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Abstract
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1 Introduction and preliminaries
Let W be the family of functions v : [0, 00) — [0, 00) satisfying the following conditions:

(Y1) ¢ is nondecreasing;
(Y2) Yr 5 w™(¢) < oo forall £ > 0, where " is the nth iterate of .

These functions are known in the literature as (c)-comparison functions. One can easily

deduce that if v is a (c)-comparison function, then v (¢) < ¢ for any £ > 0.

Definition1 Let X be a non-empty and let d : X x X — [0, 00) be a function which satis-
fies:

(d1) d(x,y)=0ifand onlyifx =y,

(d2) d(x,y) <d(x,z) + d(z,y). Then d called a quasi-metric and the pair (X, d) is called a

quasi-metric space.

Remark 2 Any metric space is a quasi-metric space, but the converse is not true in gen-

eral.
Now, we give convergence and completeness on quasi-metric spaces.

Definition 3 Let (X, d) be a quasi-metric space, {x,} be a sequence in X, and x € X. The

sequence {x,} converges to x if and only if
lim d(x,,x) = lim d(x,x,) = 0. (11)
n—00 n—00
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Definition 4 Let (X, d) be a quasi-metric space and {x,} be a sequence in X. We say that
{x,} is left-Cauchy if and only if for every ¢ > 0 there exists a positive integer N = N(¢)
such that d(x,,x,,) <& forall n > m > N.

Definition 5 Let (X, d) be a quasi-metric space and {x,} be a sequence in X. We say that
{x,} is right-Cauchy if and only if for every ¢ > O there exists a positive integer N = N(¢g)
such that d(x,,x,,) <& forall m >n>N.

Definition 6 Let (X,d) be a quasi-metric space and {x,} be a sequence in X. We say that
{x,,} is Cauchy if and only if for every ¢ > 0 there exists a positive integer N = N(¢g) such

that d(x,,x,,) < € for all m,n > N.

Remark7 A sequence {x,} in a quasi-metric space is Cauchy if and only if it is left-Cauchy

and right-Cauchy.

Definition 8 Let (X, d) be a quasi-metric space. We say that
(1) (X,d) is left-complete if and only if each left-Cauchy sequence in X is convergent.
(2) (X,d) is right-complete if and only if each right-Cauchy sequence in X is convergent.
(3) (X,d) is complete if and only if each Cauchy sequence in X is convergent.

Definition 9 Let (X, d) be a quasi-metric space and 7 : X — X be a given mapping. We
say that T is an o~y contractive mapping if there exist two functions o : X x X — [0,00)
and ¥ € W such that

a(x,y)d(Tx, Ty) < w(d(x,y)), Vx,y € X. (1.2)

Remark 10 We easily see that any contractive mapping, that is, a mapping satisfying the
Banach contraction, is an «-y contractive mapping with a(x,y) =1 for all x,y € X and
Y(t) = kt, k € (0,1).

Definition11 Let T: X — X and o : X x X — [0, 00). We say that T is & admissible if for
all x,y € X we have

axy)>1 = o(lx,T)>1. 1.3)

2 Main results
We start this section by the following definition, which is a characterization of «-y con-

tractive mappings [1] in the context of a quasi-metric space.

Definition 12 (¢f. [2]) Let (X,d) be a quasi-metric space and 7 : X — X be a given map-
ping. We say that T is an a-y contractive mapping if there exist two functions o : X x X —
[0,00) and ¥ € W such that for all x,y € X, we have

a(x,9)d(Tx, Ty) < ¥ (d(x,)). (2.1)

Theorem 13 Let (X, d) be a complete quasi-metric space. Suppose that T : X — X isa a-r

contractive mapping which satisfies
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(i) T is a admissible;
(ii) there exists xo € X such that a(Txo,x) > 1 and a(xo, Txg) > 1;
(iii) T is continuous.
Then T has a fixed point.

