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Abstract
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1 Introduction

Recently complex approximation operators have been studied intensively. For this ap-
proach, we refer to the book of Gal [1], where he considers approximation proper-
ties of several complex operators such as Bernstein, g-Bernstein, Favard-Szasz-Mirakjan,
Baskakov and some others. Also we refer to the useful book of Aral, Gupta and Agarwal
[2] who consider many applications of g-calculus in approximation theory. Now, for the
construction of the new operators, we give some notations on g-analysis [3, 4].

Let g > 0. The g-integer [n] and the g-factorial [#]! are defined by

1-q"
q_ 1;
[n] :=[n], = { ro 47 forneN
n, qg=1
and
[n]‘:{[l]q[z]q[n]q: }’121,2,..., forneNand [0]‘=1’
1, n=0

respectively. For integers n > r > 0, the g-binomial coefficient is defined as

nl| [n],!
r q‘ [l — 7]yt

The g-derivative of f(z) is denoted by D,f(z) and defined as
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also

DYf:=f,  Dif :=Dy(Dy'f), n=12,...

g-Pochhammer formula is given by

(,g)o =1,
n-1

(x: Q)n = 1_[(1 - qu)
k=0

with x € R, n € NU{oo}. The g-derivative of the product and the quotient of two functions
fand g are

Dy (f(2)g(2)) = f(2)Dy(g(2)) + g(q2)Dy (f (2))

and

D <f (Z)> _ 8(2)D,(f(2)) - f(2)D4(g(2))
q
8(2) 2(2)g(qz)

respectively (see in [3]). Moreover, we have

m

[xO)xlr---’xm;f g] = Z[xO)xlr'--’xi;f] [xi’le:--ﬂxm;g]’ (11)

i=0

where [x0,%1,...,%,;f] denotes the divided difference of the function f on the knots
X0, X1, ..., %, (see [4] also [5]).
In [6], Aral and Gupta constructed the g-Baskakov operator as

= k=1 ke ) (k]
Z(f)(x) = [ }z 2 zk(—x,quikf(_—), nen,
kZo: k q"n]

where x > 0, g > 0 and f is a real-valued continuous function on [0, 00). The authors stud-
ied the rate of convergence in a polynomial weighted norm and gave a theorem related
to monotonic convergence of the sequence of operators with respect to n. Not only they
proved a kind of monotonicity by means of g-derivative but also they expressed the oper-
ator in terms of divided differences as follows:

BRI [T P S o N I
USRIV Pt o o | 5 (12)

n € N, similar to the case of classical Baskakov operators in the sense of Lupas in [7]. That
is to say, Z(f)(x) = Wq(f)(x) for x > 0 and g > 0, so they proved that

RN CIN) .}_qf”‘“vé;f(m AL0) ( [} )
|:Or [n],q[n]""’qj—l[n]’f = il [n) = I le O’q/—l[n] , 1.3)
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where V; stands for g-divided differences given by V,‘; f (%),
VI ) = 4 Vif (50) — Vif (%)

for r e NU {0}.

A different type of the g-Baskakov operator was also given by Aral and Gupta in [8].
In [9] Finta and Gupta studied the g-Baskakov operator Z1(f)(x) for 0 < g < 1. Using the
second-order Ditzian-Totik modulus of smoothness, they gave direct estimates. They also
introduced the limit g-Baskakov operator.

In [10] Gupta and Radu introduced a g-analogue of Baskakov-Kantorovich operators
and studied weighted statistical approximation properties of them for 0 < g < 1. They also
obtained some direct estimations for error with the help of weighted modulus of smooth-
ness. Moreover, Durrmeyer-type modifications of g-Baskakov operators were studied in
[11] and [12]. In [13], Soylemez, Tunca and Aral defined a complex form of g-Baskakov

operators by

o [mej-1] e 1 2] IERES
W= ,Zo e ¢ [O’ Tl gl g ] [} 1.4)

for g > 1, f : Dg U [R,00) — C, replacing x by z in the operator Wiq(f)(x) given by (1.2).
They obtained a quantitative estimate for simultaneous approximation, Voronovskaja-
type result and degree of simultaneous approximation in compact disks.

