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Abstract
In this paper, we characterize α-ψ contractive mappings in the setting of
quasi-metric spaces and investigate the existence and uniqueness of a fixed point of
such mappings. We notice that by using our result some fixed-point theorems in the
context of G-metric space can be deduced.
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1 Introduction and preliminaries
Let � be the family of functions ψ : [,∞)→ [,∞) satisfying the following conditions:

(ψ) ψ is nondecreasing;
(ψ)

∑+∞
n= ψn(t) <∞ for all t > , where ψn is the nth iterate of ψ .

These functions are known in the literature as (c)-comparison functions. One can easily
deduce that if ψ is a (c)-comparison function, then ψ(t) < t for any t > .

Definition  Let X be a non-empty and let d : X ×X → [,∞) be a function which satis-
fies:
(d) d(x, y) =  if and only if x = y,
(d) d(x, y) ≤ d(x, z) + d(z, y). Then d called a quasi-metric and the pair (X,d) is called a

quasi-metric space.

Remark  Any metric space is a quasi-metric space, but the converse is not true in gen-
eral.

Now, we give convergence and completeness on quasi-metric spaces.

Definition  Let (X,d) be a quasi-metric space, {xn} be a sequence in X, and x ∈ X. The
sequence {xn} converges to x if and only if

lim
n→∞d(xn,x) = lim

n→∞d(x,xn) = . (.)
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Definition  Let (X,d) be a quasi-metric space and {xn} be a sequence in X. We say that
{xn} is left-Cauchy if and only if for every ε >  there exists a positive integer N = N(ε)
such that d(xn,xm) < ε for all n≥m >N .

Definition  Let (X,d) be a quasi-metric space and {xn} be a sequence in X. We say that
{xn} is right-Cauchy if and only if for every ε >  there exists a positive integer N = N(ε)
such that d(xn,xm) < ε for allm ≥ n >N .

Definition  Let (X,d) be a quasi-metric space and {xn} be a sequence in X. We say that
{xn} is Cauchy if and only if for every ε >  there exists a positive integer N = N(ε) such
that d(xn,xm) < ε for allm,n >N .

Remark  A sequence {xn} in a quasi-metric space is Cauchy if and only if it is left-Cauchy
and right-Cauchy.

Definition  Let (X,d) be a quasi-metric space. We say that
() (X,d) is left-complete if and only if each left-Cauchy sequence in X is convergent.
() (X,d) is right-complete if and only if each right-Cauchy sequence in X is convergent.
() (X,d) is complete if and only if each Cauchy sequence in X is convergent.

Definition  Let (X,d) be a quasi-metric space and T : X → X be a given mapping. We
say that T is an α-ψ contractive mapping if there exist two functions α : X × X → [,∞)
and ψ ∈ � such that

α(x, y)d(Tx,Ty)≤ ψ
(
d(x, y)

)
, ∀x, y ∈ X. (.)

Remark  We easily see that any contractive mapping, that is, a mapping satisfying the
Banach contraction, is an α-ψ contractive mapping with α(x, y) =  for all x, y ∈ X and
ψ(t) = kt, k ∈ (, ).

Definition  Let T : X → X and α : X ×X → [,∞). We say that T is α admissible if for
all x, y ∈ X we have

α(x, y)≥  ⇒ α(Tx,Ty)≥ . (.)

2 Main results
We start this section by the following definition, which is a characterization of α-ψ con-
tractive mappings [] in the context of a quasi-metric space.

Definition  (cf. []) Let (X,d) be a quasi-metric space and T : X → X be a given map-
ping.We say thatT is an α-ψ contractivemapping if there exist two functions α : X×X →
[,∞) and ψ ∈ � such that for all x, y ∈ X, we have

α(x, y)d(Tx,Ty)≤ ψ
(
d(x, y)

)
. (.)

