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1 Introduction
Throughout this paper, we assume that X is a CAT(0) space, N is the set of positive in-
tegers, R is the set of real numbers, R* is the set of nonnegative real numbers and C is a
nonempty closed and convex subset of a complete CAT(0) space X.
A family of mappings 7 := {T(¢) : t e R*}: C — C is called a one-parameter continuous
semigroup of nonexpansive mappings if the following conditions are satisfied:
(i) for eacht e R*, T(¢) is a nonexpansive mapping on C, i.e.,

d(T@)x, T(t)y) <d(x,y), Yx%yeC;

(ii) T(s+t)=T(t) o T(s) forall t,s € RY;

(iii) for each x € X, the mapping T'(-)x from R* into C is continuous.

A family of mappings 7 := {T(¢) : t € R*} is called a one-parameter strongly continuous
semigroup of nonexpansive mappings if conditions (i), (ii), (iii) and the following condition
are satisfied:

(iv) T(O)x=xforallx € C.

In the sequel, we shall denote by F the common fixed point set of 7, that is,

F=FT)={xeC:T(tlx=xteR"} = [ F(T().

teR*

It is well known that one classical way to study nonexpansive mappings is to use the
contractions to approximate nonexpansive mappings. More precisely, take ¢ € (0,1) and
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define a contraction 7, : C — C by
Ti=tu+(1-t)Tx, VxeC, (1.1)

where u € Cis an arbitrary fixed element. In the case of T having a fixed point, Browder [1]
proved that x, converged strongly to a fixed point of T that is nearest to # in the framework
of Hilbert spaces. Reich [2] extended Browder’s result to the setting of a uniformly smooth
Banach space and proved that x; converged strongly to a fixed point of 7'

Halpern [3] introduced the following explicit iterative scheme (1.2) for a nonexpansive
mapping T on a subset C of a Hilbert space:

Xn+l = Ol + (1 - an)Txn- (12)

He proved that the sequence {x,} converged to a fixed point of T'. In [4], Shioji and Taka-

hashi introduced the following implicit iteration in a Hilbert space:

1 [
Xy =auu+ (1 - a,,)t— / T (t)x, dt. (1.3)
0

n

Under suitable conditions, they proved strong convergence of {x,} to a member of F.

Later, Suzuki [5] introduced in a Hilbert space the following iteration process:
Xpa1 =t + (1 — )T ()%, VYn>1, (1.4)

where {T'(¢) : t > 0} is a strongly continuous semigroup of nonexpansive mappings on C
such that 7 # . Under suitable conditions he proved that {x,} converged strongly to the
element of F nearest to u#. Using Moudafi’s viscosity approximation methods, Song and

Xu [6], Cho and Kang [7] introduced the following iteration process:

X = ogf (%) + U= 00,) T(t)x, Vm =1, (L5)
and

K1 = Uf (%) + 1= 0,) T(t)x, V=1 (L6)

They proved that {x,} defined by (1.5) and (1.6) both converged to the same point of F in
a reflexive strictly convex Banach space with a uniformly Géateaux differentiable norm.

In a similar way, Dhompongsa et al. [8] extended Browder’s implicit iteration to a
strongly continuous semigroup of nonexpansive mappings {7(¢) : £ > 0} in a complete
CAT(0) space X. Under suitable conditions he proved that the sequence converged
strongly to the element of F nearest to u. Using Moudafi’s viscosity approximation meth-
ods, Shi and Chen [9] studied the convergence theorems of the following Moudafi’s vis-

cosity iterations for a nonexpansive mapping T

X = tf (%) ® (1= £) Ty, (L7)
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and
KXn+l = ar(f(xn) @ (1 - ay,)Tx,. (1.8)

They proved that {x;} defined by (1.7) and {x,,} defined by (1.8) converged strongly to a
fixed point of T in the framework of CAT(0) spaces.