In recent years, a Stancu-type generalization of the operators has been studied. Biiyii-
kyazici and Atakut considered a Stancu-type generalization of the real Baskakov operators
in [14]. Also in [15], g-Baskakov-Beta-Stancu operators were introduced. In [16] Gupta-
Verma studied the Stancu-type generalization of complex Favard-Szasz-Mirakjan oper-
ators and established some approximation results in the complex domain. In [17] Gal,
Gupta, Verma and Agrawal introduced complex Baskakov-Stancu operators and studied
Voronovskaja-type results with quantitative estimates for these operators attached to an-
alytic functions on compact disks.

Now we define a new type of the complex g-Baskakov-Stancu operator

00 111 6D
W@ -
j=0 :

X[ @] [l +[1] #ﬂﬂ+mf] 7

Yl + 181

) yeeer ; 5
(] +[B] [n]+ (Bl g([n] +[B]) (1)

where 0 <« < B; for j = 0, we take [n][n + 1] ---[n + j — 1] = 1. We suppose that f is an-
alytic on the disk |z| < R, R > 1 and has exponential growth in the compact disk with all
derivatives bounded in [0, co) by the same constant.

Note that taking o = 8 = 0, Wfff (f)(2z) reduces to the complex g-Baskakov operator
Wq(f)(2) given in (1.4).

In this work, for such f and g > 1, we study some approximation properties of the com-

plex g-Baskakov-Stancu operator which is defined by forward differences.
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2 Auxiliary results

In this section, we give some results which we shall use in the proof of theorems.

Lemmal Let us define ei(z) = 25, T, ﬁ(z) = Z’f(ek)(z), and N° denotes the set of all non-
negative integers. Then, for all n,k € NO, 0 < < B and z € C, we have the following recur-

rence formula:

qz(l+§)D Ta’ﬂ<z> 1)z + [«]

i 2T (5) * Gy T @1)

nk+1(z)

Hence

(n)z + [a] Z1+2) 4] (n)z + [a] |
T%lg — , TOlrﬁ — q ( )
w &= TR w2 &= A i+ 1A T\l + 1B

forallze C.

Proof Now we can write

[e¢]

nln+1]---[m+j-1] —1(/1
IZ ([n] + [B]Y

o] '] + [ },
XLM+WW“‘¢MM+wD @.2)

¢ al+l]

m, we obtam

Using relation (1.1) and taking f = e, g = e; and x; =

[ [a] gl + 1] ]
]+ 1B g (m] + (B])

_ e+ []] [ [o] g el + [f] }
g ([n] + (BD) LI + (B ¢ ([n] + [ﬂ])

[o] g a] + [ -1] }
+Lmum“‘¢%M+wD 23)

using this in T:,f 1(z) we reach
qz(1+ %) z\ [nlz+[a]
—1'p I*”*“‘(—) =T ().
nkﬂ( 2= [n]+[B] " " \q * [n] +[B] ~™* @ =

Lemma2 Let«a and f satisfy 0 < «a < . Denoting e;(z) = 7 and W, 0(e,) by W, ,(e)) given
in (1.4), for all n,k € N°, we have the following recursive relation for the images of mono-

mials ey under W,f,f in terms of W, 4(ej),j = 0,1,...,k:

k [n] [a k=
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Proof We can use mathematical induction with respect to k. For k = 0, equality (2.4) holds.
Let it be true for k = m, namely

N
a,fB [ R
i ( )([n]+[m>m a(62)-

Using (2.1), we have

1 + g m m [n]/ a]m_/ ( Z)
e D W (6,
T ® = L) ]Z()([,, B\ g

[n z+ 0] & [V [a]™

" 181 ,ZO( )([n gy e
IR AN e O
R Wiroe

qz(1+7) [n]z + [o]

