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1 Introduction and preliminaries
In 1973 Geraghty [1] introduced the class S of functions 8 : [0, 00) — [0, 1) satisfying the
following condition:

B(t,) — 1 implies ¢, — 0. 1)

The author defined contraction mappings via functions from this class and proved the
following result.

Theorem 1.1 (Geraghty [1]) Let (X,d) be a complete metric space and T : X — X be an
operator. If T satisfies the following inequality:

d(Tx, Ty) < B(d(x,y))d(x,y) foranyx,y € X, (2)
where 8 € S, then T has a unique fixed point.

Theorem 1.1 was generalized in several ways, see e.g. [2—6]. Recently, Caballero et al. [2]
introduced the following contraction.

Definition 1.1 ([7]) Let A, B be two nonempty subsets of a metric space (X, d). A mapping
T :A — Bis said to be a Geraghty-contraction if there exists 8 € S such that

d(Tx, Ty) < ﬁ(d(x,y))d(x,y) for any x,y € A. (3)

For the sake of completeness, we recall some basic definitions and fundamental results.
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Let (X, d) be a metric space and (A, B) a pair of nonempty subsets of X. We consider the

following notations:

d(A,B) := inf{d(u, b):acA,be B};

d(x,B) := inf{d(x,b) : b € B};

Ao :={aecA:d(a,b)=d(A,B) for some b € B};
By :={beB:d(a,b)=d(A,B) for some a € A}.

Through this paper, N denotes the set of natural numbers.
In [8], Sadiq Basha introduced the following concept.

Definition 1.2 We say that B is approximatively compact with respect to A if and only if
every sequence {y,} C B satisfying the condition that lim,,_, » d(x, y,) = d(x, B) for some x

in A, has a convergent subsequence.

Definition 1.3 A mapping g: A — A is called an isometry if
d(gx’gy) = d(xry)’ V(x,y) cA x A.

Definition 1.4 (see e.g. [9]) Given a mapping T : A — B and an isometry g: A — A, the
mapping 7 is said to preserve the isometric distance with respect to g if and only if

d(T(gx), T(gy)) =d(Tx, Ty), V(x,y) €A x A.

Denote by E the set of functions ¢ : [0, 00) — [0, 00) satisfying the following conditions:
() ¢ is continuous and nondecreasing;
(I) ¢(0) =0;
(IID) limy_s o0 @(£) = 00.
The following notions were introduced by Sadiq Basha [9].

Definition 1.5 A mapping 7 : A — B is said to be a generalized proximal contraction of
the first kind if and only if

dlw, Tr) = d(4, B )} d(u,v) < d(x,y) - o (d(x.)),

d(v, Ty) =d(A,B)
where x,y,u,ve A and ¢ € E.

Definition 1.6 A mapping T : A — B is said to be a generalized proximal contraction of

the second kind if and only if

d(Tu, Tv) < d(Tx, Ty) — go(d(Tx, Ty)),

d(u, Tx) = d(A,B)
d(v,Ty) =d(A,B)

where x,y,u,ve Aand ¢ € E.
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Inspired by these definitions, Amini-Harandi [3] introduced the following definition.
Denote by W the set of functions v : [0,00) — [0, 00) satisfying the following condi-
tions:
() ¢ is continuous and nondecreasing;
1) ¢(0)=0;
(ITIT) ¢ <y (¢) for each t > 0.

Definition 1.7 A mapping T : A — B is said to be a generalized Geraghty proximal con-
traction of the first kind if and only if

d(u, Tx) = d(A, B)

i Ty) = d(A.B) v (d(u,v)) < B(d(x,2) ¥ (d(x)),

where x,y,u,ve Aand y e ¥, B € S.