Theorem Let (X,d) be a complete quasi-metric space. Suppose that T : X → X is a α-ψ
contractive mapping which satisfies
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(i) T is α admissible;
(ii) there exists x ∈ X such that α(Tx,x) ≥  and α(x,Tx) ≥ ;
(iii) T is continuous.

Then T has a fixed point.

Proof By (ii), there exists x ∈ X such that α(Tx,x) ≥  and α(x,Tx) ≥ . Let us define
a sequence {xn} in X by xn+ = Txn for all n ∈N. If xn = xn+ for some n, then it is evident
that xn is a fixed point ofT . Consequently, throughout the proof, we suppose that xn 	= xn+
for all n ∈N. Regarding the assumption (i), we derive

α(x,x) = α(Tx,x) ≥  ⇒ α(Tx,Tx) = α(x,x) ≥ . (.)

Recursively, we get

α(xn+,xn) ≥  for all n ∈ N. (.)

Taking (.) and (.) into account, we find that

d(xn+,xn) = d(Txn,Txn–) ≤ α(xn,xn–)d(Txn,Txn–)≤ ψ
(
d(xn,xn–)

)
, (.)

for all n ≥ . Inductively, we obtain

d(xn+,xn) ≤ ψn(d(x,x)), ∀n≥ . (.)

By using the triangular inequality and (.), for all k ≥ , we get

d(xn+k ,xn)≤ d(xn+k ,xn+k–) + · · · + d(xn+,xn)

≤
n+k–∑
p=n

ψn(d(x,x))

≤
∞∑
p=n

ψn(d(x,x)). (.)

Letting n → ∞ in the above inequality, we derive
∑∞

p=n ψn(d(x,x)) → . Hence,
d(xn+k ,xn) →  as n→ ∞. Therefore, {xn} is a left-Cauchy sequence in (X,d).
Analogously, we deduce that {xn} is a right-Cauchy sequence in (X,d). Indeed, by as-

sumption (i), we obtain

α(x,x) = α(x,Tx) ≥  ⇒ α(Tx,Tx) = α(x,x) ≥ . (.)

Recursively, we find that

α(xn,xn+) ≥  for all n ∈ N. (.)

By combining (.) with (.), we find

d(xn,xn+) = d(Txn–,Txn) ≤ α(xn–,xn)d(Txn–,Txn)≤ ψ
(
d(xn–,xn)

)
, (.)
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for all n ≥ . By iteration, we have

d(xn,xn+) ≤ ψn(d(x,x)), ∀n≥ . (.)

Due to the triangular inequality, together with (.), for all k ≥ , we get

d(xn,xn+k)≤ d(xn,xn+) + · · · + d(xn+k–,xn+k)

≤
n+k–∑
p=n

ψn(d(x,x))

≤
∞∑
p=n

ψn(d(x,x)) →  as n→ ∞. (.)

Consequently, {xn} is a right-Cauchy sequence in (X,d). By Remark , we deduce that {xn}
is a Cauchy sequence in complete quasi-metric space (X,d). It implies that there exists
u ∈ X such that

lim
n→∞d(xn,u) = lim

n→∞d(u,xn) = . (.)

Then, by using the property (d) together with the continuity of T , we obtain

lim
n→∞d(xn,Tu) = lim

n→∞d(Txn–,Tu) =  (.)

and

lim
n→∞d(Tu,xn) = lim

n→∞d(Txn–,Tu) = . (.)

Thus, we have

lim
n→∞d(xn,Tu) = lim

n→∞d(Tu,xn) = . (.)

Keeping (.) and (.) in mind together with the uniqueness of the limit, we conclude
that u = Tu, that is, u is a fixed point of T . �

Theorem  Let (X,d) be a complete quasi-metric space. Suppose that T : X → X is an
α-ψ contractive mapping which satisfies:

(i) T is α admissible;
(ii) there exists x ∈ X such that α(Tx,x) ≥ ;
(iii) if {xn} is a sequence in X such that α(xn+,xn) ≥  for all n and xn → x ∈ X as

n→ ∞, then there exists a subsequence {xn(k)} of {xn} such that α(x,xn(k)) ≥  for
all k.

