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Abstract

In this paper, we introduce a new class of expansive mappings called generalized

(&, a)-expansive mappings and investigate the existence of a fixed point for the
mappings in this class. We conclude that several fixed-point theorems can be
considered as a consequence of main results. Moreover, some examples are given to
illustrate the usability of the obtained results.
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1 Introduction

Fixed-point theory has attracted many mathematicians since it provides a simple proof
for the existence and uniqueness of the solutions to various mathematical models (in-
tegral and partial differential equations, variational inequalities etc.). After the celebrated
results of Banach [1], fixed-point theory became one of the most interesting topics in non-
linear analysis. Consequently, a number of the papers have appeared since then; see e.g.
[2-10] and references therein. Among them, we mention the a-1/-contractive mapping,
which was introduced by Samet et al. [9] via «-admissible mappings. In this paper, the
authors established various fixed-point theorems for such mappings in complete metric
spaces. Furthermore, Samet et al. [9] stated that several existing results can be concluded
from their main results. For the sake of completeness, we recall some basic definitions and
fundamental results.

Definition 1.1 [9] Let ¢ denote the family of all functions ¥ : [0, +00) — [0, +00) which
satisfy:
(i) Yr3y"(t) < +oo for each t > 0, where " is the nth iterate of .

(ii) ¥ is non-decreasing.

Definition 1.2 [9] Let (X, d) be ametric spaceand T : X — X be a given self mapping. T is
said to be an «-y-contractive mapping if there exist two functions « : X x X — [0, +00)
and ¥ € ¢ such that

a(x,y)d(Tx, Ty) < ¥ (d(x,y))

forall x,y € X.
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Definition1.3 [9] Let T: X — Xand o : X x X — [0, +00). T is said to be o-admissible if
xyeX, a@xy)>1 = olx,Ty)>1

Now, we give some examples of «-admissible mappings.

Example 1.4 Let X be the set of all non-negative real numbers. Let us define the mapping
a:X x X — [0,+00) by

x,9) 1 ifx>y,
alx,y) =
’ 0 ifx<y

and define the mapping T: X — X by Tx = x? for all x € X. Then T is a-admissible.
In what follows, we present the main results of Samet et al. [9].

Theorem 1.1 [9] Let (X,d) be a complete metric space and T : X — X be an a-y-
contractive mapping satisfying the following conditions:
(i) T is a-admissible;
(ii) there exists xo € X such that o(xg, Txg) > 1;
(iii) T is continuous.
Then T has a fixed point, that is, there exists x* € X such that Tx* = x*.

Theorem 1.2 [9] Let (X,d) be a complete metric space and T : X — X be an a-y-
contractive mapping satisfying the following conditions:
(i) T is a-admissible;
(ii) there exists xy € X such that a(xg, Txg) > 1;
(iii) if {xn} is a sequence in X such that (%, %441) > 1 for all n and x, — x € X as
n— +00, then a(x,,x) > 1 for all n.
Then T has a fixed point.

Samet et al. [9] added the following condition (H) to the hypotheses of Theorem 1.1 and
Theorem 1.2 to assure the uniqueness of the fixed point:

(H) For all x,y € X, there exists z € X such that «(x,z) > 1 and «(y,z) > 1.

Afterwards, Karapinar and Samet [10] generalized these notions to obtain further fixed-

point results in the setting of complete metric space.

Definition 1.5 [10] Let (X, d) be a metric spaceand T : X — X be a given mapping. We say
that T is a generalized a-1-contractive mapping if there exist two functions o : X x X —
[0,00) and ¢ € W such that for all x,y € X, we have

a(x,y)d(Tx, Ty) < ¢ (M(x,)), (1)

where M(x,y) = max{d(x, y), 2220 d0D) AT dpTa)y

Theorem 1.3 [10] Let (X,d) be a complete metric space. Suppose that T : X — X is a

generalized -\ -contractive mapping and satisfies the following conditions:
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(i) T is a-admissible;
(ii) there exists xo € X such that o(xg, Txg) > 1;
(iii) T is continuous.
Then there exists u € X such that Tu = u.

