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Abstract

Let H;, H, be real Hilbert spaces, C € H; be a nonempty closed convex set,and 0 & C.
LetA:H; — H,, B: H; — H> be two bounded linear operators. We consider the
problem to find x € C such that Ax = -Bx (0 = Ax + Bx). Recently, Eckstein and Svaiter
presented some splitting methods for finding a zero of the sum of monotone
operator A and B. However, the algorithms are largely dependent on the maximal
monotonicity of A and B. In this paper, we describe some algorithms for finding a zero
of the sum of A and B which ignore the conditions of the maximal monotonicity of A
and B.

Keywords: split equality problem; iterative algorithms; converge strongly

1 Introduction and preliminaries
Let H, H,, Hs be real Hilbert spaces, C C H; be a nonempty closed convex set and 0 ¢ C.
Let A : Hy — H,, B: Hy — H, be two bounded linear operators. We consider the interest-

ing problem of finding x € C such that
Ax=-Bx (or0=Ax+ Bx). (1.1)

For convenience, we denote the problem by P.

For P it is generally difficult to find zeroes of A and B separately. To overcome this
difficulty, Eckstein and Svaiter [1] present the splitting methods for finding a zero of the
sum of monotone operator A and B. Three basic families of splitting methods for this
problem were identified in [1]:

(i) The Douglas/Peaceman-Rachford family, whose iteration is given by

v = [2U +EB) + I]ax,
zi =2+ EA) + Iyx,
X1 = (1= o)k + Pz
where & > 0 is a fixed scalar, and {ox} € (0,1] is a sequence of relaxation parameters.
(ii) The double backward splitting method, with iteration given by
vk = (I + MB) g,
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xe1 = (L + MeA)

where {Ax} C (0, 00) a sequence of regularization parameters.
(ili) The forward-backward splitting method, with iteration given by

g € (I = MA) o,

xke1 = (L + McB) My,

where {Ax} C (0, 00) a sequence of regularization parameters.

Convergence results for the scheme (i), in the case in which {x} is contained in a com-
pact subset of (0,1), can be found in [2]; the convergence analysis of the double backward
scheme given by (ii), which can be found in [3] and [4]; the standard convergence analysis
for (iii) one can see [5]. However, the convergence results are largely dependent on the
maximal monotonicity of A and B. It is therefore the aim of this paper to construct new
algorithms for problem P which ignore the conditions of the maximal monotonicity of A
and B.

The paper is organized as follows. In Section 2, we define the concept of the minimal
norm solution of the problem P (1.1). Using Tychonov regularization, we obtain a net of
solutions for some minimization problem approximating such minimal norm solution (see
Theorem 2.4). In Section 3, we introduce an algorithm and prove the strong convergence
of the algorithm, more importantly, its limit is the minimum-norm solution of the problem
P (1.1) (see Theorem 3.2). In Section 4, we introduce KM-CQ-like iterative algorithm
which converge strongly to a solution of the problem P (1.1) (see Theorem 4.3).

Throughout the rest of this paper, I denotes the identity operator on Hilbert space H,
Fix(T) the set of the fixed points of an operator T and Vf the gradient of the functional
f+H — R. An operator T on a Hilbert space H is nonexpansive if, for each x and y in H,
| Tx — Ty|| < |lx —y||. T is said to be averaged, if there exist 0 < « <1 and a nonexpansive
operator N such that 7 = (1 - «)l + aN.

We know that the projection P¢ from H onto a nonempty closed convex subset C of H
is a typical example of a nonexpansive and averaged mapping, which is defined by

Pc(w) = argmin |lx — w]|.
xeC
It is well known that Pc(w) is characterized by the inequality
(w —Pc(w),x — Pc(w) <0, VxeC.

We now collect some elementary facts which will be used in the proofs of our main
results.

Lemma 1.1 [6,7] Let X be a Banach space, C a closed convex subset of X, and T : C — C
a nonexpansive mapping with Fix(T) # 9. If {x,,} is a sequence in C weakly converging to x
and if {(I — T)x,} converges strongly to y, then (I — T)x = y.