Proof By (ii), there exists xy € X such that o(Tx,x) > 1 and a(xg, Tx) > 1. Let us define
asequence {x,} in X by x,,; = Tx, for all n € N. If %, = x,,,.1 for some ny, then it is evident
that x,,, is a fixed point of T'. Consequently, throughout the proof, we suppose that x,, # x,,,1
for all n € N. Regarding the assumption (i), we derive

ax,xo) = a(Txo,x%0) =1 = a(Txi, Txo) = a(xg,%1) > 1. (2.2)
Recursively, we get

o(x,41,%,) >1 forallmeN. (2.3)
Taking (2.1) and (2.3) into account, we find that

A1, %n) = (T, Tp1) < (0, %01)A (T Th-1) < V(A (Xr K1), (2.4)
for all » > 1. Inductively, we obtain

d(anrlrxn) S wn(d(xbxo))’ Vn 2 1- (25)

By using the triangular inequality and (2.5), for all k > 1, we get

d(xn+ky xn) = d(xn+k» xn+k—l) L d(xn+11xn)

< Z v (d(x1,%0))
p=
<Y ¥ (d@,x0)). (2.6)

Letting # — oo in the above inequality, we derive Z;in Y™(d(x1,%0)) — 0. Hence,
d(xy4k,%,) = 0 as n — oo. Therefore, {x,} is a left-Cauchy sequence in (X, d).
Analogously, we deduce that {x,} is a right-Cauchy sequence in (X,d). Indeed, by as-
sumption (i), we obtain
a(xo,x1) = a(xo, Txo) =1 = a(Txo, Txy) = a(xy,x0) > 1. (2.7)
Recursively, we find that
o(x,,%,41) >1 forallmeN. (2.8)

By combining (2.1) with (2.8), we find

d(xn)xnﬂ) = d(Txn—ly Txn) < a(xn—ljxn)d(Txn—ly Txn) < Ip(d(xn—l;xn)); (29)
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for all n > 1. By iteration, we have
A%y %s1) < Y™ (d(x0,x1)), Vn>=1 (2.10)
Due to the triangular inequality, together with (2.10), for all k > 1, we get

d(xn:xn+k) = d(xnx xn+1) t--t d(xn+k—1)xn+k)

>

-1

BN

+
=

v (d(x0,%1))

Mo 71

IA

Y (d(x0,%1)) = 0 asn— oo. (2.11)

n

S
1

Consequently, {x,} is a right-Cauchy sequence in (X, d). By Remark 7, we deduce that {x,}
is a Cauchy sequence in complete quasi-metric space (X, d). It implies that there exists
u € X such that

lim d(x,,u) = lim d(u,x,) = 0. (2.12)

n—00

Then, by using the property (d1) together with the continuity of 7, we obtain

lim d(x,, Tu) = lim d(Tx,_1, Tu) =0 (2.13)
and

lim d(Tu,x,) = lim d(Tx,_1, Tu) = 0. (2.14)

n— 00 n— 00

Thus, we have
lim d(x,, Tu) = lim d(Tu,x,) = 0. (2.15)
n— o0 n— o0

Keeping (2.12) and (2.15) in mind together with the uniqueness of the limit, we conclude
that u = Tu, that is, u is a fixed point of 7. d

Theorem 14 Let (X, d) be a complete quasi-metric space. Suppose that T : X — X is an
a-V contractive mapping which satisfies:
(i) T is a admissible;
(ii) there exists xy € X such that a(Txg,x9) > 1;
(iti) if {x,} is a sequence in X such that o (x,41,%,) > 1 for all n and x, — x € X as
n— 00, then there exists a subsequence (X} of {%,} such that o(x, %)) > 1 for
all k.
Then T has a fixed point.

Proof Following the lines of the proof of Theorem 13, we know that the sequence {x,} de-
fined by x,,.1 = Tx,, for all n > 0, converges for some u € X. From (2.3) and condition (iii),
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there exists a subsequence {x,} of {x,} such that o (i, x,4) > 1 for all k. Applying (2.1),
for all k, we get

A(Tut, %u(r41) = AT, Ton(r) < 0t (th, %000 A(Tth, Totnir) < ¥ (A4, X)) (2.16)
Letting kK — oo in the above equality, we obtain

d(Tu,u) <O0. (2.17)
Thus, we have d(Tu, u) = 0, that is, Tu = u. O
Definition 15 (¢f [3]) Let (X,d) be a quasi-metric space and T : X — X be a given map-

ping. We say that T is a generalized «-y contractive mapping of type A if there exist two
functions o : X x X — [0,00) and ¢ € ¥ such that for all x,y € X and we have

a(x,9)d(Tx, Ty) < ¥ (M(x,)), (2.18)
where
M(x,y) = max{d(x,y), d(Tx,x),d(Ty, y), % [d(Tx,y) +d(Ty, x)] } (2.19)

