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1 Introduction
Let A be a complex number with A # 1. Frobenius [1] studied in great detail the so-
called Frobenius-Euler polynomials H,(x|)) satisfying the following exponential gener-

ating function:

1-4 ,, < t"
—e =2Hn(x|,\);. (1.1)
n=0 :

et

In particular, H,(A) = H,(0|1) are called the Frobenius-Euler numbers. In fact, the
Frobenius-Euler polynomials can also be defined recursively by the Frobenius-Euler num-

bers, as follows:

H,(x|2) = (Z)Hk(k)x”‘k (n>0), 1.2)
k=0

where the Frobenius-Euler numbers obey the recurrence relation

" 1-x, n=0,
Ho(\) =1, (H(M)+1)"-H,1) = (1.3)
0, n>1,

with the usual convention about replacing H” (1) by H,()). For some interesting arithmetic

properties of the Frobenius-Euler polynomials and numbers, one is referred to [2—-13].
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Some analogues of the Frobenius-Euler polynomials are the classical Bernoulli polyno-
mials B, (x) and Euler polynomials E, (x). They are usually defined by the following expo-

nential generating functions:

te t" 2¢" t"
et—f;B”(x)E and et+1=n2=0:E,,(x);. (1.4)

Especially, the rational numbers B, = B,(0) and integers E, = 2"E,(1/2) are called
the classical Bernoulli numbers and Euler numbers, respectively. These numbers and
polynomials play important roles in many different areas of mathematics including
number theory, combinatorics, special functions and analysis. Numerous interesting
properties for them can be found in many books; see, for example, [14—17]. Obviously
the Frobenius-Euler polynomials give the classical Euler polynomials when A = -1 in
(1.1).

In [15], Nielsen investigated three formulae of products of the classical Bernoulli and

Euler polynomials. In particular, Nielsen showed that for positive integers m, n,

© m n Bm+n—2k(x)
B,,(x)B,(x) = Z{n(2k> + n<2k) }B2k4m -2k

k=0
1. n!
1 -

D™ (m + n)!

Bins (1.5)

which was reobtained by Carlitz [18] applying a different method. For further discover-
ies of Nielsen’s formulae on the classical Bernoulli and Euler polynomials, see [19-23] for
details. In [24], Carlitz explored some formulae of products of the Frobenius-Euler poly-

nomials and obtained that for non-negative integers m, n,

Mp—-1) & (m
Hyy (x| M) Hy, (x| p0) = ( )Hk(}\)Hmm—k(xMM)
A —1 kX:o: k

n

u(—1) n
T -1 kX(; <k>H" (1) Ho -t (| M)

e 16)

when A #1, u #1, An #1, and if A #1, then for positive integer m and non-negative inte-

ger n,
Bu@H,(x)= 3 (Z)BkHw_k(xM)
k=0

A " In
- g (k)Hku)Hmmkl(xM)

+ MHm+n—1(x|)\): (17)
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and if A # 0,1, then for positive integers m, n,

m

1 m Binins1-x(x)
X) :()L_l)z(k>Hk(A)m+n+l—k

k=1

1 - n 1 Bm+n+1—k(x)
Z_1 2 H, [ = | 2=k
+<A )k_l (k) k()\)m+n+1—k

D =) (V). (1.8)
(m+n+1)!

H,,(x|\)H, (x

Further, Carlitz [24] showed that the case A = -1 in (1.7) and (1.8) can be used to give the
expression of B,,(x)E, (x) and E,,(x)E,(x) stated in [15], respectively.

Motivated by the work of Carlitz [24], in the present paper we establish some new for-
mulae of products of the Frobenius-Euler polynomials by applying the generating function
methods and some summation transform techniques. It turns out that some known results

including (1.6), (1.7) and (1.8) are obtained as special cases.

2 Restatement of the main results

In this section, we shall establish three new formulae of products of the Frobenius-Euler
polynomials to extend formulae (1.6), (1.7) and (1.8) by making use of the generating func-
tion methods. As further applications, we also give some new sum relations of products
of the Frobenius-Euler polynomials by applying some summation transform techniques,
which are analogous to some sum relations of products of the classical Euler polynomials
and Frobenius-Euler polynomials stated in [9, 25]. For convenience, in the following we

shall denote by H, the harmonic number of order # given by

"1 1 1
Ho=0 and H”:Z%:“E*'"*_ (n>1). 2.1)

n
k=1

We now state our main results as follows.