Lemma 1.2 [8] Let {s,} be a sequence of nonnegative real numbers, {«,} a sequence of real
numbers in [0,1] with Y -, o, = 00, {u,} a sequence of nonnegative real numbers with


http://www.journalofinequalitiesandapplications.com/content/2014/1/349

Shi et al. Journal of Inequalities and Applications 2014, 2014:349 Page3of 16
http://www.journalofinequalitiesandapplications.com/content/2014/1/349

> Uy < 00, and {t,} a sequence of real numbers with limsup,, ¢, < 0. Suppose that

Spe1 = (1 —a,)s, + apty, + 4, VneN.
Then lim,_, S, = 0.

Lemma 1.3 [9] Let {w,}, {z,} be bounded sequences in a Banach space and let {8,} be a se-
quence in [0,1] which satisfies the following condition: 0 < liminf,_. 8, <limsup,_, ., B <
1. Suppose that w1 = (1= B)Wy + Buzy and limsup,,_, o 1251 —2Zu || = [Wie1 — Wil <0, then
lim,,— o |z, — Wyl = 0.

Lemma 1.4 [10] Letf be a convex and differentiable functional and let C be a closed convex
subset of H. Then x € C is a solution of the problem

minf(x)

xeC

if and only if x € C satisfies the following optimality condition:
(Vf(x),v—x) >0, VveC.

Moreover, if f is, in addition, strictly convex and coercive, then the minimization problem
has a unique solution.

Lemma 1.5 [11] Let A and B be averaged operators and suppose that Fix(A) N Fix(B) is
nonempty. Then Fix(A) N Fix(B) = Fix(AB) = Fix(BA).

2 The minimum-norm solution of the problem P
In this section, we propose the concept of the minimal norm solution of P (1.1). Then,
using Tychonov regularization, we obtain the minimal norm solution by a net of solution
for some minimization problem.

We use I' to denote the solution set of P, i.e.,

I' ={x € H,Ax = -Bx,x € C}

and assume consistency of P. Hence I' is closed, convex, and nonempty.
Let H = Hy X H;, M = {(x,x),x € H } C H, P be the linear operator from H; onto M, and
P has the matrix form

that is to say, P(x) = (x,x), Vx € Hj.
Define G : H — H, by G((x,7)) = Ax + By, Y(x,y) € Hy. Then G has the matrix form
G=[A,B],and GP=A + B, PG*GP = A*A + A*B + B*A + B*B.
The problem can now be reformulated as finding x € C with GPx = 0, or solving the
following minimization problem:
1

: _ = 2
minf(x) = 5 |GPx| %, (2.1)
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which is ill-posed. A classical way is the well-known Tychonov regularization, which ap-
proximates a solution of problem (2.1) by the unique minimizer of the regularized prob-

lem:
1 1
; = ZIGPxlI? + = 2 .
glelgﬁz(x) 2||G x|l +2Ol||x|| (2.2)

where « > 0 is the regularization parameter. Denote by x, the unique solution of (2.2).

Proposition 2.1 For o > 0, the solution x, of (2.2) is uniquely defined. x, is characterized
by the inequality

(P*G*Gan + Xy, X —xa) >0, VxeC.

Proof Obviously, f(x) = %HGPxH2 is convex and differentiable with gradient Vf(x) =
P*G*GPx. Recall that f,(x) = f(x) + %a||x||2, we see that f, is strictly convex and differ-
entiable with gradient

Vfy(x) = P*G*GPx + ax.
According Lemma 1.4, x, is characterized by the inequality

(P*G*Gan + 0%y, X — xa) >0, VxeC. (2.3)
O

Definition 2.2 An element ¥ € T is said to be the minimal norm solution of SEP (1.1) if

%[l = infyer [l

The following proposition collects some useful properties of {x,} the unique solution of
(2.2).

Proposition 2.3 Let x,, be given as the unique solution of (2.2). Then we have:
(i) |lxgl is decreasing for a € (0, 00).

(i) o> xy defines a continuous curve from (0, 00) to Hi.

Proof Let o > B > 0, since x, and x4 are the unique minimizers of f, and f3, respectively,
we get

1 2 1 2 1 2 1 2
SIGPs | + Sallxg I < SIGPss I + Sarlsl,

1 2 1 2 1 2 1 2
EIIGPx,sII +5/3||x,s|| =< EIIGanII +5,3”xa” .

It follows that ||x || < [lxgll. Thus ||x, || is decreasing for o € (0, 00).

According to Proposition 2.1, we get

(P*G*Gan + 0y, Xg — xa) >0,
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and

(P*G*GPxp + Bxp, %0 —xp) > 0.
It follows that

(%g —xp, 004 — Prg) < (xa —x8,P*G*GP(xp —xa)> <0.
Thus

allxg —xgll < (e = B){xa —xp,%p).