Taking into account the recurrence relation for the complex g-Baskakov operator in
Lemma 2 in [13], we get

gz(1+ %)

z
Wn,q(ej+1;z) = [I’l] 1 Dan,q <ej’ 5) + ZWn,q(e/'x Z))

which implies

m j+17 . 1m—j
TS;;ZH(Z) = Z <m) % |:W (e}+l’ Z) + % Wn,q(ej’ Z)]

j=0
B m [n]][ ]mfj+1
,ZQ >WW (:2)
m m [;q]j[a]m7/+1
i ; <i ) ([n] + [B])+ Wiqe,2)

m+1 m+1 [}’l]l[a]m —j+1
2o:< j >([n [B])"+1 Wqle 2),

which proves the lemma. O

3 Approximation by a complex g-Baskakov-Stancu operator
In this section, we give quantitative estimates concerning approximation with the follow-
ing theorem.

Theorem 1 For1< R < 00, let

f:DrU[R 00) — C
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be a function with all its derivatives bounded in [0, 00) by the same positive constant, ana-
Iytic in Dy, namely f(z) =Y 1o, cx2* for all z € Dg and suppose that there exist M > 0 and
A € (3,1), with the property |ci| < MT‘?I(for all k =0,1,... (which implies |f(z)| < Me*? for
all z € Dy).

Let0<a<B,q>land1<r< % be arbitrary but fixed. Then, for all |z| <rand n e N,
we have

(W (@) - f(2)]

M) (8] el
=i e 0 M)
r,oz,ﬂ(f)

with

Myy(f) =6 lexl(k + Dk - 1)r* < oo,
k=2

My, (f) = Z ek |kr® < oo, Ms,(f) = Z ekl krF! < 00

k=1 k=1

Proof Using (2.1), one can obtain

B k_ qz(1+ ) op <f)) [n]z + [o]
e~ - T (5)) + e (-2
el 0

T
z(1+ Z) (T“'ﬂ (E)) .\ 1)z + [o] (Ta,,g @ —zk_l)
"8t \q [n] +[B] "
[n] B [a] k-1
+<[n]+[,3] l)zk+[n]+[/3]z '

Moreover, we have

D,(1f(2)) =IPT35 @

Now from (3.1) and the Bernstein inequality (see [1]), we have

o, z o, /ot
0 (7i8(2)) = 1P Tt < | m o) < ST

where || - ||, is the standard maximum norm over D, = {z € C: |z| < r}. Passing to modulus
for all |z] < rand n € N, we have that

k r(l+r) E o,p k-1
1@~ = o (Sl - -

o o
+<[n]+[m 1>rk+[n]+[/3]rk ' (32)
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In order to get an estimate for || TZ 1|l in (3.2), we use the following fact:

A .
" Mn+1]---[n+j-1] M[ (o] g al +[j] ] -
T ﬂ = N 2 ey . 5 /
”&)Z; G187 L g+ 18 )

for k € N. Taking into account Lemma 1 in [13] for ¢ > 1, |z] <7, r > 1 and (1.3), we have

K ( )
o, i Ml +1] - [+ j—1] 0D
|To @], <7 ijo () q 2

¢%nm,]

» [ [o] o
[n] + (81" @1 ([n] + [B)

k .

j!/(k—1~~:'k—]+1rk_j.ﬂ
Ji

-0

<
J
k
=AY kk =1 k—j+1<r(k+ 1)L (3.3)
j=0

Now, considering (3.3) in (3.2), for all |z| <r,r>1,withg>1land 0 <o <8,

Tl (2) - 2|

rQ+r) .
*2(k +1)!
T AN a7

[#] _ k (o] k-1
+Qmum1>+MHmf
r(l+7)

[n] + [B]

-z

[n]r+[a]| “f ()

n,k-1 z o |

(nlr +[a] | op 1
= [Vl]+[,3] |TZ,k—l(z)_Z |+
(8] [a]
7k
T8 T+ 1Al
< ;"’TO[’/S (2) —zk_l‘ + 2!
=k (1] + [B]

8] ]
v AL,
R ETIATIEAT]

2k +1)!

Vk_l

(k+1)!