Theorem 2.1 Let m, n be non-negative integers. Then, for . #1, u #1, Ap #1,

A -1)

Hy (s H,010) = =

Z <V;:)Hm—k(x _y|)“)Hn+k()/|)»,u,)
k=0

n

+ ) Z (n)H”k(y = % () Hp i (| A pe)

A =14 k
G-D-D O (),
- T kzzo <k>(x _y) Hn+k(y|)‘/"f)' (22)

Proof Observe that

1 1 re” 1 1 (2.3)
. = + . .
ret -1 pe’ -1 ret—1 e -1/ Aue*tv -1
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If we multiply (A — 1)( — 1)e**"” on both sides of (2.3), then

(A-De™ (u-1e” Mu-1) (-1 (u-1)et

re—1 pe'—-1 au-1 ret —1 Auert —1
r-1 —1)e0- (A — 1))
. (u -1 (i —1) (2.4)
=1 ue’ —1 ruettv —1
Note that from (1.1) we have
A-1 XU 1- % Xl = Lyu"
Ae”—le =eu_le :ZH”’ xx part (2.5)
A m=0
More generally, the Taylor theorem gives
A=1 ex(wrv) _ i 9" A-1 & ﬂ
rettv —1 — du” \ re* —1 n!
g I\Nu” V'
33 ()5 5 2o
r) m! nl
m=0 n=0
By applying (2.5) and (2.6) to (2.4), we obtain
> - 1 1\u” V'
22 HalH{5 JH 0 ) o
m=0 n=0 n/ n n
k(,u—l)(i ( '1>um><°° > 1\ w" v
= Hy(l+x—-y|l- | — ZZH’“”’ Y= )— —
Ap—1 s A ) m! — A ) m! nl
PR Ry NN (= — 1\uw" v
; ZH,,(y— _)_) (Z Zﬁw(x _>_ ) ey
A —1 s n) n o rn ) m! !
It follows from (2.7) and the Cauchy product that
> - 1 1\u" V'
D> Hul x| JHal| = ) —
—— w)m! n
A(M—l)ii[i”: (m) ( 1 1\ |um v
= Hyi|1+x-y|= |Hp\ Y| — ) | — —
Ap—1 L=l Py k A A ) |m! n!
)\' _ 1 o0 oo n n 1 1 I/lm Vn
+ ZZ ( )Hn_k<y—x —)Hm+k<x —) —_— . (2.8)
A/L—lmzo == k " Ap) | m n!
Comparing the coefficients of ”v"/m! - n! in (2.8) gives
" 1H 1 A(M—l)imH ) 1H 1
Xl — )= - +x—y|- —
m 2 n yM )»/,L—l an k m—k yk n+k y)\”u
-1 Z m\ 1\, 1 29)
+ aly—x|— x|— ). .
-1 k n-k\ Y 1 m+k P

k=0
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Substituting A for 1/ and p for 1/p in (2.9), we get

W H, () = = ‘_1 > (’,’: )Hmk(l + 2 = Y1)y ok (y112)

H 1k=0

1O-=1) ~ (n

% Hn—k(y x| W) H ke (| A pe). (2.10)
un—1 P k

Since the Frobenius-Euler polynomials obey the difference equation (see, e.g., [9])
H,(x+1|A) = AH,(x|]A) =1 - A)x" (n>0), (2.11)
so by applying (2.11) to (2.10), the desired result follows immediately. O

It follows that we show some special cases of Theorem 2.1. By setting x = y in Theo-
rem 2.1, we rediscover formula (1.6). Setting A = u and x = y in Theorem 2.1, for non-
negative integers m, n and A # %1, we have

Ao (m
m (k>Hmk()\)Hn+k(x|)‘-2)

n

H,p, (x| M) H, (x| A) =

L " 2) _ )‘__1 2
Tt kXO: (k)H”-k(“Hmk(xM ) . +1Hm+n(xlk ). (212)

Clearly, Ho(x|1) = 1 (see, e.g., [9]). Hence, by setting # = 0 in (2.12), we obtain that for

non-negative integer 7,
H,(x|) = & Z "\ k(A)Hk(x|A2)+iH (%[2%) (2.13)
A+l k)" A+l ' '

Setting x = y and 1 = 1/A? in Theorem 2.1, we get that for non-negative integers m, n and