Then T has a fixed point.

Proof Following the lines of the proof of Theorem , we know that the sequence {xn} de-
fined by xn+ = Txn, for all n≥ , converges for some u ∈ X. From (.) and condition (iii),

http://www.journalofinequalitiesandapplications.com/content/2014/1/36
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there exists a subsequence {xn(k)} of {xn} such that α(u,xn(k)) ≥  for all k. Applying (.),
for all k, we get

d(Tu,xn(k)+) = d(Tu,Txn(k)) ≤ α(u,xn(k))d(Tu,Txn(k)) ≤ ψ
(
d(u,xn(k))

)
. (.)

Letting k → ∞ in the above equality, we obtain

d(Tu,u) ≤ . (.)

Thus, we have d(Tu,u) = , that is, Tu = u. �

Definition  (cf. []) Let (X,d) be a quasi-metric space and T : X → X be a given map-
ping. We say that T is a generalized α-ψ contractive mapping of type A if there exist two
functions α : X ×X → [,∞) and ψ ∈ � such that for all x, y ∈ X and we have

α(x, y)d(Tx,Ty)≤ ψ
(
M(x, y)

)
, (.)

where

M(x, y) =max

{
d(x, y),d(Tx,x),d(Ty, y),



[
d(Tx, y) + d(Ty,x)

]}
. (.)

Definition  Let (X,d) be a quasi-metric space and T : X → X be a given mapping. We
say that T is a generalized α-ψ contractive mapping of type B if there exist two functions
α : X ×X → [,∞) and ψ ∈ � such that for all x, y ∈ X and we have

α(x, y)d(Tx,Ty)≤ ψ
(
N(x, y)

)
, (.)

where

N(x, y) =max

{
d(x, y),



[
d(Tx,x) + d(Ty, y)

]
,


[
d(Tx, y) + d(Ty,x)

]}
. (.)

Theorem  Let (X,d) be a complete quasi-metric space. Suppose that T : X → X is a
generalized α-ψ contractive mapping of type A and satisfies

(i) T is α admissible;
(ii) there exists x ∈ X such that α(Tx,x) ≥  and α(x,Tx) ≥ ;
(iii) T is continuous.

Then T has a fixed point.

Proof By assumption (ii), there exists x ∈ X such that α(Tx,x) ≥  and α(x,Tx) ≥ .
We construct a sequence {xn} in X in the following way:

xn+ = Txn for all n ∈N.

If xn = xn+ for some n, then it is clear that xn is a fixed point of T . Hence, we assume
that xn 	= xn+ for all n ∈N. Due to assumption (i), we have

α(x,x) = α(Tx,x) ≥  ⇒ α(Tx,Tx) = α(x,x) ≥ . (.)

http://www.journalofinequalitiesandapplications.com/content/2014/1/36
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If we continue in this way, we obtain

α(xn+,xn) ≥  for all n ∈ N. (.)

From (.) and (.), for all n≥ , we derive

d(xn+,xn) = d(Txn,Txn–) ≤ α(xn,xn–)d(Txn,Txn–)≤ ψ
(
M(xn,xn–)

)
, (.)

where

M(xn,xn–) = max

{
d(xn,xn–),d(Txn,xn),d(Txn–,xn–),



[
d(Txn,xn–) + d(Txn–,xn)

]}

= max

{
d(xn,xn–),d(xn+,xn),d(xn,xn–),



[
d(xn+,xn–) + d(xn,xn)

]}

≤ max
{
d(xn,xn–),d(xn+,xn)

}
. (.)