Very recently, Wangkeeree and Preechasilp [10] extended the results of [9] to a one-
parameter continuous semigroup of nonexpansive mappings 7 := {T(¢) : ¢t € R*} in
CAT(0) spaces. Under suitable conditions they proved that the iterative schemes {x,} both
converged strongly to the same point ¥ such that x = P zf (%), which is the unique solution

of the variational inequality
2 2
(%fx,xx) >0, VxeF. (1.9)
Motivated and inspired by the research going on in this direction, especially inspired by
Wangkeeree and Preechasilp [10], in this paper we study the strong convergence theorems
of Moudafi’s viscosity approximation methods for two one-parameter continuous semi-
groups of nonexpansive mappings in CAT(0) spaces. We prove that the implicit and ex-
plicit iteration algorithms both converge strongly to the same point ¥ such that x = Pxf (%),

which is the unique solution of the variational inequality (1.9) where F is the set of com-
mon fixed points of the two semigroups of nonexpansive mappings.

2 Preliminaries and lemmas
In this paper, we write (1 — t)x @ ty for the unique point z in the geodesic segment joining
from x to y such that

d(x,z) = td(x,y), d(y,z) = (1 -t)d(x,y). (2.1)
Lemma 2.1 [11] A geodesic space X is a CAT(0) space if and only if the following inequality

d? ((1 -Hx Dy, z) < (1 -d*(x,2) + td*(y,z) - t(1 - t)d*(x, ) (2.2)

is satisfied for all x,y,z € X and t € [0,1]. In particular, if x, y, z are points in a CAT(0)
space and t € [0,1], then

d((l —-bHx D ty, z) <(1-8d(x,z2) + td(y,z). (2.3)
Lemma 2.2 [12] Let X be a CAT(0) space, p,q,r,s € X and ) € [0,1]. Then
d(lp ® 1 -1)g,ir & (1-1)s) < Ad(p,r) + (1 - 1)d(q;s).

By induction, we write

n

A A Ap
@kmxm:(l—xn)(—lxlea—2x2@~-~@ ~
et 1-A,

_ AnXy. 2.4
1_)\‘” l—A.nxn 1)@ nXn ( )
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Lemma 2.3 Let X be a CAT(0) space, then, for any sequence {r,}),_, in [0,1] satisfying
> Am =1 and for any {x,,}",_, C X, the following conclusions hold:

m=1"m

n n
d(@ Amxm,x> < Z Amd(Xy %), x€X; (2.5)
m=1 m=1

and

d’ (@ Amxm,x> <D hnd @ X) = i had(%1,50), xE€X. (2.6)

m=1 m=1

Proof It is obvious that (2.5) holds for n = 2. Suppose that (2.5) holds for some # > 2. From
(2.3) and (2.4) we have

n+l
d (@ X x)
m=1

A A2 An
=d|l(1-A X X e X Ans1Xns1, X
(( n+l)(1 _ )»m.l 1 ® 1— )Lm.l 2 ) (&) 1- )un+1 n) S n+1An+1 )

M @ Ao PR An
xl xz oo
1- )WHI 1- )Ln+1 1- }\n+1

<@1- km)d( xn,x) + A1 @ (X1, %)

< Md(x1,%) + Xod (X2, %) + - + 1ud (X, %) + A1 d (K11, %)

n+l

=Y (@, ).
m=1

This implies that (2.5) holds.

Next, we prove that (2.6) holds.

Indeed, it is obvious that (2.6) holds for # = 2. Suppose that (2.6) holds for some n > 2.
Next we prove that (2.6) is also true for n + 1.

In fact, we have

n+l n
d2 (@ )"mxm; x) = d2 (@ )\mxm 5%} )"n+lxn+l; x) .
m=1

m=1

From (2.2) and (2.4) and the assumption of induction, we have
n+l
d? (EB Ao x)
m=1
n
= d2 (@ AmZm © Ans1Xns1s x)

m=1

n
A
= d2 ((1 - )\n+1) @ 1 o Xm 7 )‘-n+1xn+1vx>
m=1 - )\n+1

n

Am
<@1- )Ln+1)d2 <® KXm» x) + )\n+1d2 (%41, %)

1- )\n+1

m=1
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n

A

<1 =Xy1) E 1 ;Ln dz(xm» x) — )Ll)h2d2 (%1, %2) + )Lnﬂdz (%41, %)
m=1 — A+l

n+l

= Z Ao d® (%my ) — M Ao d® (1, %2).

m=1
This completes the proof of (2.6). d

The concept of A-convergence introduced by Lim [13] in 1976 was shown by Kirk and
Panyanak [14] in CAT(0) spaces to be very similar to the weak convergence in the Banach
space setting (see also [15]). Now, we give the concept of A-convergence.