It turns out that

5 _ la—B|
Xe —Xg||° < xg].
llg —xp]l" < " llxg
Hence, a — x, is a continuous curve from (0, 00) to Hj. O

Theorem 2.4 Let x, be the unique solution of (2.2). Then x, converges strongly to the
minimum-norm solution x of P (1.1) with o — 0.

Proof For any 0 < & < 00, %, is given as (2.2), we get

L 1GPxl? + Lalixal? < L1GPEI? + Salip
— X, — (| X — X —||X|".
2 * ) 2

Since ¥ € T is a solution for P,
1 1 1
EHGPMII2 + ?)lllxall2 < §a||x||2.
It follows that ||xy || < ||X|| for all @ > 0. Thus {x,} is a bounded net in H;.
All we need to prove is that for any sequence {«,} such that o, — 0, {x,,} contains a
subsequence converging strongly to X. For convenience, we set x,, = x,,,.
In fact {x,} is bounded, by passing to a subsequence if necessary, we may assume that
{x,} converges weakly to a point & € S. Due to Proposition 2.1, we get
(P*G*GPxy + ayn, % — x4) = 0.
It turns out that
(GPx,,, GPx — GPx,,) > a,, (X, %, — X).
Since x € T, it follows that
(GPx,,, —GPx,) > oty (%, X — X).

Noting that %, || < || ¥||, we have

|GPxy|l < 2, ||%]| — O.
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Moreover, note that {x,} converges weakly to a point x € C, thus {GPx,} converges
weakly to GPx. It follows that GPx =0, i.e. x € .

Finally, we prove that ¥ = ¥ and this finishes the proof.

Recall that {x,} converges weakly to x and ||x,|| < ||%||, one can deduce that

%]l < Tim inf [l ]| < %] = min{||x|| :x € T'}.

This shows that X is also a point in ' with minimum-norm. By the uniqueness of
minimum-norm element, we get x = X. O

Finally, we will introduce another method to get the minimum-norm solution of the
problem P.

Lemma 2.5 Let T =1-yP*G*GP, where 0 < y < 2/p(P*G*GP) with p(P*G*GP) being the
spectral radius of the self-adjoint operator P*G*GP on H,. Then we have the following:
(1) 1T <1 (i.e. T is nonexpansive) and averaged,;
(2) Fix(T) = {x € Hy,Ax = —Bx}, Fix(PcT) = Fix(P¢) NFix(T) = T';
(3) x € Fix(PcT) if and only if x is a solution of the variational inequality
(P*G*GPx,v—x) >0,Vve C.

Proof (1) It is easily proved that || T|| <1, we only need to prove that T = — y P*G*GP
is averaged. Indeed, choose 0 < 8 < 1, such that y/(1 - B) < 2/p(P*G*GP), then T =1 -
yP*G*GP = BI + 1 - B)V, where V =1 — y/(1 — B)P*G*GP is a nonexpansive mapping.
That is to say T is averaged.

(2) If x € {x € H1,Ax = —Bx]}, it is obviously that x € Fix(T). Conversely, assume that x €
Fix(T), we have x = x—y P*G*GPx, hence y P*G*GPx = 0 then || GPx||? = (P*G*GPx,x) = 0,
we get x € {x € H;, Ax = —Bx}. We have Fix(T) = {x € H;, Ax = —Bx}.

Now we prove Fix(PcT) = Fix(P¢) N Fix(T) = I'. By Fix(T) = {x € H;,Ax = —Bx},
Fix(Pc) NFix(T) =T is obviously. On the other hand, since Fix(P¢) NFix(T) =T # @, and
both P¢ and T are averaged, from Lemma 1.5, we have Fix(P¢T) = Fix(P¢) N Fix(T).