Definition 1.8 A mapping 7 : A — B is said to be a generalized Geraghty proximal con-

traction of the second kind if and only if

d(u, Tx) = d(A,B)

A0, T9) = d(A, B) = d(Tu, Tv) < B(d(Tx, Ty)) ¥ (d(Tx, Ty)),

where x,y,u,ve Aand Y e ¥, § € S.
The main result in [3] is the following.
Theorem 1.2 Let A and B be two nonempty closed subsets of a complete metric space (X, d)
such that Ao # 9, By # ¥ and B is approximatively compact with respect to A. Suppose that
the mappings g : A — A and T : A — B satisfy the following conditions:
(i) T is a generalized Geraghty proximal contraction of the first kind;
(ii) T(Ao) < Bo;
(ili) g is an isometry;

(iv) Ao S g(Ao).

Then there exists a unique element x* € A such that
d(gx*, Tx") = d(A, B).

Further, for any fixed element x, € Ao, the iterative sequence {x,} C Ao, defined by
A(gxns1, Txy) = d(A, B),

converges to x*.

In this manuscript, we shall show that Theorem 1.2 is a particular case of existing fixed

point theorems in the literature. Hence, the main result of [3] is not a real generalization.
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2 Some useful results
Denote by @ the set of functions ¢ : [0, 00) — [0, 00) satisfying the following conditions:
(I) ¢ is continuous and nondecreasing;
(II) ¢(t)=0ifand onlyifz=0.
First we show that we get the more general form of the main result in [3] by replacing
the class of distance functions W by ® in Definition 1.7.

Theorem 2.1 Let A and B be two nonempty closed subsets of a complete metric space (X, d)
such that Ay # 9, By # ¥, and B is approximatively compact with respect to A. Suppose that
the mappings g : A — A and T : A — B satisfy the following conditions:

(1)

d(u, Tx) = d(A, B)

d(v, Ty) = d(A, B) 1/’(62'(% V)) = ﬂ(d(x,y))llf(d(x,y)),

where x,y,u,v € A and ¢y € ®, f €8S.
(ii) T(Ao) S Bo;
(ili) g is an isometry;
(iv) Ao S g(Ao).
Then there exists a unique element x* € A such that

d(gx*, Tx*) =d(A,B).

Further, for any fixed element x, € Ao, the iterative sequence {x,} C Ao, defined by
d(gxns1, Txy) = d(A, B),

converges to x*.

Proof By following the lines in the proof of Theorem 3.1 in the paper of Amini-Harandi
[3], we conclude that

lim d(x,,%,.1) = 0. (4)

n—00

It is sufficient to prove that {x,} is a Cauchy sequence.
Suppose, on the contrary, that {x,} is not a Cauchy sequence. Then there exists ¢ > 0 for
which we can find subsequences {x,,,)} and {x,)} of {x,} such that n(k) > m(k) > k and

AKXy Xnii)) = €. (5)

Furthermore, we can choose n(k), associated with m(k), is the smallest integer which sat-
isfies n(k) > m(k) > k and (5). Consequently, we have

AWKy Xn(i)-1) < €. (6)
Due to Lemma 2.4, we conclude that

lim (%), Xnr) = M d(Xp(e—1)s Xn(y-1) = €. (7)
k— 00 k—o00
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So, we obtain

Y (At %n(x)) = V(A (Txmig-1)» Tnk-1)))
ﬂ(d(xmk 1), 1))1ﬁ( (Xm(k-1)» Xn(k 71))
w(d(xmk 1)> Xn(k)- 1)) (8)

Letting kK — oo in the inequality above, we get

V() < B(dEmE-1), Fnn-1)) ¥ (€) < ¥ (e),
since v is continuous and (7) holds. Due to the property of ¥, ¥/(g) > 0, we derive

11m /3( (m(k-1) Xn(r)-1)) = 1 9)
from the last inequality above. Since 8 € S, we conclude that

klggo A(Xm(k-1)s Xn(iy-1) = 0. (10)

Due to (7) we get ¢ = 0, a contradiction. Hence, {x,} is Cauchy.
The rest follows from the corresponding lines in the proof of Theorem 3.1 in the paper
of Amini-Harandi [3]. O

The following theorem is due to [10].