Let {x,} be a bounded sequence in a CAT(0) space X. For x € X, we set

r(%, {x,}) = lim sup d(x, x,,).

n—00

The asymptotic radius r({x,}) of {x,} is given by
() = inf{r(x ()},

and the asymptotic center A({x,}) of {x,} is the set
Allxn)) = {x e X o r(x fxd) = r({xa) }-

It is known from Proposition 7 of [16] that in a complete CAT(0) space, A({x,,}) consists
of exactly one point. A sequence {x,} C X is said to A-converge to x € X if A({x,, }) = {x}
for every subsequence {x,, } of {x,}.

The uniqueness of an asymptotic center implies that a CAT(0) space X satisfies Opial’s
property, i.e., for given {x,,} C X such that {x,,} A-convergestoxand giveny € X withy #x,

lim sup d(x,,, x) < limsup d(x,,y).
n—00 n—00
Lemma 2.4 [14] Every bounded sequence in a complete CAT(0) space always has a A-
convergent subsequence.

Berg and Nikolaev [17] introduced the concept of quasilinearization as follows. Let us
denote a pair (a,b) € X x X by b and call it a vector. Then quasilinearization is defined
asamap (-,-): (X x X) x (X x X) = R defined by

1
(;l)a,c—)) =3 (dz(a, d) + d*(b,c) - d*(a,c) — d*(b, d)) (a,b,c,d€X). (2.7)
) ) - = = = = — — — = ==
It is easily seen that (ab, cd) = (cd, ab), (ab,cd) = —(ba, cd) and (ax, cd) + (xb, cd) = {ab, cd)
foralla,b,c,d € X. We say that X satisfies the Cauchy-Schwarz inequality if

— —>

(ab,cd) < d(a,b)d(c,d) (2.8)

foralla,b,c,d e X.
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Recently, Dehghan and Rooin [18] presented a characterization of metric projection in
CAT(0) spaces as follows.

Lemma 2.5 Let C be a nonempty convex subset of a complete CAT(0) space X, x € X and
u € C. Then u = Pcx if and only if

(i, ux) <0, VyeC. (2.9)
y y

Lemma 2.6 [19] Let X be a complete CAT(0) space, {x,} be a sequence in X and x € X.
Then {x,} A-converges to x if and only if lim supn_,oo(m,@) <O0forallyeX.

Lemma 2.7 [20] Let {a,} be a sequence of nonnegative real numbers satisfying the property
an < (1 —ay)a, +a,By, n >0, where {a,} C (0,1) and {B,} C R such that

(i) Z;io oy = 00;

(ii) limsup,_, o By <0 0r Y o2y 1ol < 0.

Then {a,} converges to zero as n — oo.

3 Viscosity approximation iteration algorithms
In this section, we present the strong convergence theorems of Moudafi’s viscosity approx-
imation implicit and explicit iteration algorithms for two one-parameter continuous semi-
groups of nonexpansive mappings 7 := {T(t) : t € R*} and S := {S(s) : s € R*} in CAT(0)
spaces.

Before proving main results, we need the following two vital lemmas.

Lemma 3.1[10,21] Let X be a complete CAT(0) space. Then, for all u,x,y € X, the following
inequality holds:

d*(x,u) < d*(y,u) + 2(?))/,974).