3)

(P*G*GPx,v—x)zO, VveC <& (x—(x—yP*G*GPx),v—x)zO, YvesS
& w=Pc(w-yP*G*GPx)

& weFx(P:T). O

Remark 2.6 Choose a constant y satisfying that 0 < y < 2/p(P*G*GP). For « € (0,

2-y|IP*G*GP| ;
T), we define a mapping

W (x) := Pc[(1 - ay)] - yP*G*GP]x.
It is clear that W, is a contractive. Hence, W, has a unique fixed point x,, we have
%y = Pc[(1 - ay)I - y P*G*GP]x,. (2.4)

Theorem 2.7 Let x, be given as (2.4). Then x, converges strongly to the minimum-norm
solution x of the problem P (1.1) when o — 0.
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Proof Choose x € T, noting that « € (0,

— k. * . .
VPGP ' f Y p*G*GP is nonexpansive,
2y (1-ay)

it turns out that
%o =&l = | Pc[(1 - )] - y P*G*GP]x, - Pc[ - y P*G*GPk] |
< |[@-ay) - yP*G*GPlxy - [% - yP*G*GPE] |

= H 1 —oty)|:xa - LP*G*GPxD,:|
1-ay

—(1—ay)[5c—1 Y

P*G* GPavc:| —ayx

+ay ||

Xy — ——P*G*GPx, ) - (%- ——P*G*GPx
l-ay l-ay

5(1—0!)/)‘

<A -ay)lxg — x| +ayllx].
That is,
e — XN < [1%]].

Hence {x,} is bounded.
Taking into account of (2.4), we have

% = Pe[I - v P*G*GPxe || < allyall — 0.

We assert that {x,} is relatively norm compact as o« — 0*. In fact, assume that {o,} C
(o, %}/G*GP”) and o, — 0% as n — o0o. For convenience, we put x,, := x,,, we get

| = Pc[I = ¥ P*G* GP]a | < ctullyall — 0.
Since P¢ is nonexpansive, one concludes that

% — %1% = |Pc[(1 - ay)I -y P*G*GPlx, - Pc[% - yP*G*GP] |

<([A-ay)I - yP*G*GP]x, — [X — y P*G*GPX], x, — %)
)/ k vk
= <(1 —ay)[xa -——PG Gan]
l-ay
- ay)[;c— LP*G*GP&},% —k> — oy (b Ky — F)
l-ay
f (1—0!)/)||xa _QVC”2 _a7<5€’xa _QVC>
That is,
[l = FI|* < (=%, % — X).
Thus,

ll, = X)|* < (%%, —X), VxeTl.

Page 7 of 16
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Due to {x,} is bounded, there exists a subsequence of {x,} which converges weakly to a
point x. Without loss of generality, we may assume that {x,} converges weakly to x. Noting
that

% = Pc[I - y P*G*GP]x, || < atlly sl — 0,

and applying Lemma 1.1, we obtain x € Fix(Pc[l — yP*G*GP]) =T.
Since

%0 = % < (&%, — %), VieTl,
it concludes that

%, = XII* < (=&, x, — %)
Hence, if {x,} converges weakly to X, then {x,} converges strongly to Xx. That is to say {x,}
is relatively norm compact as o — 0*.

Moreover, again using

%, = XII> < (=%,x, - %), VxeT,
let n — o0, we have

% —X|* < (-%,%-%), VieTl.
This implies that

(—%,x—%) <0, VxeTl.
This is equivalent to

(-%,%x—X%) <0, VxeTl.

It turns out that X € Pc(0). Consequently, each cluster point of x, is equals x. Thus x, —
X(o — 0) the minimum-norm solution of the problem P. O

3 Iterative algorithm for the minimum-norm solution of the problem P

In this section, we introduce the following algorithm and prove the strong convergence
of the algorithm, more importantly, its limit is the minimum-norm solution of the prob-
lem P.

Algorithm 3.1 For an arbitrary point xy € H; the sequence {x,} is generated by the iter-
ative algorithm

%ni1 = Pc{(1 - a,)[1 - yP*G*GP]x,}, (3.1)

where o, > 0 is a sequence in (0, 1) such that
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(i) lim,a, = 0;
(i) Yoo an = 00;

(i) D02 o1 — oy < 00 or limy, |ot,41 — oyl /ety = 0.
Now, we prove the strong convergence of the iterative algorithm.

Theorem 3.2 The sequence {x,} generated by algorithm (3.1) converges strongly to the
minimum-norm solution x of the problem P (1.1).

Proof Let R, and R be defined by

Rux:= Pc{(1 - a,)[1 - yP*G*GP] }x = Pc[(1 - ) T),
Rx:=Pc(I - yP*G*GP)x = Pc(Tx),
where T =] — yP*G*GP, by Lemma 2.5, it is easy to see that R, is a contraction with

contractive constant 1 — «,,. Algorithm (3.1) can be written as x,,,; = R,x,,.