Definition 16 Let (X,d) be a quasi-metric space and T : X — X be a given mapping. We
say that T is a generalized «-1 contractive mapping of type B if there exist two functions
a:X x X — [0,00) and ¢ € ¥ such that for all x,y € X and we have

a(x,9)d(Tx, Ty) < ¥ (N(x,)), (2.20)
where
N(x,y) = max{d(x,y), %[d(Tx,x) + d(Ty,y)], %[d(Tx,y) + d(Ty,x)] } (2.21)

Theorem 17 Let (X,d) be a complete quasi-metric space. Suppose that T : X — X is a
generalized a-\r contractive mapping of type A and satisfies
(i) T is a admissible;
(ii) there exists xg € X such that a(Txg,xq) > 1 and a(xg, Txg) > 1;
(iii) T is continuous.
Then T has a fixed point.

Proof By assumption (ii), there exists xy € X such that o(Txo,%0) > 1 and a(xo, Txo) > 1.
We construct a sequence {x,} in X in the following way:

Xpi1 = Ix, forallmeN.

If %y, = %4y for some ng, then it is clear that x,,, is a fixed point of T. Hence, we assume

that x,, # x,,,; for all n € N. Due to assumption (i), we have

alxy,xo) = a(Txo,x%0) =1 = a(Txi, Txo) = alxg,x1) > 1. (2.22)
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If we continue in this way, we obtain
a(xp41,%,) >1 forallmeN. (2.23)
From (2.18) and (2.23), for all # > 1, we derive
Ani1,%4) = A(Txp, Thno1) < (K %01)A( T, Thuo1) < Y (M, %1))5 (2.24)
where
M(xp, %p-1) = max{d(xn,x,,1),d(Txn,xn),d(Tx,,1,xn1),
1
3 [A( T, %n1) + d(Ttn1, %) ] }
= max{d(xn,xn_l),d(xn+1,xn),d(xmxn_1), %[d(xnﬂ»xn—l) + d(xn,xn)]}
< max{d(xn,x,,_l),d(xml,xn)}. (2.25)
Since ¥ is a nondecreasing function, (2.24) implies that
A@1,%4) < W (max{d(x, %,1), d (i1, %) })s (2.26)

for all n > 1. We shall examine two cases. Suppose that d(x,.1,%,) > d(x,,%,_1). Since
d(x,41,%,) > 0, we obtain

d(anrlrxn) S 1;[/(('i(xwrl:xn)) < d(xnﬂ:xn): (227)

a contradiction. Therefore, we find that max{d(x,,x,-1), d(x,.1,%,)} = d(x,,%,-1). Since
Y e W, (2.26) yields

A1, %n) < Y (d Xy %no1)) < A %01) (2.28)
for all n > 1. Recursively, we derive

A%, %0) < Y™ (d(x1,%)), Vn>=1 (2.29)
Together with (2.29) and the triangular inequality, for all k > 1, we get

AXpakr Xn) < AXpakes Xnako1) + -+ + AKXt %)

>

-1

=

+
=

v (d(x1,%0))

IA

Mo 11

Y (d(x1,%)) —> 0 asn— oo. (2.30)

n

)
I

Therefore, {x,} is a left-Cauchy sequence in (X, d).
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Analogously, we shall prove that {x,} is a right-Cauchy sequence in (X, d). Again by the
assumption (i), we find that
a(xg,%1) = a(xg, Txo) >1 = a(Txo, Tx1) = a(x1,%2) > 1. (2.31)
Recursively, we obtain
a(xy,%041) >1 forallmeN. (2.32)
From (2.18) and (2.32), for all # > 1, we deduce that
A %01) = A(Txp1, Tan) < (W1, 0)A( T, T) < U (M1, %)) (2.33)
where
M(%p-1,%n) = max{d(xn—lrxn):d(Txn—lrxn—l):d(Txn:xn):
1
2 [d(Txp1, %) + d(Txp, %01 ] }
= maX{d(xnhxn),d(xmxn1),d(xn+1,xn), %[d(Txn—lxxn) + d(Txnrxnl)]}
< max{d(x,1, %), A Xn1), A(Kni1, %) |- (2.34)
Since ¥ is nondecreasing function, the inequality (2.33) turns into