Lemma 3.2 Let X be a complete CAT(0) space. For any u,v,w € X and r,s,t € [0,1],
r+s+t=1let z=ru® sv® tw. Then, for any x,y € X, the following inequality
holds:

(Zc,?}) < r(ﬂc,?j/) + S(WC,Z/) + t(u—/)x,?j/) + rtd? (u, w) + std® (v, w).

Proof 1t follows from (2.1) and (2.6) that

d*(u,z) = d? (u, ru®(1- r)(iv @ LW))
1-r 1-r

-r 1-r

=1-r)ld? (u, ILV @ Lw)

o2 5 e b op 8t e
<@1-r (1_/1 (”’V)+1—rd (u,w) - l—rd (v,W)>

=1 - r)sd*(u,v) + A - )td*(u, w) — std*(v, w).


http://www.journalofinequalitiesandapplications.com/content/2014/1/283

Tang and Chang Journal of Inequalities and Applications 2014, 2014:283 Page 7 of 16
http://www.journalofinequalitiesandapplications.com/content/2014/1/283

Similarly, we can obtain d*(v,z) < (1—s)rd?(v, u) + (1-s)td* (v, w) — rtd*(u, w) and d*(w, z) <
(1 - t)rd*(w, u) + (1 - £)sd*(w,v) — rsd?(u, v). Therefore, we have
rd*(u, z) + sd> (v, z) + td>(w, z)
< (1= r)rsd*(u,v) + (1 - r)rtd?(u, w) — rstd* (v, w)
+ (1= s)srd* (v, u) + (1 — s)std* (v, w) — rstd*(u, w)
+ (1= Otrd*(w,u) + (1 = t)tsd*(w, v) — rstd?(u, v)

= rsd*(u,v) + rtd*(u, w) + std*(v, w). (3.1)
From (2.6) and (3.1), we have that

225, 2)) = d*(5,9) + d*(x,2) - & (x,)
<rd*(u,y) + sd*(v,y) + td*(w,y) — rsd*(u,v) + rd*(x, z)
+sd*(x, z) + td*(x, 2) — rd* (x,y) — sd*(x,y) — td*(x,)
= 2r(Uk, Zy) + 25(VX, Z)) + 2t (W, Z)) — rsd>(u, v)
+rd?(u,2) + sd*(v,2) + td*(w, 2)

< 2r(uk, Zy) + 25(Vx, Zy) + 26(Wx, Zy) + rtd? (u, w) + std> (v, w),
which is the desired result. d
Now we are in a position to state and prove our main results.

Theorem 3.3 Let C be a closed convex subset of a complete CAT(0) space X, and let
{T(t)} and {S(s)} be two one-parameter continuous semigroups of nonexpansive mappings
on C satisfying F := F(7) N F(S) # ¥ and both uniformly asymptotically regular (in short,
u.a.r.) on C, that is, for all &,k > 0 and any bounded subset B of C,

lim supd(T(h)(T(t)x), T(t)x) =0, lim sup d(S(k) (S(s)x),S(s)x) =0.

=00 ycB §—>00 yeB
Let f be a contraction on C with coefficient & € (0,1). Suppose that the sequence {x,} is
given by

Xn = ar(f(xn) ® B T(tw)x, ® VnS(81)%n (3.2)

for all n > 0, where {,}, {8}, {y»} C (0,1) and ¢,,s, € [0, 00) satisfy the following condi-
tions:
(i) an+Bu+vn=1

(i) limy— o0 0ty = 0, ¥ = 0(etn);

(iii) limy,_ o0 £, = 00, lim,,_, o0 S, = 00;

(iv) for any bounded subset B of C, lim,,_, oo SUp,c5{T'(£,)x, S(s,)x) = 0.