(3.4)

Using the above inequalities beginning from k = 2,3,... and using the mathematical in-

duction with respect to k, we arrive at

2rk , (8] k k-1
—_— ! k ki
_[n]+[,3]j=22(]+1)+[n]+[,3] o ’

6rk (8] (o]
< 1A (k + 1)k —1) + B [ﬂ]krk

A

(3.5)

Page 7 of 15
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Also we obtain the following: for k =1 it is not difficult to see that

o] - [Blz

] _ a1+ (B1r
] + (]

T H+[B

Tl (2) - 2| =

Now, taking into account the proof of Theorem 1 in [13], we can write, for ¢ > 1, |z| <,
r>1, that

WZf(f)(Z) = ch nk (Z)

which implies
(Wl ()(@) - f(2)|

o0
< el | Tof (@) - 2

k=1
6 O ‘ . [/3] -
< A ; lexl Gk +1)!(k = D)r D cxlkr*
k-1
M) B, T

T+ 1B T+ A

[n] + ]
Here from the analyticity of f we have M, (f) < co and M;,(f) < co. Also from the hy-
potheses of the theorem, one can get
oo oo
Myy(f) =6 lexl(k + Ditk = 1)r* < 6M Y "(k + 1)(k — 1)(rA)*
k=1 k=1

forall|z|§r,1§r§%,neN. g

Theorem?2 Let0 <o <fB,1<r< % and q > 1. Under the hypotheses of Theorem 1, for all
|z| <randn €N, the following Voronovskaja-type result

WA (F)e) —f(2) — f()——]< +§I)f'<z)

K Z,=2 1<;.r(f)
= W ([n]+[B))?

holds with

Ki () =16 Y lexl(k —1)(k - 2)*kir* < o0,
k=3

Koy (f) = la] Z|k| Dk P < oo,

Page 8 of 15
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Ks,(f) = 6[] Z e kP! < o0,

2
Ky, (f) = <ﬁ—] +6] ﬁ]) Zlcklk2 k+ 1)1k < oo,

k=0

Ks,(f) = [@][B] Y lexlk(k = 1) < 00

k=0

Keor(f) = [B1> D lexlk(k = 1)r* < 0.
k=0

Proof For all z € D, let us consider

WP (1)) - £ )— mzf()——( 1+ 2
2[n] q

- WalE) ) - 5 ]( @)

ﬁ]zf()

+ WP (2) = Wiy () )—

Using the fact that f(2) = Y _po, ck2t, we get

o,B ﬂ]Z < < Ey//
Wl (f)(2) —f (2) f() A G (2)
X;Ck< W,.,q(ex;2) - zk—m<1+ >k(k 1)252

@] - [Blz, 4
+ch( k(&) = Waales2) = g gy K )

From Theorem 2 in [13], we have

Wig(f)(2) —f(2) - —] (1 + —)/”(Z)

[—6 kZ ekl (k = 1) (k = 2)2kIr .

Furthermore, in order to estimate the second sum, using Lemma 2, we obtain

[o] - [B]z
[n] + [B]

Tl (2) = Wig(ewiz)

\_/

(Blz

L [} [a]< o] -
Z() (] + (B1F  nal@2) = Waalews2) =g mmrgrke

k-1 k [n]] ]
,X:< )([n]+ [B])¥ Wiq(ej;2)

[n]* ] - [Blz, 4,
- n 3Z) — K .
+<([n]+[ﬂ])k 1)“ a2 = g e

k-1
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Also it is clear that

_@ﬁgﬁV:§§<)%%%%§<ij-hJﬂm>:U§Tér (3.6)
which implies
T (2) = Wiglew2) - [E‘/l]];[[ﬁﬁ]]z k<!
icxﬁlmvmﬂw+%%%%mmHm
Z( ) Werteo) - = e
32 ) s g Wt -2
j: )[Z]]]f[gl Wnale2) - ([[]]k[lﬁ[,]g)]k( Wi,q(e;2) - 2°)

+( [ _0 @]
O+ B ) Il + 8]

[n]t-! )km]k
_ . 3.
] + B)1 ) Tl + 181 (37)
Now from (3.3) we obtain
k=2
[n)[a]" ,
XX)GM+M)WM%@
k=2
()]
55:()[@+ﬁwhmq%”
_ki k(k - 1) <k )[n]f[a] 5 (Wa(es2)]
o k= jle=j-1) (bn) + [BDET "
kk=1) [« . 2 k2N [n)[a]2
A2k~ 1)1 ( )_____
== Game VL) e
2
KD el gy (3.8)

T2 ([« [BP?