Theorem 1.4 [10] Let (X,d) be a complete metric space. Suppose that T : X — X is a
generalized a-vr-contractive mapping and the following conditions hold:
(i) T is a-admissible;
(ii) there exists xq € X such that a(xg, Txo) > 1;
(iti) if {x,} is a sequence in X such that a(x,,%,41) > 1 for all n and x, — x € X as
n — 00, then there exists a subsequence (X} of {%,} such that ot(x,),x) > 1 for
all k.
Then there exists u € X such that Tu = u.

Theorem 1.5 [10] Adding condition (H) to the hypotheses of Theorem 1.3 (resp. Theo-
rem 1.4), we find that u is the unique fixed point of T.

On the other hand, Shahi et al. [11] introduced a new category of expansive mappings
called (&, a)-expansive mappings as a complement of the concept of «-/-contractive type
mappings. The authors in [11] also studied several fixed-point theorems for these map-
pings in the context of complete metric spaces.

We recollect the notion of (§, «)-expansive mappings as follows. Let x denote all func-
tions & : [0, +00) — [0, +00) which satisfy the following properties:

(&) & is non-decreasing,
(&) D_r2 E™(¢) < +oo for each £ > 0, where £” is the nth iterate of &,
(&) E(s+1)=£&(s) +&(t), Vs, t € [0,+00).

Lemma 1.6 [9] If&:[0,+00) — [0, +00) is a non-decreasing function, then for each t > 0,
lim,,—, 100 () = 0 implies £(t) < £.

Definition 1.6 [11] Let (X, d) be a metric spaceand T : X — X be a given mapping. We say
that T is an (&, «)-expansive mapping if there exist two functions £ € y and o : X X X —
[0, +00) such that

£(d(Tx, Ty)) > a(x,y)d(x,y) (2)
forallx,y € X.

Remark1.1 If T: X — X is an expansion mapping, then T is an (¢, «)-expansive mapping,
where a(x,y) =1 for all x,y € X and & (a) = ka for all 2 > 0 and some k € [0,1).

The main result of Shahi et al. [11] is the following.

Theorem 1.7 [11] Let (X,d) be a complete metric space and T : X — X be a bijective,
(&, a)-expansive mapping satisfying the following conditions:

(i) T7'is a-admissible;

(ii) there exists xg € X such that a(xg, T %) > 1;
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(iii) T is continuous.
Then T has a fixed point, that is, there exists u € X such that Tu = u.

Motivated by the above ideas, we aim to give a new concept of generalized (&§,«)-
expansive mappings. The results proved in this paper extend and generalize many existing
results in the literature. We also illustrate some examples to support our statements.

2 Main results
We begin this section with the following definition.

Definition 2.1 Let (X,d) be a metric space and T : X — X be a given mapping. We say
that T is a generalized (£, «)-expansive mapping if there exists two functions £ € x and
a: X x X — [0,+00) such that for all v,y € X, we have

£(d(Tx, Ty)) = a(x,y)m(x,y), 3)
where m(x, y) = min{d(x, y), d(x, Tx), d(y, Ty)}.
Theorem 2.1 Let (X,d) be a complete metric space and T : X — X be a bijective, general-
ized (§,o)-expansive mapping satisfying the following conditions:
() T7'is a-admissible;
(il) there exists xo € X such that a(xy, T %) > 1;
(iii) T is continuous.

Then T has a fixed point, that is, there exists u € X such that Tu = u.

Proof Let x € X be such that a(xo, T"1xo) > 1. Let us define the sequence {x,} in X by

%, = Tx,,1, forallmeN.
Now, if x,, = x,,,1 for any n € N, one sees that x,, is a fixed point of T from the definition.
Without loss of generality, we can suppose x, # x,,1 for each n € N. Since T-!is an a-
admissible mapping and a(xo, T~ xo) > 1, we deduce that a(Txg, T~ %)) = a(x1,%2) > 1.
Continuing this process, we get

a(xnrxnﬂ) = 1: (4)
for all » € NU {0}. Applying inequality (3) with x = x,,, y = x,,,1, we obtain

d(xn—b xn) > g (d(Txrn Txn+1)) > a(xn: xn+l)m(xn1xn+l)'
Owing to the fact that «(x,, x,,1) > 1 for all n, we have

d(xn—b xn) > ‘{5- (d(Txrn Txn+1)) = min{d(xm xn+1); d(xn—lx xn)}'