Then {x,} converges strongly to x such that ¥ = Pxf(x), which is equivalent to the fol-
lowing variational inequality:

(%,ZE) >0, VxelF. (3.3)
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Proof We shall divide the proof of Theorem 3.3 into five steps.
Step 1. The sequence {x,,} defined by (3.2) is well defined for all n > 0.
In fact, let us define mappings G, M : C — C by
Gu(x) := a,f(x) ® BT (L)% D YuS(su)x, x€C

and

P T(t.)x ® Y S(s)x, xeC,

-y, 1-q

M, (x) := 1
respectively. For any x,y € C, from Lemma 2.2, we have

d(M,(x), M,(y))

=d( P t)x @ ' S(sn)0 L Tty @ S(sn)y>
1 l-« 1-o,

-y, " 1-o,

- f (T (e} T(t)y) + 1 fa ~d(S(5,)% S(51))

n

<

=7 Pr d(x,9) + —L—d(x,y) = d(x,y).
-y 1-a,

Therefore we have that

d(Gu(x), Gu(9))
= d(f (%) & (1 - 0,)M, (%), e f () © (1 — )M, (9))
< aud(F(),£ ) + (1 - a)d (M), M (7))
< auad(x,y) + (1 - a,)d(x,y)
= (1-a,(1-a))d(x,y).

This implies that G, is a contraction mapping. Hence, the sequence {x,} is well defined

forall n > 0.
Step 2. The sequence {x,,} is bounded.
For any p € F, from Lemma 2.3, we have that

d(,p) = d(otf () ® BT (£)%0 D e S(5)%, )
< 0, d(f (%), ) + Bud (T (8:)%, D) + Y (S(51)%, D)
< 0, d(f (%), p) + Budd (%, ) + Y (%, p)
= a,d(f (%), p) + (1 = @) (%, p)-

Then

A, p) < d(f(x4),p) < d(f(xa).f () +d(f (p),p) < ad(x,,p) +d(f(p),p).

(3.4)

Page 8 of 16
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This implies that

dx,,p) < —d(f(p

Hence {x,} is bounded, so are {T(¢,)x,}, {S(s,)x,} and {f(x,)}.
Step 3. For any h,k > 0, lim,,—, oo d(xy,, T (h)x,) = 0 and lim,,, o0 d(x,,, S(k)x,,) = 0.

From Lemma 2.3 and condition (ii), we have

d(xn: T(tn)xn) = d(anf(xn) © BuT (tn)%n © YnS(Sn)%n, T(tn)xn)

= and(f(xn): T(tn)xn) + Vnd(S(Sn)xm T(tn)xn) -0 (n—00)
and

d(xnx S(Sn)xn) = d(arf(xn) ® BuT (n)%n ® YnS(Sn)%n, S(Sn)xn)

= and(f(xn)rs(sn)xn) + ﬂnd(T(tn)xm S(Sn)xn) -0 (n—00).
Since {T'(t)} and {S(s)} is u.a.r., we obtain that for all /1, k > 0,

nlingo A(T(h) (T (tn)xn), T(tn)%n) < hm supd(T(h)(T(tn)x), T (tn)x) = 0

 xeB

and

lim d(S(k)(S(s,,)x,,),S(s,,)x,,) < lim supd( (k )(S(S,,) ) (s,,)x) =0,

H—0Q n—00 xeB

where B is any bounded subset of C containing {x,}. Hence, we have

d(xn, T(h)x,,)
< d(xn, T(t,,)xn) + d(T(t,,)xn, T(h)(T(t,,)xn)) + d(T(h)(T(t,,)x,,), T(h)xn)
< 2d (%, T(tw)%n) + d(T ()%, T(h) (T (t0)%4)) — 0 (n— 00)

and

d(xn, S(k)x,)
= d(xm S(Sn)xn) + d(S(Sn)xm S(k)(s(sn)xn)) + d(S(k)(S(sn)xn), S(k)xn)
< 240, S(80)%n) + d(S(50)%, S(K) (S(5)%0)) = O (n— 00).

Step 4. The sequence {x,} contains a subsequence converging strongly to X such that
x = Prf(x), which is equivalent to (3.3).
Since {x,} is bounded, by Lemma 2.4, there exists a subsequence {%n} of {x,} (without

loss of generality, we denote it by {x;}) which A-converges to a point x.