Since ψ is a nondecreasing function, (.) implies that

d(xn+,xn) ≤ ψ
(
max

{
d(xn,xn–),d(xn+,xn)

})
, (.)

for all n ≥ . We shall examine two cases. Suppose that d(xn+,xn) > d(xn,xn–). Since
d(xn+,xn) > , we obtain

d(xn+,xn) ≤ ψ
(
d(xn+,xn)

)
< d(xn+,xn), (.)

a contradiction. Therefore, we find that max{d(xn,xn–),d(xn+,xn)} = d(xn,xn–). Since
ψ ∈ � , (.) yields

d(xn+,xn) ≤ ψ
(
d(xn,xn–)

)
< d(xn,xn–) (.)

for all n ≥ . Recursively, we derive

d(xn+,xn) ≤ ψn(d(x,x)), ∀n≥ . (.)

Together with (.) and the triangular inequality, for all k ≥ , we get

d(xn+k ,xn)≤ d(xn+k ,xn+k–) + · · · + d(xn+,xn)

≤
n+k–∑
p=n

ψn(d(x,x))

≤
∞∑
p=n

ψn(d(x,x)) →  as n→ ∞. (.)

Therefore, {xn} is a left-Cauchy sequence in (X,d).

http://www.journalofinequalitiesandapplications.com/content/2014/1/36
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Analogously, we shall prove that {xn} is a right-Cauchy sequence in (X,d). Again by the
assumption (i), we find that

α(x,x) = α(x,Tx) ≥  ⇒ α(Tx,Tx) = α(x,x) ≥ . (.)

Recursively, we obtain

α(xn,xn+) ≥  for all n ∈ N. (.)

From (.) and (.), for all n≥ , we deduce that

d(xn,xn+) = d(Txn–,Txn) ≤ α(xn–,xn)d(Txn–,Txn)≤ ψ
(
M(xn–,xn)

)
, (.)

where

M(xn–,xn) = max

{
d(xn–,xn),d(Txn–,xn–),d(Txn,xn),



[
d(Txn–,xn) + d(Txn,xn–)

]}

= max

{
d(xn–,xn),d(xn,xn–),d(xn+,xn),



[
d(Txn–,xn) + d(Txn,xn–)

]}

≤ max
{
d(xn–,xn),d(xn,xn–),d(xn+,xn)

}
. (.)

Since ψ is nondecreasing function, the inequality (.) turns into

d(xn,xn+) ≤ ψ
(
max

{
d(xn–,xn),d(xn,xn–),d(xn+,xn)

})
, (.)

for all n ≥ . We shall examine three cases.
Case . Assume that max{d(xn–,xn),d(xn,xn–),d(xn+,xn)} = d(xn+,xn). Since d(xn+,

xn) >  we get

d(xn+,xn) ≤ ψ
(
d(xn+,xn)

)
< d(xn+,xn), (.)

a contradiction.
Case . Suppose that max{d(xn–,xn),d(xn,xn–),d(xn+,xn)} = d(xn–,xn). Since ψ ∈ � ,

from (.) we find that

d(xn,xn+) ≤ ψ
(
d(xn–,xn)

)
< d(xn–,xn) (.)

for all n ≥ . Inductively, we get

d(xn,xn+) ≤ ψn(d(x,x)), ∀n≥ . (.)

http://www.journalofinequalitiesandapplications.com/content/2014/1/36
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By using the triangular inequality and taking (.) into consideration, for all k ≥ , we get

d(xn,xn+k)≤ d(xn,xn+) + · · · + d(xn+k–,xn+k)

≤
n+k–∑
p=n

ψn(d(x,x))

≤
∞∑
p=n

ψn(d(x,x)) →  as n→ ∞. (.)