Now, if min{d(x,,, %,,41), d(%,-1,%,)} = d(x,,_1,x,) for some n € N, then

d(xn—b xn) > %- (d(Txrn Txn+1)) > d(xn—ljxn);
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which is a contradiction. Hence, for all n € N, we obtain
E(d(n-1,%1)) = A, Xs1).-

By induction, we have
g" (d(xowl)) > d(Xn, Xns1)-

For any n > m > 0, we infer that

AKXy %) < Xy Xme1) + AKXt Xima2) + AXpaos Xpa3) + -+ + A(Xu1, %)

< (o) -+ £ o),

From (&;), it follows that {x,} is a Cauchy sequence in the complete metric space (X, d).
So, there exists u € X such that x, — u as n — +00. From the continuity of T, it follows
that x, = Tx,.,1 — Tu as 1 — +00. Owing to the uniqueness of the limit, we get u = Tu,
that is, u is a fixed point of T. This completes the proof. d

In the sequel, we prove that Theorem 2.1 still holds for T not necessarily continuous,
assuming the following condition:
(P) If {x,} is a sequence in X such that «(x,,%,,1) > 1 for all  and {x,} - x € X as
n— +00, then

oz(T’lxn, T’lx) >1, (5)
for all n.

Theorem 2.2 If in Theorem 2.1 we replace the continuity of T by the condition (P), then
the result holds true.

Proof Following the proof of Theorem 2.1, we see that {x,} is a sequence in X such that
o (x,,%,41) > 1 for all # and {x,} — u € X as n — +00. Now, in view of condition (P), we
infer that

a(T % T7u) > 1 (6)
for all » € N. Owing to inequalities (3) and (4), we get

m(T’lx,,, Tflu) < a(Tﬁlxn, T’lu)m(T’lx,,, T’lu)

< &(d(xy, u)).
Letting n — +00 in the above inequality and due to the continuity of £ at ¢ = 0, we obtain
m(u, T’lu) =0.
That is, either d(u, T~ u) = 0 or d(u, Tu) = 0. This implies that « is a fixed point of 7. [

We shall present some examples to illustrate the validity of our results.

Page 5of 13
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Example 2.2 Let X = [0, +00) endowed with the metric

max{x, ifx#y,
d(x,) = {y}' 7

0 ifx=y.
Define the mappings 7: X — X and & € x by T(x) = 42 for allx € X. Consider the mapping
a:X x X — [0,+00) by

1 ifx=y,
alxy) = o

0 ifx+#y.
Clearly, T is continuous and generalized (£, «)-expansive mapping with &(a) = 5 for all
a > 0. In fact, for all x,y € X, we have

%ﬂﬂjﬁaa%ﬁmmﬁ'

Moreover, there exists xy = 0 € X such that a(x, T-'%¢) = «(0,0) > 1. Now, we proceed to
show that 77! is a-admissible. Let x,y € X such that a(x, y) > 1 implying that x = y. Now,
by the definition of 7~! and &, we obtain 7-'x = T~1y. Thus, (T x, T"1y) > 1, that is, T
is a-admissible. Now, all the conditions of Theorem 2.1 are satisfied. Consequently, T has
a fixed point. In this example, 0 and 1 are two fixed points of 7.

Now, we give an example involving a function T that is not continuous.

Example 2.3 Let X = [0, +00) endowed with the standard metric d(x,y) = |x — y| for all
x,y € X. Define the mappings 7: X — X and a : X x X — [0, +00) by

if0<x<l1,
ifx>1

T(x) = {%
x

and

1 ifx,y>1,
alx,y) = . 7

0 ifx,yel0,1).
Owing to the discontinuity of T at 1, Theorem 2.1 is not applicable in this case. Clearly, T’
is a generalized (£, «)-expansive mapping with & (a) = § foralla > 0. In fact, forall x,y € X,
we infer that

(T T) = ale i, ).

Moreover, there exists xy = 1 € X such that a(x, T-'%) = «(1,1) > 1. Now, we need to
show that 7! is «-admissible. Let x, y € X such that a(x,y) > 1 implying that x > 1 and
y > 1. By the definition of 77! and «, we get (T 'x, T'y) > 1. Thus, T~ is a-admissible.

