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1 Introduction and preliminaries
As the development of singular integral operators (see [1-3]), their commutators and mul-
tilinear operators have been well studied. In [4—6], the authors prove that the commutators
generated by singular integral operators and BMO functions are bounded on L?(R") for
1 < p < c0. Chanillo (see [7]) proves a similar result when singular integral operators are
replaced by fractional integral operators. In [8, 9], the boundedness for the commutators
generated by singular integral operators and Lipschitz functions on Triebel-Lizorkin and
LP(R") (1 < p < 00) spaces is obtained. In [10, 11], the boundedness for the commutators
generated by singular integral operators and weighted BMO and Lipschitz functions on
LP(R") (1 < p < 00) spaces is obtained. In [12], some singular integral operators with gen-
eral kernel are introduced, and the boundedness for the operators and their commutators
generated by BMO and Lipschitz functions is obtained (see [8, 12, 13]). Motivated by these,
in this paper, we study the multilinear operator generated by the singular integral operator
with general kernel and the weighted Lipschitz and BMO functions.

First, let us introduce some notations. Throughout this paper, Q denotes a cube of R”
with sides parallel to the axes. For any locally integrable function f, the sharp maximal
function of f is defined by

M#(f)(x —sup@/V@) —fQ|dy’

where, and in what follows, fo = |Q|™ /. of @) dx. It is well known that (see [1, 2])

M*(f)(x) ~sup1n£@/b‘(y —c| y.
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Let

M) = sup o / 1£6)] dy.

For >0, let Mf;(f)(x) = M*(|f M)V (x) and M, (f)(x) = M(|[f )" (x).
For 0 < <n,1 < p < oo and the non-negative weight function w, set

1 » 1/p
Mn,p,w(f)(x)=zl$(W/Qlf(Y)| W()’)dy) .

We write M, ,w(f) = M, (f) if n = 0.
The A, weight is defined by (see [1]), for 1 < p < o0,

-1
Ap = {weLlOC(R") sup<|Q|/ (x)dx)(ﬁ/()w(x)‘”“"”dx)p <oo}

and

Al—{WGLP

loc

(R") : M(w)(x) < Cw(x),a.e.}.

Given a non-negative weight function w, for 1 < p < oo, the weighted Lebesgue space
LP(R",w) is the space of functions f such that

1/p
W llewy = (/Rn If ()" wix) dx) < 00.

For 0 < 8 <1 and the non-negative weight function w, the weighted Lipschitz space

Lipg(w) is the space of functions b such that

1Bl 0 =500 o - ( /| 0)-b |pw(x)11"d)/p<oo
100 =S P @\ w(Q) ¢ g ’

and the weighted BMO space BMO(w) is the space of functions b such that

161l Bmow) = sup( o) / |b(y) - bo| w(x)'* dy) "’ < 00.
Remark (1) It has been known that (see [11, 14]), for b € Lipg(w), w € A; and x € Q,
1bg — okl < CKIB | Lip,mw@w(25Q)".
(2) It has been known that (see [2, 14]), for b € BMO(w), w € A; and x € Q,
|bq = bykg| < Ckl|bll saroww(x).
(3) Let b € Lipg(w) or b € BMO(w) and w € A;. By [14], we know that spaces Lipy(w)

or BMO(w) coincide and the norms ||5|| Lipy(w) OF 161l Baow) are equivalent with respect to
different values 1 < p < oc.
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Definition 1 Let ¢ be a positive, increasing function on R*, and there exists a constant
D > 0 such that

0(2t) < Dy(t) fort=>0.

Let w be a non-negative weight function on R” and f be a locally integrable function on R”.
Set, for 1 < p < o0,

1 1/p
fllzrew) = sup <— )[f(J’)|pW()’)d)/) )

x€R™,d>0 (p(d) Q(x,d

where Q(x,d) = {y € R" : |x — y| < d}. The generalized weighted Morrey space is defined by
Lp‘(p(Rn, W) = {f € LIIOC(RH) N ey < OO}

If p(d) =d®, § > 0, then LP*(R", w) = L (R",w), which is the classical Morrey space (see
[15,16]). If ¢(d) = 1, then L?*(R", w) = L?(R", w), which is the weighted Lebesgue space (see
(1.

As the Morrey space may be considered as an extension of the Lebesgue space, it is
natural and important to study the boundedness of the operator on the Morrey spaces
(see [17-20]).

In this paper, we study some singular integral operators as follows (see [12]).