Case . Assume that max{d(xn–,xn),d(xn,xn–),d(xn+,xn)} = d(xn,xn–). Regarding ψ ∈
� and (.), we obtain

d(xn,xn+) ≤ ψ
(
d(xn,xn–)

)
< d(xn,xn–) (.)

for all n ≥ . From (.) and (.), for all n≥ , we derive

d(xn,xn–) = d(Txn–,Txn–)

≤ α(xn–,xn–)d(Txn–,Txn–)

≤ ψ
(
M(xn–,xn–)

)
, (.)

where

M(xn–,xn–) = max

{
d(xn–,xn–),d(Txn–,xn–),d(Txn–,xn–),



[
d(Txn–,xn–) + d(Txn–,xn–)

]}

= max

{
d(xn–,xn–),d(xn,xn–),d(xn–,xn–),



[
d(xn,xn–) + d(xn–,xn–)

]}

≤ max
{
d(xn–,xn–),d(xn,xn–)

}
. (.)

Since ψ is a nondecreasing function, (.) implies that

d(xn,xn–)≤ ψ
(
max

{
d(xn–,xn–),d(xn,xn–)

})
, (.)

for all n ≥ .
We shall examine two cases. Suppose that d(xn,xn–) > d(xn–,xn–). Since d(xn,xn–) > ,

we obtain

d(xn,xn–)≤ ψ
(
d(xn,xn–)

)
< d(xn,xn–), (.)

a contradiction. Therefore, we find thatmax{d(xn–,xn–),d(xn,xn–)} = d(xn–,xn–). Since
ψ ∈ � , (.) yields

d(xn,xn–)≤ ψ
(
d(xn–,xn–)

)
< d(xn–,xn–) (.)

http://www.journalofinequalitiesandapplications.com/content/2014/1/36
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for all n ≥ . Recursively, we derive

d(xn,xn–)≤ ψn–(d(x,x)), ∀n≥ . (.)

If we combine the inequalities (.) with (.), we derive

d(xn,xn+) ≤ ψ
(
d(xn,xn–)

)
< d(xn,xn–) ≤ ψn–(d(x,x)), ∀n≥ . (.)

Together with (.) and the triangular inequality, for all k ≥ , we get

d(xn,xn+k)≤ d(xn,xn+) + · · · + d(xn+k–,xn+k)

< d(xn,xn–) + · · · + d(xn+k–,xn+k–)

≤
n+k–∑
p=n

ψn–(d(x,x))

≤
∞∑
p=n

ψn–(d(x,x)) →  as n→ ∞. (.)

Therefore, by (.) and (.), we conclude that {xn} is a right-Cauchy sequence in
(X,d).
From Remark , {xn} is a Cauchy sequence in complete quasi-metric space (X,d). This

implies that there exists u ∈ X such that

lim
n→∞d(xn,u) = lim

n→∞d(u,xn) = . (.)

Then, using property (d) and the continuity of T , we obtain

lim
n→∞d(xn,Tu) = lim

n→∞d(Txn–,Tu) =  (.)

and

lim
n→∞d(Tu,xn) = lim

n→∞d(Txn–,Tu) = . (.)

Thus, we have

lim
n→∞d(xn,Tu) = lim

n→∞d(Tu,xn) = . (.)

It follows from (.) and (.) that u = Tu, that is, u is a fixed point of T . �

Corollary  Let (X,d) be a complete quasi-metric space. Suppose that T : X → X is a
generalized α-ψ contractive mapping of type A and satisfies:

(i) T is α admissible;
(ii) there exists x ∈ X such that α(Tx,x) ≥  and α(x,Tx) ≥ ;
(iii) T is continuous.

Then T has a fixed point.

http://www.journalofinequalitiesandapplications.com/content/2014/1/36
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The proof is evident due to Theorem . Indeed, ψ is nondecreasing and, hence,

α(x, y)d(Tx,Ty)≤ ψ
(
N(x, y)

) ≤ ψ
(
M(x, y)

)
,

whereM(x, y) andN(x, y) are defined as inDefinition  andDefinition . The rest follows
from Theorem .
In the following theorem we are able to remove the continuity condition for the α-ψ

contractive mappings of type B.