A#0,1,
) =(A+1) ( ) m—k()\)Hn+k(x T
k=0

1 A2 -1
xx - Iy Hm+n X

H,, (xlk)Hn(

1
;)
(2.14)

In particular, the case # = 0 in (2.14) gives that for non-negative integer #,

AH, (x

which was discovered by Kim [9] applying a nice method called the Frobenius-Euler basis

n

%) FHy(x2) = (D) Y <Z>Hn_k<%)Hk(x|x), (2.15)

k=0

{Ho(x|A), ..., H,(x|A)} for P, consisting of the Frobenius-Euler polynomials with P, being
the space of polynomials of degree less than or equal to 7.
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Theorem 2.2 Let m, n be non-negative integers. Then, for A #1,

m+1
Bm+1(x)Hn(,y|)") = Z (m]: 1>Bm+1k(x _y)Hn+k(y|)¥)
k=0
A me1) (" ANH, o (]
L ;(k) sty = 51 i x12)

+meD)Y (’Z) (= 9" H, ok 01).
k=0

Proof By setting A = 1 and substituting A for u in (2.3), we have

1 1 et 1 1
. = + .
e—1 re'-1 e*—1 Aev—-1/re*V -1
Multiplying (A — 1)ue**"” on both sides of (2.17) leads to

ue™ (=1 uel* M4 () —1)e/w+)
e“—1 re'—1  et—1  hrewv—1
u o (=1t (L —1)e@

+
r-1 re’ —1 Aettv —1

Hence, by applying (1.4), (2.5) and (2.6) to (2.18), we obtain

m=0 n=0
o0 m o0 o0 1 Mm Vn
S\ B x =) )\ DD Hual )5 ) o
! A)m! n
m=0 m=0 n=0
o0 Vn o0 o0 1 um
(O 5 (e ()

m VVI

RRCUNER:
S (7 pesten (o) |
s Dol (PN

m=0 n=0

1 um+1 v
X) m n

(2.16)

(2.17)

(2.18)

>, (2.19)

(2.20)

1
nl
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Since By(x) =1 (see, e.g., [26]), so by substituting A for 1/A and comparing the coefficients
of ™" /(m +1)! - n! in (2.20) we get

m+1
Bra()H,(012) = Y (m N 1)Bm+1_k(1 + 20— ) Hyi013)
k=0
- %(m +1) Z (Z)H”—k(y = %|A)Hp ik (x| 1). (2.21)
s

Thus, by applying the difference equation of the classical Bernoulli polynomials B,,(x +1) —
B, (x) = nx""! for non-negative integer # (see, e.g., [26]) to (2.21), the desired result follows
immediately. 0

It is obvious that the case x = y in Theorem 2.2 gives formula (1.7).

Theorem 2.3 Let m, n be non-negative integers. Then, for . #0,1,

1 B l “ m n+k+1(y)
GO
- m+k+1(x)
+()»—1)k2(;( ) -k (y — % ﬁ
()‘« 1) = - an+k+l()/)
kX:( )( =) n+k+1
!

m m! - n!
+ (_1) ()‘- - l)mHmth(Y - x|)\.) (222)

Proof By substituting 1/A for u in (2.4), we discover

1
(A =1)e . (3 -1e”
re¥ —1 e -1

1
x

1 ()\’ 1) (1+x—y)u ey(u+v) 1
= | —
(A ) Aet —1 (e’“"—l u+V)
(

1 _
1 _1)el=v 7 grlury) 1
+(A=1)-2 1 ) ( - )
ze'—1 etv—1 u+v
1—A [ (h—1)edrx2u (L _1)eb==
+ (4~ Le _G i ) . (2.23)
u+v ret —1 e’ =1

Notice that from (1.4) and the Taylor theorem we have

e"(”“’) =, 9" e 1\ v"
eV _1 u+v HX:: ( - ;> n
S = m+n+1 u v
sz+n+1 m ol (224)

m=0 n=0
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On the other hand, if we apply #” = > " (’:)(u + )" (—v)"" to (2.5), then we get

()L _ l)e(1+x—y)u

o0 o0 _ l
T - Z M <r:) (1 + )" (=v)" "

m!