Definition2 Let T:S — S’ be alinear operator such that T is bounded on L2(R") and has
a kernel K, that is, there exists a locally integrable function K(x,y) on R” x R" \ {(x,y) €
R" x R" : x = y} such that

1)) - [ Ky o)dy
Rﬂ
for every bounded and compactly supported function f, where K satisfies
|K(%,9)] < Clx—yI™",

/ (|K(xy) - K(x,2)| + |[K(y,%) - K(z,%)|) dx < C,
2ly-zl<lx-y|

and there is a sequence of positive constant numbers {Cy} such that for any k > 1,

1/q
(/ ([KGs,3) - K(2)| + [K2) —K(z,x)\)"dy>
2K z—y| <|x—y|<2Kk+1|z—y|
< G2 z-y) ",

where 1< ¢q <2and1/q+1/q' =1. Moreover, let m be a positive integer and b be a function
on R”". Set

Ry (bi,9) = )~ Y = D\ b))

|| <m
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The multilinear operator related to the operator 7 is defined by

R Bi69) e rf) .
o — y[™

() -
&
Note that the classical Calderén-Zygmund singular integral operator satisfies Defini-
tion 1 (see [1-3, 5, 6]) and that the commutator [b, T](f) = bT(f) — T(bf) is a particular
operator of the multilinear operator T? if m = 0. The multilinear operator T? is a non-
trivial generalization of the commutator. It is well known that commutators and multilin-
ear operators are of great interest in harmonic analysis and have been widely studied by
many authors (see [21-23]). The main purpose of this paper is to prove the sharp maxi-
mal inequalities for the multilinear operator T?. As application, we obtain the weighted
L”-norm inequality and Morrey space boundedness for the multilinear operator 7.

2 Theorems and lemmas
We shall prove the following theorems.

Theorem 1 Let T be a singular integral operator as in Definition 2, the sequence {kCi} € I,
weA,0<n<],q <r<ooandD*b € BMO(W) for all a with |«| = m. Then there exists a
constant C > 0 such that, for any f € C°(R") and x € R",

MUT* ) RE) = C Y 1D°B o) WM ))E).

la|=m

Theorem 2 Let T be a singular integral operator as in Definition 2, the sequence {kCy} € I,
weA,0<n<l,g <r<oo,0<B<land Db e Lipg(w) for all o« with || = m. Then there
exists a constant C > 0 such that, for any f € C{°(R") and x € R”,

MUTH D)@ = C Y [D7b], (@Ml

la|=m

Theorem 3 Let T be a singular integral operator as in Definition 2, the sequence {kCy} € I,
we Ay, q <u< oo and D*b € BMO(w) for all a with |a| = m. Then T? is bounded from
L*(R",w) to L*(R", w'™").

Theorem 4 Let T be a singular integral operator as in Definition 2, the sequence {kCi} € I,
weA,q <u<oo,0<D<2" and D*b € BMO(w) for all o with |a| = m. Then T? is
bounded from L*#(R",w) to L% (R", w'™*).

Theorem 5 Let T be a singular integral operator as in Definition 2, the sequence {kCy} € I,
weA,0<B<1,q <u<n/f,1/v=1u~ B/nand Db € Lipg(w) for all a with || = m.
Then T? is bounded from L*(R", w) to L'(R", w'™).

Theorem 6 Let T be a singular integral operator as in Definition 2, the sequence {kCy} € I,
weA,0<p<1,0<D<2" g <u<n/B,1/v=1/u~-p/nand D*b € Lipg(w) for all a with
\a| = m. Then T? is bounded from L*¢(R",w) to L"*(R",w'™").

To prove the theorems, we need the following lemmas.
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Lemma 1 (see [1, p.485]) Let 0 < u < v < 0o and for any function f > 0, we define that, for
1/r=1/u—-1/v,

1/
fllwer =supal{fx e R":f(x) > A}, Nuu(f) = sup If xallze/ 1 xallr
A>0
where the sup is taken for all measurable sets Q with 0 < |Q| < co. Then

1

W llwze < Nuw(f) < (v =20) I llwer-
Lemma 2 (see [12]) Let T be a singular integral operator as in Definition 2, the sequence
{Ck} € I. Then T is bounded on LP(R",w) for w € A, with 1 < p < 00, and weak (L',L")
bounded.