A% K1) < W(max{d(xn—l»xn)’ A% Xu1), d(x}’l+1’x71)})’ (2.35)

for all # > 1. We shall examine three cases.
Case 1. Assume that max{d(x,_1,%,), (X, X,1), A(Xps1, %)} = d(X41,%,). Since d(x,41,

x,) > 0 we get
A(Xpi1, %) < W(d(xnﬂ;xn)) < d(%Xps1, %), (2.36)

a contradiction.
Case 2. Suppose that max{d(x,_1,x,), d(x,, %,_1), (%41, %,)} = d(x,-1,%,). Since ¥ € W,
from (2.34) we find that

d(xnrxnﬂ) < W(d(xn—lxxn)) < d(xn—l:xn) (237)
for all # > 1. Inductively, we get

d(xn)xnﬂ) < 1#"(6[(960,961)); Vn = 1. (238)

Page 7 of 15
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By using the triangular inequality and taking (2.38) into consideration, for all k > 1, we get

A Xpik) < Ay K1) + -+ + AXyrk1, Xak)
n+k-1
< Z xO’ xl
p:

Z d(xo,xl) —> 0 asn— oo. (2.39)
p:

Case 3. Assume that max{d(x,_1, %), d(xy,; X-1), (X1, %)} = d (X4, %,4-1). Regarding ¢ €
¥ and (2.35), we obtain

d(xn)xnﬂ) =< 1ﬂ(d(xn:xn—l)) < d(xn:xn—l) (240)
for all # > 1. From (2.18) and (2.23), for all # > 1, we derive

d(xn:xn—l) = d(Txn—ly Txn—2)
< o(%p-1,%n-2)A(Txp_1, Tp—2)

< Y (M(%y1,%4-2)), (2.41)
where
M(xp-1,%n-2) = maX{d(xn—bxn—z):d(Txn—l:xn—l)’d(Txn—Z:xn—2);
1
3 [d(Txpo1,%0-2) + A(Ty_2,%1)] }
= maX{d(xnl,xnz), Ay Xp1), A1, %n-2),
1
) [d(xnrxn—Z) + d(xn—lrxn—l)] }
< max{d(x,_1,%n-2), d(Xn, %n1) }. (2.42)
Since ¥ is a nondecreasing function, (2.24) implies that
A, %n1) < ¥ (max{d (-1, %5-2), A, %0-1) }), (2.43)
forall n > 1.

We shall examine two cases. Suppose that d(x,,,x,_1) > d(x,,_1,%,_2). Since d(x,,, x,_1) > 0,
we obtain

d(xmxn—l) S 1p(d(xrnxn—l)) < d(xmxn—l)r (244)

a contradiction. Therefore, we find that max{d(x,_1,%,_2), d(x,, X,_1)} = d(%,,_1,%,,_2). Since
¥ €W, (2.43) yields

d(xm xn—l) S W(d(xn—ly xn—Z)) < d(xn—hxn—Z) (245)

Page 8 of 15
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for all n > 1. Recursively, we derive
A%y x01) < Y7 (A1, %0)), Vi =1
If we combine the inequalities (2.40) with (2.46), we derive
A K1) < Y (dXy %01)) < An, %01) < Y7 (d(21, %)), V=1
Together with (2.47) and the triangular inequality, for all k > 1, we get

d(xmerk) =< d(xn,xnﬂ) t--t d(xn+k—l: xn+k)

< d(xm xn—l) L d(xn+k—1: xn+k—2)

M»

d(xhxo))

p=n

o0
52 (d(x1,%0)) —> 0 asn— oo.
=

Page 9 of 15

(2.46)

(2.47)

(2.48)

Therefore, by (2.39) and (2.48), we conclude that {x,} is a right-Cauchy sequence in

X, d).