00 1
=22 M( . )(“+v)"+1(—v)’"-<”+”

m! n+1

+Y H, <1+x y‘ )( W (2.25)

m!
m=0

Since the Frobenius-Euler polynomials satisfy the symmetric distribution H, (1 —x|1) =

(-1)"H,(x|A) for non-negative integer # (see, e.g., [4]), so by (2.5) we can rewrite (2.25) as

1 ((A —1)el (1 1)e<“>V)

U+v re¥ —1 %e"—l

oo 00
_ Z Z (—1)”+1Hm(,y B xl)») ( m )(M + V)nvm—(n+l)
n=0 m=n+1 n+1

m!
= = ( I)VHIH (y xl)») n k. m—(k+1)
Z Z m! n+1l Z k vy
n=0 m=n+1 k=0

Me £ IMe 1D 1
e 1M §

0 ]

0 n+1
Z Hy, (y x|A) ( ) <”> ik ym=tke1)
ot n+1)\k

k4l
(=)™ Hm(y_xp“)ukvm—(ku)
m!

M2

+1

(=DM m! - Hin (v —x[2)  uf v
(k+m+1)! k! m!

(—1)m+ll’l’1! - n! 'Hm+n+l(y ~ xl)») u™ " (2 26)
(m+n+1)! mi - nt |

3
I
<)
3
I
<)

Hence, applying (2.5), (2.24) and (2.26) to (2.23) and then comparing the coefficients of
u"v"/m! - n! gives

H,, (x

%)Hn(yl)»)z(l A) Z( ) mk(1+x y‘)\> n+k+1()/)
k=0

n+k+1

+ ()»—1)2 ( ) o k(y m+k+1(x)
k=0

+k+1

m! - n!
+ (D" = 1) = Hppen1 (y = x[2),

(m+n+1)! 2.27)

which together with (2.11) yields the desired result. O

It becomes obvious that setting x = y and then substituting m for n and # for m in The-
orem 2.3 gives formula (1.8).
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Theorem 2.4 Let n be a non-negative integer. Then, for A #1, u #1, A #1,

ZHk(xM Hayl) = 2 ”Z(”‘”)Hk(x—ymmkmxm

=1 = \k+1

O =1) G (n+1

’ rp—1 ,<_Zo</<+1>Hk(y H ) Hyor (31240)

A=D(u-1) & (n+1 .

-1 kXO: <k N 1>(’“ =) Huik (1A 10).- (2.28)

Proof Tt is easy to see that (2.2) can be rewritten as

HaH, 1) = 5= Z( )Hk<x—y|A)HW_k(y|w>

k=0

i —1) & (n)H
k(y_x|M)Hm+n—k(x|)‘-/'L)
-1 ; k

+

(A -D(u—1)  (m

_wo -y — Y Hopn i (71 2.29

e 2 (e Hsot (229)
k=0

Hence, by substituting / for m and n — [ for n with 0 </ < n and then making the summa-

tion operation Z?:o in (2.29), we have

n ! I
ZHz(xM n-1(yl) = ( 1) Z (/()Hk(x—yIA)an(yMM)
1=0 1=0 k=0
pO-1) g (l>
+ Hi(y — x| ) Hypi (x| A1)
Ap—1 1=0 k2=0: k
n l
w 3 ( )(x — 9 Hui 11p). (2.30)
1=0 k=0

If we change the order of summations on the right-hand side of (2.30), then we obtain

- Mp - < >
H(x|A\)H,,_ = Hi(x — y|A)H ik (y| A
; Wi (11) = = ko!k o )i =71 i 0110)

1 —1) o <1)H CH
-1 ek k(v — x| ) Hy i (x| A1)
(=D —1) i (] )

a1l e (k> (= ) Hyge(yIA11). (2.31)

Notice that for non-negative integers m, n (see, e.g., [27, Lemma 3.1]),
n
k +1
Z( ):(" ) (2.32)
m m+1
k=m

Thus, the desired result follows by applying (2.32) to (2.31). O
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We next discuss some special cases of Theorem 2.4. By setting x = y in Theorem 2.4, we
obtain that for a non-negative integer #,

3 Helo4)Hy i) = (Z by (””)Hk(x)Hn Nem
k=0
. "k‘ﬁ D ( o DHk(mHn_k(xmm
- %m + 1) H,, (x| p0). (2.33)

Taking A = w in (2.33) we have

n

e )= 70 (a4

k=0

A-1
-7+ DH, (x[22), (2.34)
which is equivalent to
= 2 - (n+1
D Hk W) Hyoi(x12) = — ( ) nk (W) Hi (%12%)
+1 k
k=0 k=0
A-1
-7+ DH, (x[22). (2.35)

It is interesting to point out that formula (2.35) is analogous to the following sum relation
on the classical Bernoulli polynomials:

n-2

ZBAx)Bn K(x) -

k=0 k=0

(’”2) - iBe(¥) = (14 1)B, %), (2.36)

which was obtained by Kim et al. [25] using a nice method called the Bernoulli basis
{Bo(x),...,Bu(x)} for P, consisting of the Bernoulli polynomials with [P, being the space of
polynomials of degree less than or equal to . For an equivalent version of (2.35), see [9,
Theorem 3] for details.