Lemma 3 (see [1,7]) Let0<n<n,1<s<u<n/n,1/v=1u—-n/nandw € Ay. Then

[ M50 ()

LV(w) =< C”,f”L”(W)'

Lemma 4 (see [1]) Let 0 <p,n<ocoandw e U1§r<oo A,. Then, for any smooth function f
for which the left-hand side is finite,

/ M, (f)(xYwx)dx < C / M) )P w(x) dax.
RVI er

Lemma 5 (see [17, 20]) Let 0 < p < 00,0 <1 <00,0<D<2" and w € Ay. Then, for any
smooth function f for which the left-hand side is finite,

”Mn(f) Hmw(w) = C”M#;(f) ”W(w)'

Lemma 6 (see [17, 20]) Let 0 <n<n, 0<D<2", 1 <s<u<n/n, 1/v=1u-nln and
we Ay Then

[ M50 ()

ey = ClIf lzue ).

Lemma 7 (see [22]) Let b be a function on R" and D*A € L*(R") for all o with |«| = m and
any u > n. Then

1 y 1/u
Ru(bix,y)| < Clx—yI" ( / Db(z) dz) ,
| | \;n 1Q(x, »)| Q(x,y)’ |

where Q is the cube centered at x and having side length 5/n|x — y|.

3 Proofs of theorems
Proof of Theorem 1 1t suffices to prove for f € C§°(R") and some constant C, that the
following inequality holds:

(i [t nem-cl dx) Y Y D]y MM )
il /o |

o|=m
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Fix a cube Q = Q(x9,d) and ¥ € Q. Let Q =5,/nQ and E(x) =b(x) — Zla\:m %(Do‘b)éxo‘,
then R,,(b;x,y) = R,,,(fa;x,y) and D*b = D*b — (D*b), for || = m. We write, for fi = f x5

and f = f Xzn\ o

R, l;; )
() ) - /R Rl ) ) dy

e —y|™

*D*b
- Z — wmx,ym@)dy

Pen o lx—y™

Ri1(B;%,)
Zmtl\ ) ’ d
+ f i K(x, y)f(y) dy

no X —

lae|=m "

then

1/n
(|Q| f IT4() ) — Tb<za><xo>|"dx)

8 <|Q|” <|xny,n. ) dx>lm
+C<IQ|/’ ( x|;—)|lf)" ﬁ)

|at|=rm

1/n
dx>

1 - 5 1/n
+ C(@ /Q | T (%) (%) = T () (x0) | dx)

:11 +12 +I3.

For [1, noting that w € A;, w satisfies the reverse of Holder’s inequality,

1/po
(|Q|/w(x)p°dx) ! S%Lw(x)dx

for all cube Q and some 1 < pg < 0o (see [1]). We take u = rpy/(r + po — 1) in Lemma 7 and
have 1 < u <rand po = u(r —1)/(r — u). Then by Lemma 7 and Hoélder’s inequality, we get

1 5 Y 1/u
Clx — y|™ D% d
==l Z<|Q<x, )|/xy>’ @ Z)

|t|=mm

1/u
S Clx _y|m Z |Q|—l/u (f‘( )|Dab(z)|MW(Z)u(l—r)/rw(z)u(r—l)/r dZ>
Qlaxyy.

|a|=m

1/r
<Clx-y" ) IQI””( /Q ( )|D“b(z)|’w(z)“dz)
Xy,

|oe|=m

(r—u)/ru
% (/ W(z)u(r—l)/(r—u) dZ)
Qxy)
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<Clx _y|m Z |Q|—l/u ”Dozb”BMO(W)W(Q)I/r|é|(r—u)/m

la|=m

1 00 g )(ru)/ru
(IQ(x, ) / Wt

_ . 1 (r=1)
Clx— m Dab —1/u 1/r 1/u1/r< _ / d)
< Cla=y" > [ DB ypropm QU WQ1Q Bl QW)w(z) z

la|=m

<Clx _y|m Z ||DotbHBMO(W)|Q|—1/MW(Q)1H|Q|1/u—1/rw(é)l—1/r|Q|l/r—1

la|=m

m o (Q)
=l 3 10D swon 5
la|=m

= Cla—yl” Z ||DabHBMo(w)W(5c)'

|or|=m

Thus, by the L*-boundedness of T (see Lemma 2) for 1 < s < r and w € A; € A,/5, we obtain

bx,
I d.
I_IQI/‘ ( o= )‘ *

1/s
<C Y10 o w(x)<|Q|/ TR )| dx>

la|=m

1/s
< C Y DB gy w@IQI ”S(/ @[ dx)

lae|=m

1/s
= C Z HDab“BMO |Q| l/s(f V x)’ W(x S/r s/rdx)

la|=m

Ir (r—s)/rs
< C Y Db gy w@IQI l/s(/ [f @) w x)dx> (/Qw(x)—s/(r-s) dx)

la|=m

5 s - . 1 , 1/r
< C D [Db g0 @I WQY (Wz) /Q I ()] W) dx)

la|=m

i —s/(r—s)d )(VS)/rS<L d )1/7‘ A1L/s. o, O\-1/r
. (|Q|/(;w(x) x |Q|/ow(x) %) 10" w@)