For any x € ', we have
IRu% = &Il = |Pc[(1 - ) T5] - &
= |Pc[( - @) TA] - Ps(T%)|
<||@-a) T - T#|

= o, || TX|| < || %]].
Hence,

%1 =2l = [1Rux — % < | Ruxtn — Ru| + [|Rux — %]
< |Pc[(1 - an)TZ] - Ps(TR)|
< A —ap)llxy — x| + e, llX]]
< max{||x, — &[I, |1 X]}.

It follows that ||x,, — %|| < max{||xo — ||, ||X]|}. So {x,} is bounded.
Next we prove that lim,, ||x,,1 — %] = 0.

Indeed,
11 = %l = 1Ruxn = Ry—1%1 |l
< NRuxyn = Ruxp-1ll + 1Ruxn-1 — Ry—1xu1|
< A —a)llwy — xpo1ll + IRwXp1 — Ry |l
Notice that

[Ru%n-1 = Rp-1%n1ll = | Pc[(@ = o) Tt ] = Pe[(1 = 1) Toua ] |

= || (1 - Oln)Txn—l - (1 - an—l) Txn—l H
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= oty — p| | T ||

< lan — apa|llxnall.
Hence
%01 = %l < (L= o) 1260 — %1 || + |etn = | |1 ]l
By virtue of the assumptions (1)-(3) and Lemma 1.2, we have
li;n %41 — %[l = O.
Therefore,

1, = R || < N%ps1 — X |l + 1Ry, — Roxy ||
= ||xn+1 _xn” + || (1 - an)Txn - Txn ||

=< % = xnll + ooy |l = 0.

By the demiclosedness principle ensures that each weak limit point of {x,} is a fixed
point of the nonexpansive mapping R = PcT, that is, a point of the solution set I' of SEP
(1.1).

Finally, we will prove that lim,, ||x,4,1 — X|| = 0.

Choose 0 < B <1, such that y/(1 - 8) <2/p(P*G*GP),then T =1 - yP*G*GP = Bl + (1 -
B)V,where V =1-y/(1-8)P*G*GP is a nonexpansive mapping. Taking z € T, we deduce

that
%1 —20% = | Pe[ - ) T ] - 2|
<@ -an)Tx, —z||2
< (1= )| Tty — 2l + 2l
< |B@s—2)+ (1= B)(Van - 2)|* + izl
< B|@—2)|* + 1= B)|(Vau - 2)|* = BA = Bl — Vical® + ayll2II?
< |Gen=2)|* = BU= B)llxw — Vaul® + 2]
Then

BA = B)xn = Vaull < llxn = 211% = %01 — 211% + ull2]?
< (loen = 2l + 11 = 201) (160 = 21| = %01 = 211|211
< (Ioen = 21l + 1%ns1 = 201) (160 = %pa1 )t llzll* — 0.
Note that T =1 - yP*G*GP = BI + (1 - B)V, it follows that lim,, || Tx;, — x,,|| = 0.
Take a subsequence {x,, } of {x,} such that limsup, (x, — X, %) = limg {x,,, — X, —%).

By virtue of the boundedness of x,, we may further assume with no loss of generality
that x,, converges weakly to a point %. Since ||[Rx, — x,|| — 0, using the demiclosedness
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principle, ¥ € Fix(R) = Fix(PcT) = . Noticing that % is the projection of the origin onto T,

we get

limsup(x, — X, —X) = liF(xnk —%,-X) ={x-%-x) <0.
n

Finally, we compute

s = 212 = || Pe[( - o) T ] - %[
= | e[ - @) Tx,] - PeTE|?
< | -a,)Tx, - TZ|
= (1= ) T, - %]
= [ = o) (T, — &) + era(-5) |
= (1— )| (T = ®)|| + Q2UIFI? + 20, (1 — 0,) (T, — &, —F)

< (1= @) | (T = )| + wufanlZI1? + 201 = @,) (T, — %, -5)].

Since, limsup,, (x, — X, —x) < 0, |x, — Tx,|| — 0, we know that limsup,,(c, [|X]|* + 2(1 —
a,){Tx, —x,—x)) <0, by Lemma 1.2, we conclude that lim,, ||%,,1 — %|| = 0. This completes
the proof. O

4 KM-CQ-like iterative algorithm for the problem P
In this section, we establish a KM-CQ-like algorithm converges strongly to a solution of
the problem P.