Theorem 2.5 Let n > 2 be a positive integer. Then, for . #1, u #1, Ap #1,

S IM
P k(n-k)
= —Z( ) —H_ 1){A)5Z 1)Hk(x y|)¥) n— k(y|)¥/'L)
+ 'L;(::i)Hk(y x| ) Hyi (x| A pt)

- 1)(M 1)

- (x— ) H,_ k(mm}
n—
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Mu—-1) H,(ylx A=1) H,(x|x
C2H -1 H,op) pO-1) Hyllau)
Ap—1 n A -1 n

_O=D-1) Hn(ylx\u)) (2.37)

A -1 n

Proof Let m, n be positive integers. Then, by multiplying 1/m#n on both sides of (2.29) and
then substituting / for m and n—[ for n with 1 </ < n—1, in light of making the summation

operation Y -, we get

<N Hy(x|\)H,i iyl )
In-1)

=1

AMp-DE 1
T oap-1 ; In-1) ZO: (k)Hk(x = Y12 Hy (Y12 1)

n-1

uw-1) 1 ! /
* A —1 Z[(n [);;(k)Hk(y x| ) Hyi (x| A pt)

G-DE-Dh 1 (! )
YIS 121: ) kZ; <k> (o = 9) Hyie(y|A 1) (2.38)

Observe that for positive integers m, n,

- (l ; l). (2:39)

n m+n n

3

Hence, by applying (2.39) to (2.38), we obtain

n-1

Hi(x|M)H, iyl )
; I(n-1)
“1) 1821 1\l o H Ol
~ ; . (? Tl);(k) k(e =yl k(YA

n-1 I
A-1) 1 1 1 [
N y;\( ) 1 (— + —) > ( )Hk(y—xlu)an(xIM)
nw-1 n = n-1 = k

n-1 1 I I
3 (Yt

B A =1 (u— 1 <
)“M_l X:lz k=1

Mu—-1) Ha(ylx
+2Hn—l< (n-1) H,(ylrun)
rp—1 n

s p—1) Hy(x[An)
A —1 n

_A-D-1) HMIM))
a—1 n ’

(2.40)

Page 11 0f 13
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Changing the order of summations on the right-hand side of (2.40), we obtain

n-1

Z H; xl)\)Hn l(y“'L)

=1

B n-1 n-1 l
BRI ( )G ! )Hk(x YIH, k(3 1As)
I=k

Ap—1 = k n-1

pi=1) 1 e (! 1
+ Apn—1 ;;lz (k) <_ + —>Hk(y x| ) Hyp_ i (x| A )

A=DE-1) 1 (1 1 )
+2H,,_1<M'U“_1) ) Hy,(y|ap) + uh -1) . H, (x| )

Ap—1 n A —1 n
G- D) ,Hn(yw)). o
A —1 n

Note that for non-negative integers m, n (see, e.g., [27, Lemma 3.1]),

(52 (A7) ()

and

"k 1 n+1
]Zm <m> g = (Hea - m)< ) (2.43)

By combining (2.42) and (2.43), we have

3 () G ize) ) ()

k=m

- (H, —Hmn(” * 1). (2.44)
m

Thus, the desired result follows by applying (2.44) to (2.41). O

Obviously the case x = y and A = ¢ in Theorem 2.5 gives that for positive integer n > 2

and A # £1,
n-1 -1
]_[k(xpL nk(xp\) A 2 n )
- H,1 — He ) He(W)Hy—i ()2
21: k(n k) A+l onm — <k)( 1 = Hi))Hi (M) Hpi (x]17)
2
+ 2Hn_1]M, (2.45)
n

which is analogous to the sum relation on the classical Euler polynomials stated in [25,
Theorem 7]. From the above, one can also use Theorems 2.2 and 2.3 to establish some
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similar sum relations to Theorems 2.4 and 2.5. We leave the details to the interested read-

ers for an exercise.
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