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Abstract

In this paper we use contractions to regularize a class of accretive variational
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1 Introduction

Let H be a Hilbert space, C be a nonempty closed convex subset of H,and F: C — H a
nonlinear mapping. The set of fixed points of F is denoted by Fix(F), i.e., Fix(F) = {x € C:
Fx = x}. A monotone variational inequality problem is to find a point x* with the property

x* € C,such that (Fx*,x - x*) >0, VxeC(C, )]

where F is a monotone operator.

Recently, Lu et al. [1] were concerned with a special class of variational inequalities in
which the mapping F is the complement of a nonexpansive mapping and the constraint
set is the set of fixed points of another nonexpansive mapping. Namely, they considered
the following type of monotone variational inequality (VI) problem:

Find x* € Fix(T), such that <(1 - V)x*,x - x*) >0, VxeFix(T), 2)

where T,V : C — C are nonexpansive mappings and Fix(T) # .

Hybrid methods for solving VI (1) were studied by Yamada [2], where F is Lipschitzian
and strongly monotone. However, his methods do not apply to the variational inequal-
ity (2) since the mapping I — V fails, in general, to be strongly monotone, though it is
Lipschitzian. Therefore, other hybrid methods have to be sought. Recently, Moudafi and
Mainge [3] studied VI (2) by regularizing the mapping ¢S + (1 — )T and defined {x;,} as
the unique fixed point of the equation

X = 8f (%5) + (1= 8)[1S(x0) + (1 - ) T(x5)], 5,2 € (0,1). 3)
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Since Moudafi and Mainge’s regularization depends on ¢, the convergence of the scheme
(3) is more complicated. Very recently, Lu et al. [1] studied VI (2) by regularizing the map-
ping S and defined {x;.} as the unique fixed point of the equation

x5 = S[tf (5) + A= )S(xs) ] + A=) T(x5e), 5,2 €(0,1). (4)

Note that Lu et al.’s regularization (4) no longer depends on ¢.

Motivated and inspired by the result of Lu et al. [1], we put forward a question: Can
this implicit hybrid method [1] in Hilbert spaces be extended to the framework of Banach
spaces? In this paper, we give a positive answer.

Throughout this paper, we always assume that E is a real Banach space. Let C be a
nonempty closed convex subset of E. Let F : C — E be a nonlinear mapping.

In this paper, we consider the following type of accretive variational inequality problem:

x* € Fix(T), such that <(I - S)x*,j(x —x*)) >0, VxeFix(T), (5)

where S, T : C — C are two nonexpansive mappings with the set of fixed point Fix(7) # #.
Let © denote the set of solutions of VI (5) and assume that Q is nonempty.

2 Preliminaries
Let E be a real Banach space and J be the normalized duality mapping from E into 25"
given by

J(x) = {x* eE*": (x,x*) = ||| Hx*

el = [+ }

for all x € E, where E* denotes the dual space of E and (-, -) the generalized duality pairing
between E and E*.
Let C be a nonempty closed convex subset of a real Banach space E. Recall the following
concepts of mappings.
(i) A mappingf:C — Cisa p-contraction if p € [0,1) and the following property is
satisfied:

(ii) A mapping T : C — C is nonexpansive provided
I1Tx =Tyl < llx-yl, Vx,yeC.

(ili) A mapping F:C — E'is
(a) accretive if for any x,y € C there exists j(x — y) € J(x — y) such that

(Fx - Fy, j(x - ) = 0;

(b) strictly accretive if F is accretive and the equality in (a) holds if and only if x = y;
(c) B-strongly accretive if for any x,y € C there exists j(x — y) € J(x — y) such that

(Fx— By, jlx~)) = Bllx -y

for some real constant 8 > 0.
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Let ¢ : [0,00) := R* — R* be a continuous strictly increasing function such that ¢(0) = 0
and ¢(t) — oo as t — oo. This function g is called a gauge function. The duality mapping
J, : E — E* associated with a gauge function ¢ is defined by

Jo () = {x* € E* : (x,2%) = l|xll @ (Ilx]]),

x| =e(lxl)}, VxeE.