Algorithm 4.1 For an arbitrary initial point x,, sequence {x,} is generated by the iteration:
Xns1 = (1= Bu)oy + ,BnPC[(l - O‘n)(l - VP*G*GP)]xm (4.1)

where ¢, > 0 is a sequence in (0,1) such that
(i) lim, o0, =0, Z:o:o oy, = 00;
(ii) lim,_ oo lotns1 — | = 0;

(ili) 0 <liminf,_ B, <limsup,_ . Bn <1

Lemma 4.2 If z € Fix(T) = Fix(I — y P*G*GP), then for any x we have | Tx — z||* < ||x —
z||? — B(1 - B)|| Vx — x||%, where B and V are the same in Lemma 2.5(1).

Proof By Lemma 2.5(1), we know that 7 = 8/ + (1 - B)V, where 0 < $ <1 and V is a non-
expansive. It is clear that z € Fix(T) = Fix(V), and

ITx—2l|> = | Bx+ (1 B)Vr—z|
<Blx—zl* + Q=B Vx -zl = B1 - B) ||V —x|?
<Blx—zl* + A= B)lx -zl - BA - B) |V — x|

= lx—z|* - BA - B)IIVx — x> O
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Theorem 4.3 The sequence {x,} generated by algorithm (4.1) converges strongly to a solu-
tion of the problem P.

Proof For any solution & of the problem P, according to Lemma 2.5, & € Fix(PcT) =
Fix(Pc) N Fix(T), where T = I — y P*G*GP, and
i1 = & = | = B + BuPc[(1 — o) T|%n — X
= @ = Ba)n — %) + Bu(Pc[(1 - n) T ]xn — %) |
< (1= Bll%n = &l + Bu|| Pc[(1 — ) T % — %)
< (@=Bu)llxn =l
+Bu| Pc[(1 = @) T)xn — Pc[(1 - ) T]|
+Bu|Pc[Q - ) T]2 - %

< (= Bllxn = Xl + Ba(1 = o) 1% = Xl + Bucta %]

= (1= Buan) ey = X + BrotullX]]

< max{||x, — &[I, |1X]}.
One can deduce that
[l — %] < max{[lxo — ], 1]l }.
Hence, {x,} is bounded and so is {Tx,}. Moreover,

|Pc[( - ) T]xy -2

< || 1 -oa,)Tx, —56”

= || (1 —o,)[Tx,, — X] - an&”

< (1= a2 = Xl + a1 %]

< max{|lx, — &[I, | X }.

Since {x,} is bounded, we see that {7x,}, (1 — «,)Tx,, and {Pc[(1 — «,)T]x,} are also

bounded.
Let z, = Pc[(1 — o) T]x,, and M > O such that M = sup,.,{Tx,}. Noting that

”PC[(1 - O(n+1)T]xr1 - PC[(1 - Oln)T]xn || = || (1 - an+1)Txn - (1 - an)Txn ||
= || (an - an+1)Txn H

< Mloy, — ol
One concludes that

IZn1 = zall = | Pc[(@ = 0tnst) T i1 — Pe[(1 = 0n) T Joxu |
=< ”PC[(1 - an+1)T]xn+1 - PC[(1 - an+1)T]xn ||

+ “PC[(1 - an+1)T]xn - PC[(1 - Oln)T]xn ||
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< (L= apsn) 12641 — x| + ”pCl:(1 - an+1)T]xn - PC[(1 - O‘n)T]xn ”

< (= ap) 101 — %l + Moty — .

Since 0 < «; <1 and lim,,_, o 0,41 — | = 0, we have

”Zn+1 - Zn” - ||xn+1 _xn” = M|an - O‘n+1|:
and
limsup 1Zus1 = Zull = 1%ns1 — 2l < 0.
n—o0

Applying Lemma 1.3, we get
lim || Pc[(1 - o) T %, — x| = lim ||z, — %, = 0.
n—00 n— 00

Hence,

196041 = %0l = || (1= Bu)xn + ,BnPC[(l - Oln)T]xn —Xn H
=B ||PC[(1 - ozn)T]x,, — X, || — 0.

Let R, and R be defined by

R,x:= PC{(I - a,,)[l - yP*G*GP] }x = PC[(l - a,,)Tx],
Rx:=Pc(I - yP*G*GP)x = Pc(Tx).