Now, let {x,} be a sequence in X such that «(x,,x,,;) > 1 for all # and {x,} - x € X as
n — +00. Since o (x,,%,41) > 1 for all #, in view of definition of «, we get x,, > 1 for all n
and x > 1. Thus, a(T %, T"x) = 1.
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Therefore, all the conditions of Theorem 2.2 are satisfied, and so T has a fixed point.
Here, 0 and 1 are two fixed points of T

If we take a(x,y) =1 in Theorem 2.1, we get the following result.

Corollary 2.3 Let (X,d) be a complete metric space and T : X — X be a bijective map.
Suppose that T satisfies the following condition:

£(d(Tx, Ty)) = m(x,y), @)

where m(x,y) = min{d(x, y), d(x, Tx),d(y, Ty)} and & € x. Suppose also that
(i) there exists xg € X such that a(xo, T %) > 1;
(if) T is continuous.

Then T has a fixed point, that is, there exists u € X such that Tu = u.

Remark 2.1 Let (X,d) be a metric space and 7 : X — X be a map. Then the following
inequality is evidently satisfied:
£(d(Tx, Ty)) > alx,y)[ad(x,y) + bd(x, Tx) + bd(y, Ty)]
> a(x,y)[dx) +dx, Tx) + d(y, Ty)]
> a(x,y)d(x,y)
> a(x,y) min{d(x, y), d(x, Tx),d(y, Ty)},

where a,b,c > 1.

As a consequence of the observation above, one can deduce the following results from
Theorem 2.1.

Corollary 2.4 Let (X, d) be a complete metric space and T : X — X be a bijective. Suppose
that T satisfies the following condition:

S(d(Tx, Ty)) > a(x,y) [ad(x,y) + bd(x, Tx) + cd(y, Ty)], (8)

where a + b+ c>1and& € . Suppose also that
(i) TV is a-admissible;
(il) there exists xg € X such that a(xy, T %) > 1;
(i) T is continuous.
Then T has a fixed point, that is, there exists u € X such that Tu = u.

Corollary 2.5 Let (X,d) be a complete metric space and T : X — X be a bijective map.
Suppose that T satisfies for & € x

E(d(Tx, Ty)) = a(x,y)[d(x,y) + d(x, Tx) + d(y, T) ). )

We suppose also that
(i) T7'is a-admissible;
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(il) there exists xo € X such that a(xy, T %g) > 1;
(iii) T is continuous.
Then T has a fixed point, that is, there exists u € X such that Tu = u.

Corollary 2.6 Let (X,d) be a complete metric space and T : X — X be a bijective map.
Suppose that T satisfies for & € x

%—(d(Tx’ Ty)) = Ol(x»y)d(x»y)~ (10)

Suppose also that
() T7'is a-admissible;
(ii) there exists xo € X such that a(xy, T"'x) > 1;
(iii) T is continuous.
Then T has a fixed point, that is, there exists u € X such that Tu = u.

Corollary 2.7 Let (X,d) be a complete metric space and T : X — X be a bijective map.
Suppose that T is continuous, satisfying the following condition:

£(d(Tx, Ty)) = d(x,), 11)
where & € x. Then T has a fixed point, that is, there exists u € X such that Tu = u.

Proof By taking a(x,y) =1 for all x,y € X in Corollary 2.6, we get the proof of this corol-
lary. O

Corollary 2.8 Let (X,d) be a complete metric space and T : X — X be a bijective map.
Suppose that T is continuous, satisfying the following condition:

d(Tx, Ty) = ad(x,y), 12)
where a > 1. Then T has a fixed point, that is, there exists u € X such that Tu = u.

Proof By taking &(t) = k¢, where k <1 and a = % in Corollary 2.7, we get the proof of this
corollary. O

Remark 2.2 If we replace the continuity assumption of T by the condition (P) in Corol-
lary 2.5, Corollary 2.4, Corollary 2.6, Corollary 2.7,Corollary 2.8, then the result holds
true.

3 Consequences

3.1 Fixed-point theorems on metric spaces endowed with a partial order
Recently, there have been tremendous growth in the study of fixed-point problems of con-
tractive mappings in metric spaces endowed with a partial order. The first result in this
direction was given by Turinici [12], where he generalized the Banach contraction princi-
ple in partially ordered sets. Some applications of Turinici’s theorem to matrix equations

were demonstrated by Ran and Reurings [13]. Later, numerous important results had been
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obtained concerning the existence of a fixed point for contraction type mappings in par-
tially ordered metric spaces by Bhaskar and Lakshmikantham [4], Nieto and Lopez [7, 14],
Agarwal et al. [15], Lakshmikantham and Ciri¢ [6] and Samet [16] etc. In this section, we
will deduce some fixed-point results on a metric space endowed with a partial order. For
this, we require the following concepts.