Page9of 16
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First we claim that x € F = F(T) N F(S). Since every CAT(0) space has Opial’s property,
for any i > 0, if T'(h)x # %, we have

limsup d (x,», T(h)fc) <lim sup(d (x/, T(h)xj) +d (T(h)xj, T(h)5c))

Jj—00 Jj—00

<limsup(d(x), T(h)x;) + d(x;,%))

j—oo

= lim sup d(x;, X)
Jj—00

<limsupd(x;, T(h)).

j—oo

This is a contraction, and hence ¥ € F(7). Similarly, we can obtain that ¥ € F(S). So we
have x € F.

Next we prove that {x;} converges strongly to x. Indeed, it follows from Lemma 3.2 that
- — 2
dz(xj,x) = (W%, %;X)

T2 T2 TN 2 % T2 T2

< oy{f ()%, %) + Bi{ T (6%, %) + ;(S(s))x7%, %) + ;N
T T2 ~ ~ ~ ~

< oy{f (%)%, x%) + B;d (T (4)x), %) d(x;, %) + v, (S(s))%), %) d(x;, %) + 4N
2 2 2 ~

< o{f (%)%, %%) + (1 — o)) d* (%), X) + o],

where N; := gﬂ,‘dz(T(tj)x,’, S(sj)x;) + v;d*(f (x7), S(s);). It follows that

d(w,3) = ([ %) + N
= (FG) @, 53) + (@)% 53] + N

< d(f (). f (D)l %) + (@R 55) + Ny

2 ~ =2 2
< ad®(x;,%) + (f(R)%, %%) + N,
and thus
2/~ 1 = — 1
d°(xj,%) < m(f(x)x,x,x) + EN, (3.5)

Since {x;} A-converges to X, by Lemma 2.6 we have

. o2 2
lim sup(f (x)x, xjx) <0.
n—0o0

It follows from (3.5) and lim;_, o, N = O that {x;} converges strongly to X.
Next we show that x solves the variational inequality (3.3). Applying Lemma 2.3, for any
q € F, we have

d* (% q) = & (euf () ® BT () ® 1S (57, )
< oid*(f(%)),q) + Bid* (T(6)%1, q) + vyd* (S(s)%1, q) — 0 B;d” (£ (7). T (8;)x5))
< Ol]‘d2 (f(x,»), q) + (1 — aj)dz(x,», q) - Oljﬂjdz (f(x,»), T(t,)x,)
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This implies that
&(x,9) < d((%)),q) - Bi(d(f (5, %) + d(x;, T(8))5)) .
Taking the limit through j — 0o, we can obtain
L Gq) < d(f@),q) - d*(f@). 7). (3.6)
On the other hand, from (2.7) we have
—_ 2 1 ~ o~ ~ - -\ ~
(f (%), gx) = 5 [d*(,%) + d*(f (%), q) - d* (%, q) - d*(f (%), %) ]. (3.7)
From (3.6) and (3.7) we have
— =
(xf(x),qx) =0, VgeF.
That is, x solves inequality (3.3).
Step 5. The sequence {x,} converges strongly to x.

Assume that x,, — ¥ as # — 00. By the same argument, we get that X € F and solves the
variational inequality (3.3), i.e.,

H®.7) <0 (3.8)
and
(%), 3%) < 0. (3.9)

Adding up (3.8) and (3.9), we get that

0> (aff(—ig),?}c) (xf %), xx)
- (7f B, 23) + FRF @), 52) - @
- (3, 7%) — (R @), %)

> (%6, 28) — d(F(3),f ®)d(3,7)
> d2(%,3) - ad® (3, 9) = (1 - ) (%, 2).

b - [ ), 5

®

Since 0 < & < 1, we have that d(%, %) = 0, and so ¥ = . Hence the sequence {x,} converges
strongly to ¥, which is the unique solution to the variational inequality (3.3).
This completes the proof. O

Theorem 3.4 Let C be a closed convex subset of a complete CAT(0) space X, and let
{T(t)} and {S(s)} be two one-parameter continuous semigroups of nonexpansive mappings
on C satisfying F := F(7) N F(S) # ¥ and both uniformly asymptotically regular on C. Let
f be a contraction on C with coefficient @ € (0,1). Suppose that {x,} is given by