Theorem  Let (X,d) be a complete quasi-metric space. Suppose that T : X → X is a
generalized α-ψ contractive mapping of type B which satisfies:

(i) T is α admissible;
(ii) there exists x ∈ X such that α(Tx,x) ≥ ;
(iii) if {xn} is a sequence in X such that α(xn+,xn) ≥  for all n and xn → x ∈ X as

n→ ∞, then there exists a subsequence {xn(k)} of {xn} such that α(x,xn(k)) ≥  for
all k.

Then T has a fixed point.

Proof Following the lines in the proof of Theorem , we know that the sequence {xn} de-
fined by xn+ = Txn for all n ≥ , converges for some u ∈ X. From (.) and condition (iii),
there exists a subsequence {xn(k)} of {xn} such that α(u,xn(k)) ≥  for all k. Applying (.),
for all k, we get

d(Tu,xn(k)+) = d(Tu,Txn(k)) ≤ α(u,xn(k))d(Tu,Txn(k)) ≤ ψ
(
N(u,xn(k))

)
. (.)

Also, using (.) we find

N(u,xn(k)) = max

{
d(u,xn(k)),



[
d(Tu,u) + d(Txn(k),xn(k))

]
,



[
d(Tu,xn(k)) + d(Txn(k),u)

]}
. (.)

Taking the limit as k → ∞ in the above equality, we obtain

lim
k→∞

N(u,xn(k)) =
d(Tu,u)


. (.)

Assume that d(Tu,u) > . From (.), for k large enough, we have N(u,xn(k)) > , which
implies that ψ(N(u,xn(k))) <N(u,xn(k)). Then, from (.), we have

d(Tu,xn(k)+) <N(u,xn(k)). (.)

Taking the limit as k → ∞ in the above equality, we get

d(Tu,u) ≤ d(Tu,u)


, (.)

which is a contradiction. Therefore, we find d(Tu,u) = , that is, Tu = u. �

http://www.journalofinequalitiesandapplications.com/content/2014/1/36
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3 Consequences: fixed-point result on G-metric spaces
In this section, we note that some existing fixed-point results in the context of G-metric
spaces are consequences of our main theorems. For the sake of completeness, we recollect
some basic definitions and crucial results on the topic in the literature. For more details,
see e.g. [–].

Definition  Let X be a non-empty set,G : X×X×X →R
+ be a function satisfying the

following properties:
(G) G(x, y, z) =  if x = y = z,
(G)  <G(x,x, y) for all x, y ∈ X with x 	= y,
(G) G(x,x, y)≤G(x, y, z) for all x, y, z ∈ X with y 	= z,
(G) G(x, y, z) =G(x, z, y) =G(y, z,x) = · · · (symmetry in all three variables),
(G) G(x, y, z) ≤G(x,a,a) +G(a, y, z) (rectangle inequality) for all x, y, z,a ∈ X .
Then the functionG is called a generalizedmetric, or,more specifically, aG-metric onX,

and the pair (X,G) is called a G-metric space.

Note that every G-metric on X induces a metric dG on X defined by

dG(x, y) =G(x, y, y) +G(y,x,x), for all x, y ∈ X. (.)

For a better understanding of the subject we give the following examples of G-metrics.

Example  Let (X,d) be a metric space. The function G : X ×X ×X → [, +∞), defined
by

G(x, y, z) =max
{
d(x, y),d(y, z),d(z,x)

}
,

for all x, y, z ∈ X, is a G-metric on X.

Example  Let X = [,∞). The function G : X ×X ×X → [,+∞), defined by

G(x, y, z) = |x – y| + |y – z| + |z – x|,

for all x, y, z ∈ X, is a G-metric on X.

Definition  Let (X,G) be a G-metric space, and let {xn} be a sequence of points of X.
We say that {xn} is G-convergent to x ∈ X if

lim
n,m→+∞G(x,xn,xm) = ,

that is, for any ε > , there exists N ∈N such that G(x,xn,xm) < ε, for all n,m ≥N . We call
x the limit of the sequence and write xn → x or limn→+∞ xn = x.