From Remark 7, {x,} is a Cauchy sequence in complete quasi-metric space (X, d). This

implies that there exists # € X such that
lim d(x,,u) = lim d(u,x,) = 0.
Hn— 00 n—0oQ
Then, using property (d1) and the continuity of 7, we obtain
lim d(x,, Tu) = lim d(Tx,_1, Tu) =
n—00 n—00
and
lim d(Tu,x,) = lim d(Tx,_1, Tu) =
n—0oQ n—0oQ

Thus, we have

lim d(x,, Tu) = lim d(Tu,x,) =0

It follows from (2.49) and (2.52) that u = Tu, that is, u is a fixed point of T.

(2.49)

(2.50)

(2.51)

(2.52)

O

Corollary 18 Let (X,d) be a complete quasi-metric space. Suppose that T : X — X is a

generalized a-\ contractive mapping of type A and satisfies:
(i) T is a admissible;
(ii) there exists xog € X such that a(Txg,x0) > 1 and a(xg, Txo) > 1;
(iii) T is continuous.
Then T has a fixed point.
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The proof is evident due to Theorem 17. Indeed, v is nondecreasing and, hence,

a(x,9)d(Tx, Ty) < ¥ (N(x,9)) < ¥ (M(x,9)),

where M(x,y) and N (x, y) are defined as in Definition 15 and Definition 16. The rest follows
from Theorem 17.

In the following theorem we are able to remove the continuity condition for the a-y
contractive mappings of type B.

Theorem 19 Let (X,d) be a complete quasi-metric space. Suppose that T : X — X is a
generalized a-\ contractive mapping of type B which satisfies:
(i) T is a admissible;
(ii) there exists xg € X such that a(Txg,xq) > 1;
(ili) if {x,} is a sequence in X such that a(x,41,%,) > 1 for all n and x, — x € X as
n — 00, then there exists a subsequence {xu)} of {%,} such that o(x, %)) > 1 for
all k.
Then T has a fixed point.

Proof Following the lines in the proof of Theorem 17, we know that the sequence {x,,} de-
fined by x,,,; = Tx, for all n > 0, converges for some u € X. From (2.23) and condition (iii),
there exists a subsequence {x,)} of {x,} such that o (i, x,,x)) > 1 for all k. Applying (2.20),
for all k, we get

A(Tut, %ng 1) = AT, Ttn) < 0t (thy %a(10))A(Tthy Totniiy) < W (N (14, % 19)) - (2.53)

Also, using (2.21) we find
1
N, %)) = max{d(u,x,,(k)), 5 [d(Tu, u) + d(Tx,,(k),xn(k))],
1
5 [d(Tu,x,,(k)) + d(Tx,,(k), u)] } (2.54)
Taking the limit as k — oo in the above equality, we obtain
_ d(Tu,u)

lim N (u, x,0)) = . (2.55)

k— 00 2

Assume that d(Tu,u) > 0. From (2.55), for k large enough, we have N(u, x,x)) > 0, which
implies that ¥ (N (1, %,())) < N (&, %4()). Then, from (2.53), we have

A(Tut, X(gy+1) < N (U, %k )- (2.56)

Taking the limit as k — oo in the above equality, we get

A(Tu,u) < d(T;" “ (2.57)

which is a contradiction. Therefore, we find d(Tu, u) = 0, that is, Tu = u. O
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3 Consequences: fixed-point result on G-metric spaces

In this section, we note that some existing fixed-point results in the context of G-metric
spaces are consequences of our main theorems. For the sake of completeness, we recollect
some basic definitions and crucial results on the topic in the literature. For more details,
see e.g. [4—6].

Definition 20 Let X be a non-empty set, G: X x X x X — R* be a function satisfying the
following properties:

(Gl) G(x,9,2)=0ifx=y=¢,

(G2) 0<G(x,x,y) forall x,y € X with x #y,

(G3) G(x,x,9) < G(x,y,2) for all x,y,z € X with y # z,

(G4) G(x,9,2) = G(x,2,9) = G(y,z,x) = - - - (symmetry in all three variables),

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) (rectangle inequality) for all x,y,z,a € X.

Then the function G is called a generalized metric, or, more specifically, a G-metric on X,
and the pair (X, G) is called a G-metric space.