In the case that ¢(f) = ¢, J, = ], where J is the normalized duality mapping. Clearly, the
relation J, (x) = 2Uxl) (), Vx # 0 holds (see [4]).

llxl
Following Browder [4], we say that a Banach space E has a weakly continuous duality

mapping if there exists a gauge ¢ for which the duality mapping J, () is single valued and
weak-to-weak™ sequentially continuous (i.e., if {x,} is a sequence in E weakly convergent to
a point x, then the sequence J, (x,) converges weakly™ to J,(x)). It is well known that /# has
a weakly continuous duality mapping with a gauge function ¢(t) = #~! for all 1 < p < 0.
Set

then
Jox)=0®(llxll), VxeE,
where 9 denotes the sub-differential in the sense of convex analysis.

Remark 2.1 If ], is weak-to-weak* sequentially continuous, then J is strong-to-weak* se-
quentially continuous.

Indeed, if x, — x strongly, then x,, — x weakly, J,(x,) converges weakly* to J,(x) and
[l

o(llx,11) = @(llx|l) strongly. Since J, (x) 20D =J(x), Vx # 0, for any y € E, we have

(7. T (%)) = (7, T )|
=’<y,]¢(xn)M>—<yJ¢(x) Ll >‘

ol (1)
it I I I
= Ky’]”(x”)w(nxnn)>_<y’]“’(x”)w(||x||)>’ * ’(y’](”(x”)w(nxn>>_<y’]“’(x)w(||x||)>‘
alleClel) - lxleal el
= Il (lenll) === e Do) oy | n)) = Do)
el Cxl) = @(Uall)] + 1all = Il l)
<yl
o(llxll)
e ) = @)
ol V¢ ¢

Letting n — oo, we have

Tim (7,/(,)) = (1] (),

i.e., ] is strong-to-weak* sequentially continuous.
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Lemma 2.1 ([5, Lemma 2.1]) Assume that a Banach space E has a weakly continuous du-
ality mapping J, with a gauge ¢. For all x,y € E, the following inequality holds:

O (llx+yll) < D(Ixll) + (1], (x + ).
In particular, for all x,y € E,
ll+ yI* < llel® + 2(y, T (x + ).

Lemma 2.2 (see [6]) Let C be a nonempty closed convex subset of a real Banach space E.
Assume that F : C — E is accretive and weakly continuous along segments; that is F(x +
ty) — F(x) as t — 0. Then the variational inequality

x*eC, (Fx*,j(x—x*)) >0, VxeC
is equivalent to the dual variational inequality
x*eC, (Fx,j(x—x*)) >0, VxeC.

3 Main results

In this section, we introduce an implicit algorithm and prove this algorithm converges
strongly to x* which solves VI (5). Let C be a nonempty closed convex subset of a real
Banach space E. Let f : C — C be a contraction and S, 7 : C — C be two nonexpansive
mappings. For s, ¢ € (0,1), we define the following mapping:

x> Wsx = s[tf(x) +(1- t)Sx] +(1-5)Tx.

It is obvious that W, : C — C is a contraction. So the contraction W;, has a unique fixed
point which is denoted x;,. Namely,

xs,t = S[tf(xs,t) + (1 - t)s(xs,t)] + (1 - S)T(xs,t): S, te (Or 1) (6)

Theorem 3.1 Let C be a nonempty closed convex subset of a reflexive Banach space E
which has a weakly continuous duality map J,(x) with the gauge ¢. Let f : C — C be a
contraction with constant p >0 and S, T : C — C be two nonexpansive mappings with
Fix(T) # 0. Suppose that the solution set Q of VI (5) is nonempty. Let, for each (s, t) € (0,1)2,
{xs:} be defined implicitly by (6). Then, for each fixed t € (0,1), the net {x,,;} converges in
norm, as s — 0, to a point x; € Fix(T). Moreover, as t — 0, the net {x;} converges in norm

to the unique solution x* of the following variational inequality:
$eQ, (I-flx"J(x-x"))=0, VxeQ. (7)

Hence, for each null sequence {t,} in (0,1), there exists another null sequence {s,} in (0,1),
such that the sequence xs,;, — x* in norm as n — 0o.

Proof Step 1. For each fixed ¢ € (0, 1), the net {x;,} is bounded.
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For any z € Fix(T), we have

Is[£(f Grs.e) =f (@) + (1= O)(S(xs,) = S(2))] + (1 = 8)(T (%) = 2) |
< s|[t(f(xs0) —f(2)) + (L= ) (Sxs) = S@)) || + (1 =) || T(oxs) — T2
<st||f(xse) —f@) | + A= 1)s| SCrse) — S2) | + (1 = 8) s — 2l
<stpllase —zll + (L= £)sllose — 2zl + (1= 5)l|xs, — 2|

= (L-st(1 - p))llxse — zll.

