
yn = βnxn + ( – βn)Tnxn,
Cn+ = {v ∈ Cn : ‖yn – v‖ ≤ ‖xn – v‖ + θn},
xn+ = PCn+x,

(.)

where

θn =
(
kn – 

)
(diamC) →  as n→ ∞.

Then {xn} generated by (.) converges strongly to z = PF(T)x.

Since asymptotically nonexpansive mappings are asymptotically -strict pseudocon-
tractions, we have the following consequence.

Corollary . Let H be a real Hilbert space, and let C be a nonempty bounded closed
convex subset of H . Let T be an asymptotically nonexpansive mapping from C to itself such
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that F(T) 	= ∅, and let x ∈ C. For C = C and x = PCx, assume that the control sequence
{βn}∞n= is chosen such that δ ≤ βn < . Then {xn} generated by (.) converges strongly to
z = PF(T)x.

Remark . From the main results, one can see that the corresponding results in Acedo
and Xu [], Inchan and Nammanee [], Kim and Xu [], Marino and Xu [], Martinez-
Yanez and Xu [], Nakajo and Takahashi [], Qin et al. [], Yao and Chen [] are all
special cases of this paper.
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