Theorem 2.2 Let (X,d) be a complete metric space and T : X — X be an operator. If T
satisfies the following inequality:

¥ (d(Tx, Ty)) < ,B(d(x,y))w (d(x,y)) forany x,y € X, (11)
where 8 € S and W € ®, then T has a unique fixed point.
The following concept was introduced by Ciri¢ in [11].

Definition 2.1 Let (X, d) be a metric space and f : X — X be a self-mapping. We say that
X is f-orbitally complete if and only if for any x € X, if {f"«x} is a Cauchy sequence, then it
converges to some element in X.

It is evident that in Theorem 2.2, the notion of completeness of the metric space (X, d)
can be replaced by the notion of f-orbitally completeness. Consequently, we derive the
following fixed point result.

Lemma 2.1 (¢f [7]) Let (X,d) be a f-orbitally complete metric space, wheref : X — X isa
self-mapping satisfying the following condition:

v (d(fxfy) < B(dx,9)) ¥ (dx,9), V(xy) eX x X, (12)

where y € V, B € S. Then f has a unique fixed point x* € X. Moreover, for any x € X, the
sequence {f"x} converges to x*.


http://www.journalofinequalitiesandapplications.com/content/2014/1/246

Jleli et al. Journal of Inequalities and Applications 2014, 2014:246 Page 6 of 9
http://www.journalofinequalitiesandapplications.com/content/2014/1/246

Regarding the analogy with the proof of Lemma 2.2 in [7].

Lemma 2.2 (cf. [7]) Let (A, B) be a pair of closed subsets of a metric space (X, d). Suppose
that the following conditions hold.:

(i) Ao #9;

(i) B is approximatively compact with respect to A.
Then the set Ay is closed.

Lemma 2.3 (¢f. [7]) Let A and B be nonempty subsets of a metric space (X, d) such that Ay #
@. Suppose that the mappings g : A — A and T : A — B satisfy the following conditions:
(i) T is a generalized Geraghty-proximal contraction of the first kind,
(ii) T(Ao) < Bo;
(iii) g is an isometry;
(i) Ao Cg(Ao).
Then there exists a self-mapping f : Ay — Ay satisfying the condition:

d(Tx,g(fx)) = d(A,B), Vx € A,. (13)
Regarding the analogy with the proof of Lemma 2.4 in [7].

Lemma 2.4 ([12]) Let (X,d) be a metric space and let (x,) be a sequence in X such that

(d(x141,%4)) is non-increasing and

lim d(x,.1,%,) = 0.

n—+00

If (x,,) is not a Cauchy sequence, then there exist ¢ > 0 and two sequences (my) and (ny)
of positive integers such that my > ny > k and the following four sequences tend to € when

k — +o00:

(d(xmernk)), (d(xnk»xmkﬂ)), (d(xmk’xnkﬂ)), (d(xmkﬂrxnkﬂ))'

3 Main results

Theorem 3.1 Theorem 2.1 is a consequence of Theorem 2.2.

Proof Suppose that all the assumptions of Theorem 1.2 are satisfied. From Lemma 2.3,
there exists a self-mapping f : Ag — Ao satisfying (13). Then, for all (x,y) € Ay x Ao, we
have

d(g(fx), Tx) = d(A, B),
dg(fy), Ty) = d(4, B).

Since T is a generalized Geraghty-proximal contraction of the first kind and g is an isom-

etry, we obtain

v (d(fx,fy) = ¥ (d(g(fx), (7)) < B(d(x,) ¥ (d(x)),

for every pair (x,y) € Ao x Ao. Thus f satisfies inequality (11).
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Since (X, d) is complete, (Ag,d) is also complete. From Theorem 2.2, the self-mapping
h:Ag— Ap has a unique fixed point x* € Ay.

Note that from (13), since T is a generalized Geraghty-proximal contraction of the first
kind and g is an isometry, we have x* € A, is a fixed point of f if and only if x* € A and
d(gx*, Tx*) = d(A, B). Then there exists a unique x* € A such that d(gx*, Tx*) = d(A, B).
Now, let a € Ay be an arbitrary point. Consider a sequence {a,} C A satisfying

d(garul; Tﬂn): VneN.