Combining the above inequality and Lemma 2.1, we obtain

D (Jlxes —2ll) = D([s[£(f (xs.) —f(2)) + A= )(S(xs) - S(2)) ]

+ (1= 8)(T(xs) — 2) +5t(f(2) - 2) +s(1 - 1)(S(z) - 2) |)

=< ([s[t(f () =f(2)) + L= 8)(S(xs) = S@)] + A= )(T (x5 =2) )
+5t{f(2) — 2, ], (x50 — 2)) + (1= D(S(2) — 2, J, (x5 — 2))

< O((1-st(1 - p)) s — 2ll) + st{f (2) — 2, Jy (%0 — 2))
+(1-1)s(S(2) - 2, ], (% — 2))

< (1-st( = )P (llxse — 2ll) + st{f (2) — 2, J (x50 — 2))
+ (L - 1)s(S(2) — 2,J (%5 — 2)),

which implies that

L 1S(0) — 2. e — 2). ®)

1
D ([l —2ll) < t(1-p)

(f(2) = 2, ] (x5 — 2)) +

¢
t(1-p)

Taking ¢(f) = ¢, then J, =] and ®(¢) = %, from (8) we have

2 _ 21-1)
[l — 2]|* < t(l (f(Z) z,J (% — 2)) + o )(S(Z)—z,/(xs,t—Z))
2(1-
t(l Hf(z) z|| [l — 2l + 1= ||5( - z|| 1% — zll, 9)
which implies that
[l — 2]l < t(li,o) max{||f(z) - 2|, ||S(z) - z|}.

So for each fixed t € (0,1), {x,,} is bounded, furthermore {f(xs;)}, {S(xs;)} and {T(xs,)} are
all bounded.

Step 2. x5, — x; € Fix(T) as s — 0.

From (6) and the boundedness of the sequences {f (xs;)}, {S(xs,)} and {T'(x,,)}, for each
fixed ¢ € (0,1) we have

ll965,c = Totsell = 8|t (x5,0) + (1 = O)S() = T | > 0 (s — 0). (10)
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Assume that {s,} C (0,1) is such that s, — 0 (# — 00). From (8), for any z € Fix(T), we
have

1-¢
t(1-p)

t
D (llag, e —2l) <

<1y (f(2) — 2, ] (5,0 — 2)) +

(S@) -zJp (x50 —2)). (A1)
Since {x,,} is bounded, without loss of generality, we may assume that {x;, ;} converges
weakly to a point x; as n — 0o. This together with (10) implies that x; € Fix(7T). Taking
z = x; in (11), we have

1
q>(||xsn,t - xt”) = m(’ff(xt) + (1= )S(xs) — x4, Jp (X, — xt)>~ (12)
Since J, is weakly continuous, it follows from (12) that ®(||x,,; — x[|) — 0 as n — oo,
which implies that x;, ; — «; strongly. This has proved the relative norm compactness of
the net {x,,} as s — 0.
Taking s = s, in (9), we have

2(1-1¢)
t(1-p)

(f(2) — 2] (%0 — 2)) +

(S@) -z, J (x5, — 2)).

2
Xe,t — 2|7 <
It =21 = s
Since J, is weakly continuous, then by Remark 2.1, J is strong-to-weak* sequentially con-

tinuous. Let s, — 0 in the above inequality, we have

2(1-1¢)

lla; — zI|? < +
! t1-p)

(f(2) -z, J (%, - 2))

11— p) (S(2) = 2, ] (x, - 2)).

Hence we obtain
x €Fix(T), (f(2) + A-1)S(2) —z,] (%, —2)) = 0, Vz e Fix(T).
This together with Lemma 2.2, we have
x €FiX(T), (¢ (%) + A= 6)S(xe) — %, ] (%, —2)) = 0,  Vz € Fix(T). (13)

Next, we prove that the entire net {x,,} converges strongly to x; as s — 0. We assume that

xg,, — x; where s, — 0. Similar to the above proof, we have x; € Fix(T) and
x, €Fix(T), (i (%)) + 1 -0S(x}) -, ] (x, —2)) = 0, VzeFix(T). (14)
Taking z = «'(t) and z = x; in (13) and (14), respectively, we have

Elf Gee) = e, ] (30 = 7)) + (L= 0)(SCx0) = %2, (3 = 5,)) = 0,
Hf () — T (%, — 20)) + (1= £)(S(x;) — %, (%, — %2)) = .