Definition 3.1 Let (X, <) be a partially ordered set and T : X — X be a given mapping.
We say that T is non-decreasing with respect to < if

xyeX, x=<y = Tx=<Ty (13)

Definition 3.2 Let (X, <) be a partially ordered set. A sequence {x,} C X is said to be
non-decreasing with respect to < if x,, < x,,,; for all .

Definition 3.3 Let (X, <) be a partially ordered set and d be a metric on X. We say that
(X, %,d) is regular if for every non-decreasing sequence {x,} C X such thatx, — x € X as
n — 00, there exists a subsequence {x,} of {x,} such that {x,)} < x for all k.

Now, we have the following result.

Corollary 3.1 Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Let T : X — X be a bijective mapping such that T is a non-decreasing mapping
with respect to < satisfying the following condition for all x,y € X with x > y:

£ (d(Tx, Ty)) > m(x, ), (14)
where & € x and
m(x,y) = min{d(x,y),d(x, Tx),d(y, Ty)}.

Suppose also that
(i) there exists xg € X such that xy < T xo;
(i) T is continuous or (X, X, d) is regular.
Then T has a fixed point, that is, there exists u € X such that Tu = u.

Proof Let us define the mapping « : X x X — [0, 00) by

x,7) 1 ifx=<yorx>y,
a(x,y) =
7 0 otherwise.

Clearly, T is a generalized (§, «)-expansive mapping, that is,
£(d(Tx, Ty)) = a(x,y)m(x,y), (15)

for all x,y € X. In view of condition (i), we have a(xo, T~ %) > 1. Owing to the monotonic-
ity of T71, we get

axy)>1 = x>y or x<y = T’lxiT’ly or

T'%x<T"y = oT'%T"y) =1
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This shows that T! is a-admissible. Now, if T is continuous, the existence of a fixed point
follows from Theorem 2.1. Suppose now that (X, <,d) is regular. Assume that {x,} is a
sequence in X such that «(x,,x,,;) > 1 for all # and x, — x € X as n — o0. Due to the
regularity hypotheses, there exists a subsequence {x, )} of {x,} such that x,4) < x for all k.
Now, in view of the definition of «, we obtain a(x,),x) > 1 for all k. Thus, we get the
existence of a fixed point in this case from Theorem 2.2. O

Regarding Lemma 2.1, the following is a natural consequence of the above corollary.

Corollary 3.2 Let (X, X) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Let T : X — X be a bijective mapping such that T is a non-decreasing mapping
with respect to < satisfying the following condition for all x,y € X with x > y:

é(d(Tx, Ty)) > ad(x,y) + bd(x, Tx) + cd(y, Ty), (16)

where a + b + ¢ > 1. Suppose also that
(i) there exists xg € X such that xy < T xo;
(i) T is continuous or (X, X,d) is regular.
Then T has a fixed point, that is, there exists u € X such that Tu = u.

Corollary 3.3 Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Let T : X — X be a bijective mapping such that T~* be a non-decreasing mapping
with respect to < satisfying the following condition for all x,y € X with x > y:

E(d(Tx, Ty)) = d(x,), (17)

where & € x. Suppose also that
(i) there exists xy € X such that xg < T xo;
(ii) T is continuous or (X, <,d) is regular.
Then T has a fixed point, that is, there exists u € X such that Tu = u.

Proof If we take m(x,y) = d(x,y) in Corollary 3.1, then we get the proof of this corollary.
O

Corollary 3.4 Let (X, X) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Let T : X — X be a bijective mapping such that T is a non-decreasing mapping
with respect to < satisfying the following condition for all x,y € X with x > y:

d(Tx, Ty) = kd(x, y), (18)

where k > 1. Suppose also that
(i) there exists xg € X such that xy < T xo;
(i) T is continuous or (X, X, d) is regular.
Then T has a fixed point, that is, there exists u € X such that Tu = u.