Note that every G-metric on X induces a metric dg on X defined by
dc(x,y) = Gx,9,9) + G(y,x,x), forallx,yeX. (3.1)
For a better understanding of the subject we give the following examples of G-metrics.

Example 21 Let (X, d) be a metric space. The function G: X x X x X — [0, +00), defined
by

G(x,9,2) = max{d(x,y),d(y, z),d(z,x)},
for all %, y,z € X, is a G-metric on X.

Example 22 Let X = [0, 00). The function G: X x X x X — [0, +00), defined by
Gxy,2) = lx -yl + |y -zl + |z -«
forall x,y,z € X, is a G-metric on X.

Definition 23 Let (X, G) be a G-metric space, and let {x,} be a sequence of points of X.
We say that {x,} is G-convergent to x € X if

lim G(x,x,,%,) =0,
n,m— +00
that is, for any ¢ > 0, there exists N € N such that G(x,x,,x,,) < ¢, for all n,m > N. We call
x the limit of the sequence and write x,, — x or lim,,_, ;o %, = .

Proposition 24 Let (X, G) be a G-metric space. The following are equivalent:
(1) {xn}is G-convergent to x,
(2) G(xy,%0,%) = 0 as n— +00,
(3) G(x,,%,%) = 0 as n — +00,
(4) G(xy,%m,x) — 0 as n,m — +00.
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Definition 25 Let (X, G) be a G-metric space. A sequence {x,} is called a G-Cauchy se-
quence if, for any ¢ > 0, there exists N € N such that G(x,, x,,,%;) < € for all m,n,l > N,
that is, G(x,,, x,,, %) = 0 as n,m,l — +o0.

Proposition 26 Let (X, G) be a G-metric space. Then the following are equivalent:
(1) the sequence {x,} is G-Cauchy,
(2) forany e > 0, there exists N € N such that G(xy, X, %) < €, for all m,n > N.

Definition 27 A G-metric space (X, G) is called G-complete if every G-Cauchy sequence
is G-convergent in (X, G).

For more details of G-metric space, we refer e.g. to [7-9].

Theorem 28 Let (X, G) be a G-metric space. Letd : X x X — [0, 00) be the function defined
by d(x,y) = G(x,y,7). Then

(1) (X,d) is a quasi-metric space;

(2) {xn} C X is G-convergent to x € X if and only if {x,,} is convergent to x in (X, d);

(3) {xn) C X is G-Cauchy if and only if {x,,} is Cauchy in (X,d);

(4) (X, G) is G-complete if and only if (X, d) is complete.

Every quasi-metric induces a metric, that is, if (X, d) is a quasi-metric space, then the
function § : X x X — [0, 00) defined by

8(x,y) = max{d(x,y), d(y,x)}

is a metric on X.
As an immediate consequence of the definition above and Theorem 28, the following
theorem is obtained.

Theorem 29 Let (X, G) be a G-metric space. Let d : X x X — [0, 00) be the function defined
by d(x,y) = G(x,9,7). Then

(1) (X,d) is a quasi-metric space;

(2) {xn} C X is G-convergent to x € X if and only if {x,} is convergent to x in (X, §);

(3) {xn} C X is G-Cauchy if and only if {x,} is Cauchy in (X, 5);

(4) (X, G) is G-complete if and only if (X, 8) is complete.

Now, we state the characterization of Definition 9 and Definition 11 in the context of
G-metric space.

Definition 30 (See e.g. [10, 11]) Let (X, G) be a G-metric space and T : X — X be a given
mapping. We say that T is a f-{ contractive mapping of type I if there exist two functions
B:X x X x X — [0,00) and ¢ € ¥ such that for all x,y € X, we have

B(x,9,9)G(Tx, Ty, Tz) < ¥ (G(x,,9))- (3.2)

Definition 31 (See e.g. [10,11]) Let 7: X — X and B : X x X x X — [0,00). We say that
T is B admissible if for all x,y € X we have

Bxyy) =1 = B(Ix, Ty, Ty) > 1. (3.3)
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Lemma 32 Let T : X — X where X is non-empty set. It is clear that the self-mapping T is
B admissible if and only if T is o admissible.