=C Z HD%”BMO(w)W(’NC)Mr,w(f)(&).

la|=m

For I, by the weak (L', L!) boundedness of T (see Lemma 2) and Kolmogoro’s inequality
(see Lemma 1), we obtain

1/n
<C Z( /|T D"bf, (x)|”dx>
=\l
—c |QIM 1 | T(D*Bf 1) ol
— |Q|1/71 ”XQ”LU/U—TI)

|t|=m

= ¢ Z |Q| ”T Dabfl “WL1

|t|=m
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<C IQI./ D"‘b(x)ﬁ(x |dx

|ot|=m

=€) / |Db(x) ~ (D*B) o | wlee) ™ | ()| i) dx

||=m

/ 1
o a } 7 - P
<c X g s ol ae) " ( [l

|l|=m

1 . 1Ur
=€ Y o W(Q)”’<W( 5 fQ @) w(x)dx)

loe|=m

1r

o w(Q)
< € X 1Bl S M)

|ot|=rm |

< C Y |DB] sy W EM ().

la|=m
For I3, noting that |x — y| ~ |x¢ — y| for x € Q and y € R" \ Q, we write

T (5) (%) - TP () (xo) |
K x,y)|

S/ |Rm(£;xry)_Rm(ér 07 |
Rn

+
R"

w2 0)| dy

K(xy)  K(xo,9) \Rm(iﬂ;xo’y)HfZ(y”dy

Ix—ylm T lxo -yl
Kx,y)(x—y)*  Kixo,y)(x0 —

o — y|™ o — y|™

N by £ )] dy

= 13 (x) + 132)(x) + I§3)(x).

For Iél) (%), by the formula (see [22])
- - 1 -
Ri(b;%,y) — Ryu(b; %0, y) = Z —!Rm—m (D" b; %, %0) (x — y)”
lyl<m

and Lemma 7, we have, similar to the proof of I,

|Rn(B3%,9) = Ru(Bi%0,9)| < C Y D~ I =™ e = 31| DB 100y WE)

[y |<m|a|=m

and

{Rm(b xo:}’) < C Z |x x0|m||Dab||BMO W(x)
|a|=m
Thus, by w € A; C A,, we get

o]

. ' |1<(x,y)|
1§“<x)sl; fzkﬂé\zkémmw;x,y)—Rm<b;xo, | ECIN ) ay

3D LTS N ";way

lalom k+1Q\2kQ |x0
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<C Z ||Dab||BMO w(x) Z (2kd)n+1 /kélf(y)|w(y)1/rw()/)—1/r dy

loe|=m

1/r
= C 3 19 o 3 g ([0 00

la|=m

(r=1)/r
% (/ W(y)—ll(r—l) dy)
kQ

= C Z ”Dab”BMO(w W(?C) Z (2kd)n+1 (2ké)

loe|=m

% ( 1 V.(y)’ (y) ) ( / (y) -1/(r-1) d > r-1)/r
w(2kQ) Jakg 125Q g
1 1/r L~ f L
<|2"QI v ) Qv (Q)

<C Z ”Dab||BMO(W)W(5C)MV’W(f)(§&)Zz—k

|a|=m k=1

=C Z ”Dab”BMO(W)WGC)Mr,w(f)(fC)'

lt|=m

1/r

For 1;2)(96), we take 1 < p < 0o such that 1/p + 1/g + 1/r = 1. Recalling r > ¢’ and w € A; C
Ayjpi1, we get

Mvw WO W) dy

2k+1 Q\ZkQ
gl
ok+1 O\Zk Q
oo

< C Y 1D°b yyso @ Z(/
0

|a|=m k=

1/r , 1/p
r —plr
8 </k+lé\2kQV(y)| W(y) dy) </k+lé\2ké W(y) dy)