Proof 1f we take &(t) = at, where a < 1 and k = L in Corollary 3.3, then we get the proof of

a

this corollary. O
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3.2 Fixed-point theorems for cyclic contractive mappings

Kirk et al. [17] in 2003 generalized the Banach contraction mapping principle by intro-
ducing cyclic representations and cyclic contractions. A mapping T:AUB — AU B is
called cyclic if T(A) € B and T'(B) € A, where A, B are nonempty subsets of a metric
space (X, d). Moreover, T is called a cyclic contraction if there exists k € (0,1) such that
d(Tx, Ty) < kd(x,y) for all x € A and y € B. It is to be noted that although a contraction
is continuous, cyclic contractions need not be. This is one of the important benefits of
this theorem. In the last decade, various authors have used the cyclic representations and
cyclic contractions to derive various fixed-point results. See for example [18-23].

Corollary 3.5 Let {A;}%, be nonempty closed subsets of a complete metric space (X, d) and
T:Y — Y be a given bijective mapping, where Y = A; U A,. Suppose that the following
conditions hold:

(1) TY(Ay) S Az and T (A;) C Ay

(II) there exists a function & € x such that

£(d(Tx, Ty)) = m(x,y), V(x,y) € A1 X Ay. (19)
Then T has a unique fixed point that belongs to A; N As.

Proof As A; and A are closed subsets of the complete metric space (X, d), then (Y,d) is
complete. Let us define the mapping

Ol(x )_ 1 lf(xxy)e(Al XAZ):
W= 0 otherwise.

In view of (II) and the definition of «, we infer that
£(d(Tx, Ty)) = m(x,y), V(x,y) €A1 x Ay (20)

forall x,y € Y. Thus, T is a generalized (£, «)-expansive mapping.

Let (x,9) € Y x Y such that a(x,y) > 1.If (x,y) € A} x Ay, from (I), (T~ x, T~ly) € Ay x Ay,
which implies that a (T 'x, T~1y) > 1. Therefore, in all cases, we have a(Tx, T"ly) > 1.
This implies that 7! is «-admissible. Also, in view of (I), for any u € A, we get (u, T™'u) €
A} x Ay, thereby implying that o (u, T1u) > 1.

Now, let {x,} be a sequence in X such that «(x,,%,,1) > 1 for all # and x,, > x € X as
n — 00. From the definition of «, we have

(s %ne1) € (AL X Ag) U(Ay X Ay), Vn. (21)
As (A1 x Ay) U(Ay X A;) is a closed set with respect to the Euclidean metric, we infer that
(x,x) € (A1 x Ay) U (A3 x Ay), (22)

which implies that x € A} N A,. So, we obtain from the definition of « the result that
o(x,,,x) > 1 for all n. O

From Lemma 2.1, one get deduce the following result.
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Corollary 3.6 Let {A;}7, be nonempty closed subsets of a complete metric space (X,d)
and T : Y — Y be a given bijective mapping, where Y = A; U A,. Suppose that the following
conditions hold:

(1) TH(A) S As and T (A,) C Ay

(I) there exist constants a, b, ¢ such that

é(d(Tx, Ty)) > ad(x,y) + bd(x, Tx) + cd(y, Ty), wherea+b+c>1, (23)
Then T has a unique fixed point that belongs to A; N A,.

Corollary 3.7 Let {Ai}%=1 be nonempty closed subsets of a complete metric space (X, d) and
T:Y — Y be a given bijective mapping, where Y = A1 U A,. Suppose that the following
conditions hold:

(1) TY(A) S Az and T (A) C Ay

(1) there exists a function & € x such that

£(d(Tx, Ty)) = d(x,y), V(x,y) € A1 x Ay. (24)
Then T has a unique fixed point that belongs to A; N Aj.

Proof If we take m(x,y) = d(x,y) in Corollary 3.5, then we get the proof of this corollary.
O

Corollary 3.8 Let {A;}%, be nonempty closed subsets of a complete metric space (X, d) and
T:Y — Y be a given bijective mapping, where Y = A1 U A,. Suppose that the following
conditions hold:
(1) TY(Ay) S Az and T (A;) C Ay
(II) there exists a constant k > 1 such that

d(Tx, Ty) = kd(x,y), V(x,y) € Ay x As. (25)
Then T has a unique fixed point that belongs to A; N Aj.

Proof By taking &(¢) = at, where a <1 and k = X in Corollary 3.7, we get the proof of this

a

corollary. g
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