Also, we need to prove the following inequality:
(k—z)M_kZ%(k—z) AT
S\ )W+ 1B\ ) (il + [B1Y (I + [BDF7

k-2
:C“+M> <1 (3.9)

[n] + [B]

Page 10 of 15
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Moreover, taking o = 8 = 0 in Theorem 1, we have
k 6 x
|Wq(exiz) — 2] < mr (k+ 1)1k - 1). (3.10)

Writing (3.8), (3.6), (3.9) and (3.10) in (3.7), we have

TOHS( ) — . [@] - [ﬁ]zkzk_l

wk (@) = Wag(€is2) = gy

k[n)a]

([”] [B)¥ |Wn,q(ek71;z)_zk71|

k=2
[n) ]t '
Zo( ) ([n] + [B])* Woqalejs2)| +

k[n]*'[B]

Z() i W) |Wigles2) - |
n, e Z)| + ng\€k;Z) — 2
—\j /) (] + [BDF ™ !

(I + [BDF
R O . S MO U o . T B
(Il + [BD<T [Tl + 18] (I + [BDFT | Tl + 1]

(k=Dk! o, k] 6

SRR T U e e A U
+rk(k+1)!§(];)%
([r[z]]k [lﬂ[f]i]k Dk« S +1[)g]g)]2
st ([n][il][zﬂ]V ST ﬁ[?/]s])z ok '32&7325'}553

U DB KE-DIB] o, kK- DIBE
G+ 8 B | (B
k-Dk [ Kla]
R (P BT T A (P B T 2
[,3]2 K2(k +1)! X
' (T +6lp ]) GET

| Ke=DIallB] 4y Kk~ 1)[ﬁ]2rk
([n] + [B])? ([n] + [B])?

1k

Thus the proof is completed. d
Now, let us give a lower estimate for the exact degree in approximation by W, ;f.

Theorem 3 Suppose that q > 1 and suppose that the hypotheses on f and on the constants
R, M, A in the statement of Theorem 1 hold, and let 1 <r <R, 0 <a < B.Iff isnot a
polynomial of degree < 0, then the lower estimate

P (f)

” Wr‘:{f(f) _f”r z (1]

holds for all n, where the constant Cf’ﬁ (f) depends on f, o, B, q and r.

Page 11 of 15
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Proof Forall |z] <rand n € N, we get

Wl (f)(2) - £ (2)

1 [n] , z z\ .,
= m{ (] + 18] ([Ol] - [,B]Z)f (2) + 5(1 + Q)f (2)

1o e o] -[Blz, __3_( g),, )}
+[J[”] (W NG -1 - T rm @ g\t g @

_ —]{([al P12 (@) + 5(1 AV

[][nJZ(W“ﬂ(m f()— ] mzf())

o2 2\ BB, )}
e ( 2[n]<1+q)/ @ T’ @)

We set Ex ,(z) by

Bunle) = W0 10— [ L)
o 2\ 1Bl =B,
‘z[nl(“q)f @ = G+ a0 @ (31D

Passing to the norm and using the inequality
IF +Gl» = [IFll, = 1Gll,| = IIF]l, = Gl

we get

Lo
r—mMH&m-

1 / 1/
W) =11, = o | el - 181es s 5 (142 )1

Since f is not a polynomial of degree < 0 in Dg, we have

> 0.

r

(M—WMV+%O+%y"