Adding up the above two inequalities yields

H(I = Fowe = (=] (w0 = 2,)) + A= U = S)xe — (I = ), ] (3 — 7)) < 0.
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Since

(=5 = 0 =), (50 = 2)) 2 (0= p) o =
(7= S)xe = (I = S, T (5~ ;) = 0,

’

we obtain

- o) - 5] <0,

i.e., x; = x,. So the entire net {x,,} converges in norm to x; € Fix(T) as s — 0.

Step 3. The net {x,} is bounded.
For any y € Q, taking z = y in (13), we have

(tf () + (1 = £)S(e) — 20, ] (% — 9)) = 0,

which together with the fact of y € Q implies that

HUI = e — U=y, ] (e = 3)) + A=) = S)xe — (L= )y, J(x: - p))
<t{f(») —y.J (@ — ) + A= O)(Sy — 3, (x — ¥))
<tf) -y, J(x ).

Since I - f is strongly accretive and I — S is accretive, we obtain

((1 = xe =T —f)y, ] (% —y)) > (1= p)llxe = ylI%
((I=S)x = U= S)y,J(x, — y)) = 0.

It follows from (15)-(17) that

Nl = yI? < —{f(y -)

—\V(y)—yunx,—yn.
0
Hence we have

llae —yll < —— Hf(y

, Vte(0,1).

Step 4. The net x;, — x* € Q which solves VI (7).

(15)

(16)
17)

First, the uniqueness of the solution of VI (7) is obvious. We denote the unique solution

by x*.

Next we prove that w,,(x;) C , i.e., if {¢,} is a null sequence in (0,1) such that x;, — «’

weakly as n — 00, then x’ € Q. Indeed, since {x;} C Fix(T), then «" € Fix(T). Since I - S is

accretive, for any z € Fix(T) we have

((T=8)z,](z = %)) = (( - S)xe, ] (z — x2)).

(19)
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It follows from (13) that

(= St (2 —x)) = li_t(u P — 2). (20)

By virtue of (19) and (20), we have

(- S)z](z—x1) = ﬁ(u e~ 2),

furthermore, we get

t
-9
t
>__
- -9

(T-9)z,)y(z - x2)) = (T =f)xe,]p (e = 2)),

(eell + [ @) ]| (11 = 21)-

Letting ¢ = t, — 0 (n — 00) in the above inequality, since {x;} is bounded and ¢ is a con-
tinuous strictly increasing function, we have

(U-9)z],(z-«")) =0, VzeFix(T).

This implies that
(U-9)z](z-%)) =0, VzeFix(T),

hence from the above inequality and Lemma 2.2, we have
(U-98),](z-4")) =0, VzeFix(T),

ie,x €Q.
Next we show that &’ is the solution of VI (7). Taking y = x’ and ¢ = £, in (18), we obtain

1
o 1" = ) =5, )
_ L N . ”xtn_x/”
C1-p () =S sy x)>§0(||xzn—x’||)’
which implies that
1
[ =2 (s, =2'[)) = T2 (&) =2 S 0, =) (21)

Since x;, — «’ weakly and J,, is weakly continuous, let £, — 0 in (21), we get
||xtn - ”‘ﬂ(“xt,, -« ||) -0 (n— ),

which together with the property of ¢ implies that x,, — " in norm. It follows from (15)
and (17) that

(T = f)xe, (- 3)) < 0. (22)
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Since ] is strong-to-weak* sequentially continuous and f is a contraction, we have

(=), T e, = 9)) = (I =), T (% = )|

< (I =), T2, = ) = (L =)', T o, = )|
+ (= Ty, = ) = (U =) T (5 =)

< (T = e, T, = 9)) = (T = )%, T (e, — 9))]|
+ {1 =) T (e, = 9)) = (U =)x, T (+ =)

< L+ p) |xg, = | lx, = 1

+ (=) T, =) = (T =F)x J(x =p))| = 0 (n— o0). (23)

Letting ¢ = £, — 0 (n — 00) in (22) and combining (23) we have
(=N, J(* -y)) <0, VyeQ.

So «’ is the solution of VI (7). By uniqueness, we have x’ = x*. Therefore, x, — x* in norm
as t — 0. The proof is complete. d
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