Proposition  Let (X,G) be a G-metric space. The following are equivalent:
() {xn} is G-convergent to x,
() G(xn,xn,x)→  as n → +∞,
() G(xn,x,x)→  as n→ +∞,
() G(xn,xm,x)→  as n,m → +∞.
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Definition  Let (X,G) be a G-metric space. A sequence {xn} is called a G-Cauchy se-
quence if, for any ε > , there exists N ∈ N such that G(xn,xm,xl) < ε for all m,n, l ≥ N ,
that is, G(xn,xm,xl) →  as n,m, l → +∞.

Proposition  Let (X,G) be a G-metric space. Then the following are equivalent:
() the sequence {xn} is G-Cauchy,
() for any ε > , there exists N ∈N such that G(xn,xm,xm) < ε, for allm,n≥N .

Definition  A G-metric space (X,G) is calledG-complete if every G-Cauchy sequence
is G-convergent in (X,G).

For more details of G-metric space, we refer e.g. to [–].

Theorem Let (X,G) be aG-metric space.Let d : X×X → [,∞) be the function defined
by d(x, y) =G(x, y, y). Then
() (X,d) is a quasi-metric space;
() {xn} ⊂ X is G-convergent to x ∈ X if and only if {xn} is convergent to x in (X,d);
() {xn} ⊂ X is G-Cauchy if and only if {xn} is Cauchy in (X,d);
() (X,G) is G-complete if and only if (X,d) is complete.

Every quasi-metric induces a metric, that is, if (X,d) is a quasi-metric space, then the
function δ : X ×X → [,∞) defined by

δ(x, y) =max
{
d(x, y),d(y,x)

}

is a metric on X.
As an immediate consequence of the definition above and Theorem , the following

theorem is obtained.

Theorem Let (X,G) be aG-metric space.Let d : X×X → [,∞) be the function defined
by d(x, y) =G(x, y, y). Then
() (X,d) is a quasi-metric space;
() {xn} ⊂ X is G-convergent to x ∈ X if and only if {xn} is convergent to x in (X, δ);
() {xn} ⊂ X is G-Cauchy if and only if {xn} is Cauchy in (X, δ);
() (X,G) is G-complete if and only if (X, δ) is complete.

Now, we state the characterization of Definition  and Definition  in the context of
G-metric space.

Definition  (See e.g. [, ]) Let (X,G) be a G-metric space and T : X → X be a given
mapping.We say that T is a β-ψ contractive mapping of type I if there exist two functions
β : X ×X ×X → [,∞) and ψ ∈ � such that for all x, y ∈ X, we have

β(x, y, y)G(Tx,Ty,Tz) ≤ ψ
(
G(x, y, y)

)
. (.)

Definition  (See e.g. [, ]) Let T : X → X and β : X × X × X → [,∞). We say that
T is β admissible if for all x, y ∈ X we have

β(x, y, y) ≥  ⇒ β(Tx,Ty,Ty) ≥ . (.)
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Lemma  Let T : X → X where X is non-empty set. It is clear that the self-mapping T is
β admissible if and only if T is α admissible.

Proof It is sufficient to let α(x, y) = β(x, y, y). �

Theorem  Let (X,G) be a complete G-metric space. Suppose that T : X → X is a β-ψ
contractive mapping which satisfies:

(i) T is β admissible;
(ii) there exists x ∈ X such that β(Tx,x,x) ≥  and β(x,Tx,Tx) ≥ ;
(iii) T is continuous.

Then T has a fixed point.

Proof Consider the quasi-metric d(x, y) = G(x, y, y) for all x, y ∈ X. Due to Lemma  and
(.), we have

α(x, y)d(Tx,Ty)≤ ψ
(
d(x, y)

)
, ∀x, y ∈ X. (.)