Noting that

”xn _Rxn” = ”xn _xn+1|| + ”xn+1 _Rxn”
= [|%y —xpa |l + “(1 = Bu)xu + BuRyxn — Rxy, ”

< oy — Xl + A - ﬁn)”xn — Ry || + Bull Ry — Ryl
So, we have

”xn _Rxn” = ”xn - xn+l||/13n + ”Rnxn - Rxn”
= |l%n = Xusa l/ B + ”PC[(1 - an)T]xn — PcTx, ”
< %0 = X1 ll/Bu + ” (1 = a,) Tx, - Txy ”

=< %n = xp1ll/ Bn + Moy,
By assumption, we have
lim ||x, — Rx,|| =0.
H—>0Q

Furthermore, {x,} is bounded, there exists a subsequence of {x, } which converges weakly
to a point x. Without loss of generality, we may assume that {x,} converges weakly to X.
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Since ||Rx, — x,|| = 0, using the demiclosedness principle we know that x € Fix(R) =
Fix(PcT) = Fix(Pc) NFix(T) = T.

Finally, we will prove that lim,, ||x,41 — || = 0. In fact,

s = %1% = | (L= Bt + BuPc[(1 — ) T — P T |

< (1= Bty = %1% + B | Pc[( — o) T, — P T

< (1= Bl — 512 + B | (1 - ) T — %[

= (1= Bl — 512 + Bu | (L = ) (T, — 2) + %

= (L= Bl = EI2 + Bl (1 = 00a)? (| T — %1 + 021512
+20,(1 — ) (T, — X, —%) |

< (1= Bu)lloen = 1 + Bu[ (1 = ) 0 — %] + 0212
+20,(1 = ) (T — X, —%) |

= (L= B 1960 = X1 + 0t B[ 200 — )Tty — X, %) + 0| 1],
Using Lemma 1.2, we only need to prove that

lim sup(Tx, — %, —x) < 0.

n—0oQ0

Applying Lemma 2.5, T is averaged, thatis T'= 81 + (1 - B)V, where 0 < <1l and V is
nonexpansive. Hence, for z € Fix(PcT), we have

s =212 = (1= Bl + BuPc[ (L = ) T — 2|
< (L= By — 2l + B (1 — 0 T, — 2
= (1= B — 217 + B | (1 — ) (Tt — 2) — ez
< (= B2 = 21 + B (1 = o) | Ts = 2112 + ot 2]1*]

< (1= B)llxn = zl* + Bu[ I T — 2II* + ctullz]*].
By Lemma 4.2, we have

”xn+1 - Z||2 = (1 - lgn)”xn - Z||2
+ Bulllxn = 21> = BA = B View — xaI” + 1211

< |lxn — 211> = BuBL = BV — 21> + Buctsl2l*.
Let N > 0 such that |x,, — z|| < N for all #, then it concludes that

2 2 2 2
BuBA = B Vn = %ull” < lltn = 2lI° = %041 — 211" + Buctallzll
2
< 2N| 1%, = 2l| = %1 = 21l | + Buctn Il

2
=< 2N||xn _xn+1|| + ,Bnan”Z” .
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Hence,

2N 1%y — Xy |l
B

B =B Vay — x> < + otz

Since ||x, — %,1]] = 0, we get
VX = x4l — 0.
Therefore,
[| 7%, — x,]| — O.
It follows that

lim sup(Tx, — X, —x) = limsup(x, — X, —X).

n—0o0 n—0o0

Since {«x,} converges weakly to %, it follows that

limsup(Tx, — X, —x) < 0. 0
n—00
Similar to the proof of Theorem 4.3, we can get the result that the following iterative
algorithm converges strongly to a solution of the problem P also. Since the proof is similar
to Theorem 4.3, we omit it.

Algorithm 4.4 For an arbitrary initial point x¢, sequence {x,} is generated by the itera-
tion:

%ni1 = (1= Bn)(L = ) (I = Yy P*G*GP)xy, + BuPc[(1 - o) (I — y P*G* GP) |x,s (4.2)

where o, > 0 is a sequence in (0,1) such that
(1) llm}’l%OO a, =0, Z,ﬁo oy, = 00;
(i) im0 [0tp41 — atn| = 0;

(ili) 0 <liminf,_, B, <limsup,_, . Bn <1
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