KXntl = ar(f(xn) @ B T (L)%, ® VnS(Sn)xn (3.10)
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for all n > 0, where {&,}, {B,}, {y»} C (0,1) and ¢,,s, € [0, c0) satisfy the following condi-
tions:
() an+Bu+vn=1
(i) lim,o00t, =0, Y o0 oy = 00 and y,, = o(a,);
)
)

(iii) forallm >0, o, <1 -q;

(iv) lim,_, o0 &, = 00 and lim,,_, o, §,, = 00;

(iv) for any bounded subset B of C, lim,,_, o sup,.5 d(T'(¢,)x, S(s,,)x) = 0.
Then {x,} converges strongly to ¥ such that x = Pxf(x), which is equivalent to the varia-
tional inequality (3.3).

Proof We first show that the sequence {x,} is bounded. For any p € F, we have that

A1, p) = A(tuf Kn) B BT (En)%n ® VS ($1)%s )
< 0ud(f®n), p) + Bud (T ()%, ) + Y (S(51)%n, p)
< au(d(f®n).f () +d(f(P):P)) + Bud (X, p) + V(%> P)
< (ape + 1 = a)d(xn, p) + 2ud(f (p), p)

= (1 —a,1 —a))d(x,,,p) +a,1-a)- ﬁd(f(p),p)

< maX{d(xmp), ﬁd(f(p)ﬁ) }

By induction, we have

dxy,p) < max{d(xo,p), ﬁd(f(p),p)}

for all n > 0. Hence {x,,} is bounded, so are {T'(¢,)x,}, {S(s,)x,} and {f(x,)}.
In view of condition (ii), we have

d(xwrlr T(tn)xn) = and(f(xn)r T(tn)xn) + Vnd(S(Sn)xnr T(tn)xn) -0 (n—00).
Since {T'(¢)} is w.a.r and lim,,_, o, £, = 00, then for all # > 0, we obtain that

lim d(T () (T (tn)%n), T(6n)%4) < lim supd(T(h)(T (6,)x), T(£4)x) = 0,

n—00 n—00 xeB
where B is any bounded subset of C containing {x,}. Hence
d(xwrlr T(h)xnﬂ) = d(xn+1, T(tn)xn) + d(T(tn)xnx T(h)(T(tn)xn))
+d(T(h)(T(tn)%n), T(M)%11)

< 2d (%1, T(tn)%n) + d(T (tn)%n, T(h)(T(8:)%,))

-0 (n— ). (3.11)
Similarly, for all k > 0, we have

lim d (%1, S(k)xn41) = 0. (3.12)

n—00
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Let {z,,} be a sequence in C such that

Zm = amf(zm) @ ﬂmT(tm)zm 52 VmS(Sm)Zm'

It follows from Theorem 3.3 that {z,,} converges strongly to a fixed point ¥ € F, which
solves the variational inequality (3.3).

Now we claim that

=2 —2
lim sup(f (x)x, x,,+1x> <0.

n—0oQ0

Indeed, it follows from Lemma 3.2 that

A (2 X111) = (ZFonsts ZonFonsn)
< Wnlf @) %nst Zoaorst) + Boal T(Eo)Zim6ras15 Zonbes1)
+ V(S (Sm) 2 1s Zonnst) + N
= ) @), Zmnis) + Conlf G B + o (Fs Zondons)
+ C Zrs 1 Zonnst) + Bonl T )z T (o)X Zoons )

_— R _— R
+ ﬂm(T(tm)xn+lxn+l: men+1> + Vm(S(Sm)ZmS(Sm)anr men+1>

+ V(ST s 1%m 11 Zrn) + N

< et d(2, X)A(Z115 Xy 11) + amm,m) + (%, 21y) A (Zp X41)
+ > (s Xone1) + Bin @ %n1) + Bin (T ()X 11 %01 ) A2y 1)
+ Y Zms %ns1) + Y@ (S(Sm)%ns15 X1 ) AZms Xna1) + CnNo