It can also be seen in [1, pp.75-76]. Now, from Theorem 2 it follows that

[ﬁ]el €1 (51
aﬂ L =1 1/
Wai D=1 - ([n]+[/3] 2[n1<“q)f

+ [ 1B1(fe1 - [Ble)s [,

2| Exull < [n]*

r

6

<> M)+ [BI(led + (B |F] -

j=1

Page 12 of 15
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Since ﬁ — 0 as n — oo, for g > 1, there exists an #ny depending on f, r, «, B and ¢ such

that for all # > n,,

1 , e €1 " 1 2
] ([e] = [Bler)f" + 0) (1 + ;)f - m[”] | Exnl -
| 1= 18167+ & <1+ ;1)/ ;

which implies

|wii O =11, =

for all n > ny. Now, for n € {1,...,n9 — 1}, we have

=

r

A(f)

|wWetif)-£], =
with
Af) = [ml| Wt () - £, >0,

which finally implies

o3d(3)

[n]

W) -7l = <

for all n > ny with

Cf‘ﬁ(f):min{ () Ao (), H( - [Bler)f' + Z—I(H%)f" }

This proves the theorem. O

Combining now Theorem 3 with Theorem 1, we immediately get the following equiva-

lence result.
Remark 1 Suppose that g > 1, 0 <« < 8 and that the hypotheses on f and on the con-

stants R, M, A in the statement of Theorem 1 hold, and let1 <r < % be fixed. If f is not a

polynomial of degree < 0, then we have the following equivalence:
Wt -1, ~ o
" "o Al

for all n, where the constants in the equivalence depend on f, &, 8, g and r.

Concerning the approximation by the derivatives of complex g-Baskakov-Stancu oper-

ators, we can state the following theorem.
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Theorem 4 Suppose that q > 1 and that the hypotheses on f and on the constants R, M, A
in the statement of Theorem 1 hold, andlet 0 <a < B,1<r<n< 1 and p € N be fixed. If
f is not a polynomial of degree < p — 1, then we have the following equivalence

W 1® _ o)) L
” [Wn,q (f)] f | T n]

for all n, where the constants in the equivalence depend on f (that is, on M, A), r, riq and p

Proof Denote by I' the circle of radius r, with 1 <r<r < % centered at 0. Since |z| < r
and y € I', we have |y —z| > r; — r and from Cauchy’s formulas and Theorem 1 we obtain,
for all |z] <rand n € N, that

a,pB (p
Wil -] < 2

quf(y) f(y)
/ (y —z)p#t i

rl,o/,,B (f p_‘ 277”"1
(n] 27 (rp—r)pH!

_ Mrl,ayﬁ(f) pin
(n] (=Pt

which proves one of the inequalities in the equivalence

Now we need to prove the lower estimate. From Cauchy’s formula we get

o,B ») quf(V -fy)
(Wig (2] -0 - 2 [ L g

Furthermore, using (3.11) one can have

Wi f(y)=f(r)

- il =g 0+ 2 (1 2 )+ B
for all y € I" and n € N. Applications of Cauchy’s formula imply
[Web(f,2)]? - ()

1 opt (el =[BI) () + (1+V)f”(y)d
_{m%/r (y -2+t v

1 p [ [PEia(y)
+[]27Tl/r (y -2t dy}

®
= [71]{[( Bly)f (v) + —<1+ )f”(Z)] P 2 —[n]ZEk’"(y)dV}~

27i Jr (y —z)p*!

Now passing to the norm || - ||, we obtain

®
||[W,‘jquﬂ(f)] -f?), = [—{H[ ([e] = [Bler)f" + %(1 + ﬂ)fu}

q ,
1| p [ [Eca(y) }

- 2 ) e g ,
(1] 27T/I‘ (y —2)p*! v .
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and from Theorem 2 we have

ZEle(y) p' 2mr 9
H P (y—2pt fgm["] Il Exllry
¢ Kin (f)
< K+ P2y 1)

([n] + [B])?

Since f is not a polynomial of degree < 0 in Dg, we have

®
[ 3(0-2 ]

(see [1, pp.77-78]). The rest of the proof is obtained similarly to that of Theorem 3. O

>0

r

Remark 2 Note that if we take o = 8 = 0, then Theorems 1, 2, 3 and 4 reduce to the results
in [13].
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