Then the result follows from Theorem . �

Definition  Let (X,G) be a G-metric space and T : X → X be a given mapping. We
say that T is a generalized β-ψ contractive mapping of type A if there exist two functions
β : X ×X ×X → [,∞) and ψ ∈ � such that for all x, y ∈ X we have

β(x, y, y)G(Tx,Ty,Ty) ≤ ψ
(
M(x, y, y)

)
, (.)

where

M(x, y, y) =max

{
G(x, y, y),G(Tx,x,x),G(Ty, y, y),



[
G(Tx, y, y) +G(Ty,x,x)

]}
. (.)

Definition  Let (X,G) be a G-metric space and T : X → X be a given mapping. We
say that T is a generalized β-ψ contractive mapping of type B if there exist two functions
β : X ×X ×X → [,∞) and ψ ∈ � such that for all x, y ∈ X we have

β(x, y, y)G(Tx,Ty,Ty) ≤ ψ
(
N(x, y, y)

)
, (.)

where

N(x, y, y) = max

{
G(x, y, y),



[
G(Tx,x,x) +G(Ty, y, y)

]
,



[
G(Tx, y, y) + d(Ty,x,x)

]}
. (.)

Remark  It is simple to see that every β-ψ contractive mapping is a generalized β-ψ
contractive mapping of type A.
Similarly, every β-ψ contractive mapping is a generalized β-ψ contractive mapping of

type B.
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Theorem  Let (X,G) be a complete G-metric space. Suppose that T : X → X is a gener-
alized β-ψ contractive mapping of type A and satisfies:

(i) T is β admissible;
(ii) there exists x ∈ X such that β(Tx,x,x) ≥  and β(x,Tx,Tx) ≥ ;
(iii) T is continuous.

Then T has a fixed point.

Proof Consider the quasi-metric d(x, y) = G(x, y, y) for all x, y ∈ X. From Lemma  to-
gether with (.) and (.), we deduce that

α(x, y)d(Tx,Ty)≤ ψ
(
M(x, y)

)
, ∀x, y ∈ X. (.)

Then the result follows from Theorem . �

Theorem  Let (X,G) be a complete G-metric space. Suppose that T : X → X is a β-ψ
contractive mapping which satisfies:

(i) T is β admissible;
(ii) there exists x ∈ X such that β(Tx,x,x) ≥ ;
(iii) if {xn} is a sequence in X such that β(xn+,xn,xn) ≥  for all n and xn → x ∈ X as

n→ ∞, then there exists a subsequence {xn(k)} of {xn} such that β(x,xn(k),xn(k)) ≥ 
for all k.

Then T has a fixed point.

Proof Consider the quasi-metric d(x, y) =G(x, y, y) for all x, y ∈ X. By Lemma  and (.),
we find that

α(x, y)d(Tx,Ty)≤ ψ
(
d(x, y)

)
, ∀x, y ∈ X. (.)

Then the result follows from Theorem . �

Theorem  Let (X,G) be a complete G-metric space. Suppose that T : X → X is a gener-
alized β-ψ contractive mapping of type B which satisfies:

(i) T is β admissible;
(ii) there exists x ∈ X such that β(Tx,x,x) ≥ ;
(iii) if {xn} is a sequence in X such that β(xn+,xn,xn) ≥  for all n and xn → x ∈ X as

n→ ∞, then there exists a subsequence {xn(k)} of {xn} such that β(x,xn(k),xn(k)) ≥ 
for all k.

Then T has a fixed point.

Proof Consider the quasi-metric d(x, y) = G(x, y, y) for all x, y ∈ X. Regarding Lemma ,
(.), and (.), we derive

α(x, y)d(Tx,Ty)≤ ψ
(
N(x, y)

)
, ∀x, y ∈ X. (.)

Then the result follows from Theorem . �
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