— ;
< 00 d(Zp, X)M + am(f(ic)&» men+1) + 0 d(X, 2in) M + dZ(Zm» Xne1)

+ ﬂmd(T(tm)x,,+1,xn+1)M + ymd(S(sm)x,,+1,x,,+1)M + Ny,
where
N, := Z—:,Bmdz(T(tm)zm,S(sm)zm) + Vi (f (Zm), S(5m)2m)
and

M > sup {d(zm,x,,)}.

m,n>1
This implies that

A(T (t) %15 Xns
% 5z < (L + )Md(z, 3) + DLl one X))

m

+ J/—mMd(S(sm)x,,H,x,m) +N,,. (3.13)

m
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Taking the upper limit as n — oo first, and then m — oo, from (3.11), (3.12) and

limy, 0o Ny = 0, we get

— N
lim sup lim sup(f(a”c)a”c, xmlzm) <0. (3.14)
m—00 n—0o0

Since

(F@R xri¥) = (FOR, Trizn) + (F O 2m¥)

< (@ Bz + A(f ), %) d (2, B).

Thus, by taking the upper limit as n — oo first, and then m — o0, it follows from z,,, — %
and (3.14) that

. =2 2
lim sup(f (x)x, xmlx) <0.
n—0oQ

Finally, we prove that x, — X as n — oco. In fact, for any # > 0, letting
Yn = X P Bnu T(t,)x, ® VnS(Sn)xm
from Lemma 3.1 and Lemma 3.2, we have that

- - — s 2
dz(xnﬂ; X) < dz()’mx) + 2(Xp 1Y Xn1X)

= (,Bnd(T(tn)xmisé) + Vnd(S(Sn)xm&))Z + 2[an<f(xn)ymm>

+ ﬂn(T(tn)xnym xn+156) + Vn(s(sn)xnynr xn+155>]
< (1= )2 d (0, %) + 2[@2{F (o), 1)

+ o Bulf (xn)T(tn)xmm) + o Vulf (xn)S(Sn)xmm>

+ ﬁnan( T(tn )xnk’ xn+19~c) + ﬂy21<T(t}’l )xn T(tn )xm xn+l5c)

N
+ ﬁan(T(tn)an(Sn)xm xn+19~c> + Vnan<S(Sn)xn9~C’ xn+19~c)

+ Vnﬁn(s(sn)xn T(tn)xmxn+15€> + y;f(S(s,,)an(s,,)xn,me?) + O‘"N”]
= (1= 0?51, %)+ 22 )5 ) + 0B ) )
+ Olnynm’ m> + ,B;fd(T(tn)xnr T(tn)x”)d(xnﬂ';c)
+ ¥ (S () S5 ) (o110, %) + 0Ny |
= (1~ 2l (30, %) + 2000 ([ @) 001%) + N,)
(- an)2d2 (%, %) + 20ly,<f(xn)f(5c)»m) + 20y, (mx m) + Nn)
—_—
< (1- ) d* (6, &) + 20,0 (0, D) (1, %) + 200 ([ (D%, %,1%) + N,

< (1= )2 (060, ) + 00t (A5, 8) + A2 (6011, ) + 200, ([F R 5rr1) + Nor),
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where N, := g—zﬂndz(T(tn)x,,,S(s,,)xn) + ¥,d%(%, S(s,,)x,.). This implies that

2

- 1-(2- + - 2 — —
dz(xm—l: x) = MCF(’CVU"O + L((f(x)x: xn+1x) + Nn)
1-oaa, 1-aa,
o, (2 -2a —ay) . 20, = —>
= <1 — W)dz(xn,x) + m((f(x)x,anrlx) + Nn).

Then it follows that
dz(xn+lx9~c) S (1 - a;,)dz(xmi) + Ol;,B;l,

where

o o WBo2amw) 2 s ).

, . R
" 1- o, "2 2a-a,

Applying Lemma 2.7 and lim,_,» N, = 0, we can conclude that x, — X as n — oo. This

completes the proof. O
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