Proof 1t is sufficient to let a(x,y) = B(x,y,7). O

Theorem 33 Let (X, G) be a complete G-metric space. Suppose that T : X — X isa B-{
contractive mapping which satisfies:
(i) T is B admissible;
(ii) there exists xq € X such that B(Txo,xo,%x0) > 1 and B(xo, Txo, Txo) > 1;
(iii) T is continuous.
Then T has a fixed point.

Proof Consider the quasi-metric d(x,y) = G(x,y,y) for all x,y € X. Due to Lemma 32 and
(3.2), we have

alx, y)d(Tx, Ty) < w(d(x,y)), Vx,y € X. (3.4)
Then the result follows from Theorem 13. O

Definition 34 Let (X, G) be a G-metric space and T : X — X be a given mapping. We
say that T is a generalized 8- contractive mapping of type A if there exist two functions
B:X x X x X — [0,00) and ¥ € ¥ such that for all x,y € X we have

Bx,,9)G(Tx, Ty, Ty) < ¥ (Mi(x,,9)), (3.5)
where

M (x,y,y) = max{G(x,y,y), G(Tx,x,%), G(Ty,y,9), %[G(Tx,y,y) + G(Ty,x,x)] } (3.6)

Definition 35 Let (X, G) be a G-metric space and T : X — X be a given mapping. We
say that T is a generalized 8- contractive mapping of type B if there exist two functions
B:X x X x X — [0,00) and ¥ € ¥ such that for all x,y € X we have

Bx2,9)G(Tx, Ty, Ty) < ¥ (Ni(x,9,9)), (3.7)
where
1
Ni(x,9,y) = max{G(x,y,y), 5 [G(Tx,x,x) + G(Ty,y,y)],

%[G(Tx,y,y) +d(Ty,x,x)]}. (3.8)

Remark 36 It is simple to see that every 8-1 contractive mapping is a generalized S-y
contractive mapping of type A.

Similarly, every -y contractive mapping is a generalized S-i contractive mapping of
type B.
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Theorem 37 Let (X, G) be a complete G-metric space. Suppose that T : X — X is a gener-
alized B-\r contractive mapping of type A and satisfies:
(i) T is B admissible;
(ii) there exists xy € X such that B(Txo,xo,%0) > 1 and B(xg, Txo, Txo) > 1;
(iii) T is continuous.
Then T has a fixed point.

Proof Consider the quasi-metric d(x,y) = G(x,y,y) for all x,y € X. From Lemma 32 to-
gether with (3.5) and (3.6), we deduce that

a(x,y)d(Tx, Ty) < ¥ (M(x,y)), Vx,y€X. (3.9)
Then the result follows from Theorem 17. O

Theorem 38 Let (X, G) be a complete G-metric space. Suppose that T : X — X is a -y
contractive mapping which satisfies:
(i) T is B admissible;

(ii) there exists xg € X such that B(Txg,xo,%x9) > 1;

(ii) if {xn} is a sequence in X such that B(Xys1,%n,%,) > 1 for all n and x, — x € X as
n— 09, then there exists a subsequence {x,} of {x,} such that B(x, Xu), %ni)) = 1
forall k.

Then T has a fixed point.

Proof Consider the quasi-metric d(x,y) = G(x,y,y) for all x,y € X. By Lemma 32 and (3.2),

we find that
a(x,9)d(Tx, Ty) < ¥ (d(x,9)), Vx,yeX. (3.10)
Then the result follows from Theorem 14. O

Theorem 39 Let (X, G) be a complete G-metric space. Suppose that T : X — X is a gener-
alized B-\ contractive mapping of type B which satisfies:
(i) T is B admissible;

(ii) there exists xg € X such that B(Txg,xq,%0) > 1;

(ili) if {x,} is a sequence in X such that B(xXus1, %, %4) > 1 for all n and x, — x € X as
n— 00, then there exists a subsequence (X} of {%,} such that B(x, %u), Xn() = 1
forall k.

Then T has a fixed point.

Proof Consider the quasi-metric d(x,y) = G(x,y,y) for all x,y € X. Regarding Lemma 32,
(3.7), and (3.8), we derive

a(x,y)d(Tx, Ty) < ¥ (N(x,9)), VxyeX. (3.11)

Then the result follows from Theorem 19. O
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