Since T is a generalized Geraghty-proximal contraction of the first kind and g is an isom-
etry, it follows from (13) that

aps =fay, VmeNlN.
From Lemma 2.1, we have

lim d(a,,,x*) =0.

n—00

This ends the proof. d

4 Consequences
Theorem 4.1 Let A and B be two nonempty closed subsets of a complete metric space (X, d)
such that Ay # Y and By # (). Suppose that the mappings g: A — A and T : A — B satisfy
the following conditions:

(i) T is a generalized Geraghty proximal contraction of the first and second kind,
i Zﬁg}  (dw,v) < Bde ) v (d(x, )

d(u, Tx) = d(A,B)

A0, T9) - d(A’B)} = d(Tu, Tv) < B(d(Tx, Ty)) ¥ (d(Tx, Ty)),

where x,y,u,v€ A and € ®, B € S;
(ii) T(Ao) < Bo;
(ili) g is an isometry;
(iv) Ao € g(Ao).
Then there exists a unique element x* € A such that

d(gx*, Tx*) =d(A,B).

Further, for any fixed element x, € Ao, the iterative sequence {x,} C Ao, defined by
A(gxns1, Txy) = d(A, B),

converges to x*.

Theorem 4.2 Theorem 4.1 is a consequence of Lemma 2.1.
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Proof Suppose that all the assumptions of Theorem 4.1 are satisfied. From Lemma 2.3,
there exists a self-mapping f : Ag — Ag satisfying (13). Then, for all (x,y) € Ay x Ao, we
have

d(A, B),
d(A, B).

d(g(fx), Tx)
ag(y), Iy)

Since T is a generalized Geraghty-proximal contraction of the first kind and g is an isom-
etry, we obtain

¥ (d(fx, fy)) = v (d(g(fx),g()) < B(d(x, )V (d(x,)),

for every pair (x,y) € Ag X Ag. Thus f satisfies inequality (11).

Now, we shall prove that (Ao, d) is f-orbitally complete. Indeed, let xy € Ay and consider
the sequence {x,} C Ay defined by x,, = f"x, for all n € N. Suppose that {x,} is a Cauchy
sequence, we have to prove that {x,} converges to some element in Ay. Since (X,d) is
complete and A is closed, there exists some z € A such that

lim d(x,,z) =0. (14)

n—00

By the definition of f, for all #n € N, we have

d(g(fxn)’ Txn) = d(A¢B)’
d(g(fxnﬂ)v Tx}’H—l) = d(A,B),

which implies (since T is a generalized Geraghty-proximal contraction of the second kind)
that

W(d(T(‘ganrl): T(gxn+2))) = 1ﬁ(d(T(g(fxn))r T(g(fxn+1))))
= ﬂ(d( Txy, Txn+1))w(d(Txn: Txn+1))r

for all n € N. Since T preserves the isometric distance with respect to g, we obtain
W(d(Tan: Txn+2)) = ,B(d( Txm Txn+1))w(d(Txm Txn+1))r VneN.

Following the same lines as the proof of Theorem 3.1 in [3], one can show that {Tx,} is a
Cauchy sequence in the complete metric space (X, d). Since B is closed, there exists some
b € B such that

lim d(Tx,,b) = 0. (15)
n—0o0
Now, using (14), (15), and the definition of f, we get
d(A,B) = lim d(g(fx,), Tx,) = lim d(gx,.1, Tx,) = d(gz, b).
n— 00 n—00

Note that since g is an isometry, it is continuous. Now, we have

d(A,B) = d(gz,b), beB.
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This implies that gz € Ag. On the other hand, since Ag € g(Ao) and g is an isometry, we
obtain z € Ay. Thus, we proved that Ay is f-orbitally complete. Now, applying Lemma 2.1,
we find that f has a unique fixed point x* € Ay.

The rest follows from the lines of the proof of Theorem 3.1. O
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