Pw<y / IK(6,) - K(xo,9)]
k=

1

1/q
o ‘K(x,y) - K(x0,9) |q dy)
k+1Q\2kQ

+C Z ”Da |BMO W)w(x Z/ M lf(y)|w(y)l/rw(y)—1/r dy

~ ~ _ y|n+l
o k+1Q\2kQ |?C() y|

= C D2 10°Bl pyso® ZCkI2kQ|_”"/W(2"Q)W

la|=m k=1

1/r 1 _p/rd 1/p
X( (2kQ) szlf(y| ) (IZkQI zkéw(y) y)
kA r+l/p -1/r
<|sz|[ vo) y) Q)

+C Z ”Da |BMO W)w(x Z (2kd)n+l

la|=m

1/r (r=-1)/r
r -1/(r-1)
<([poros) ([ wores)
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o — 1 , Ur
< € YN0 bl 9 Y_(Cr 2 (s [0 w01

la|=m k=1 W(zk Q)

=C Z HDab”BMO(w)W(’NC)Mr,w(f)(i).

|a|=m

Similarly, we have, for r < pj < 00, 1 < 51,55 < 0o with 1/p; + 1/q + 1/r + 1/s; =1 and 1/g +
1/r+1/sy =1,

IROESY Z/Zk |K(x,5) - K(x0,7)] Kx_;) '

lalem ko Y 2XQ\2KQ lx —y|™

X ‘Da b(y) - (Dab)2k+1Q’WO/)(l_pl)/pl V(y) |W(y)1/rw(y)(pl—1)/p1_1/r dy

S B I(x =)
+ Z Z/ﬂﬂé\ﬂé’[((x,y) K(xo,y)|

— m
loe|=m k=0 lx =yl

X [(DB) g = (D*B) | [f ) [w) " wiy) ™" dy

Y
o 2k+1Q\2kQ

|

[} . 1/q 1/r
< Ly) — , d r d
<Cc>y Z( f2 k+lé\2ké|1<(x y) = K(x0,)] y) ( /2 k+1é[f(y)| w(y) y)

la|=m k=0

x—9)*  (xo—p)*

le—y"  |xo —y|™

[K o, [ 0)[[D*b0) | dy

lp1
x </ N |E°‘b(y) - (Dab)2k+1(‘g|plw(y)l_m dy)
2k+1Q

1/s1
x </ W(y)—(l/r—llpi)sl dy)
2k+lé

+CZ§:</2

= k=0 k+1Q\2kQ

x ( / g VO W0) dy)w

1/s9
X ‘(Dab)qué - (D"‘b)é| (/zkﬂé W(y)—sz/r dy)

% — %o
C —_—m
+ 042_;”](20:/2/”1(2\21(@ |x0 _y|n+1
X V@)| |D“b(y) _ (Ddb)2k+lé|w(y)1/rw(y)—1/r dy

S 2 = o]
XD ID I I

Tt k0 k1 Q\2k Q) %o —

1/q
|K(x,) —K(xo»)’)|qdy)

x Lf()/)H(D“b)Zmé - (Dab)Q|W()/)1/'w(y)‘1/’ dy

<C 3 P G2 Q™D (24 (2

la|=m k=1

1 . 1/r
* <w(2ké> /W;)Lf ) wo)dy )
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1 1/r-1/p} 1 ( . 1/s1
X _ W()/) dy) ( _ w(y)‘ 1/r-1/py)s1 dy)
(|2le 2+Q 12¢QI Jxq

x |2k é|1/51+1/r—1/17/1W(zké)’l/’”'l/l’i

+C 3 3Gl QK[ DP b gy w@W(2°Q)

la|=m k=1

) ( (2Q) zkolf(y [ ) /r(IZ:QI /zkéw(y)dy)w

sz ~ 11/s9+1/r ~\—1/r
( 2kQ|/ (y)—sz/rdy> 250 (24 )

, , 1/
Z Z 2kd n+l <'/;kQ|Dab(y) - (Dab)Zer W(y)l_r d_)/)

la|=m k=1

<( [, Jrorwo dy)w

1y
D¥ by -r'lIr
Z Z (2kd)n+l Db svom W ® < /; @ w(y) d)’)

la|=m k=1

<( [, oo dy) ;

o w(2*Q) r v
<|(;n”D b”BMO kX_; k= A |2kQ| (w(2kQ) V(Y)| w(y)dy)
R 1r
Y L I ey IAIECE)

) 00 2 Q) 1 , 1/r
+Cy |D bHBMOW)Z 20 (W(zk@ /Zké[f(m w(y)dx)

la|=m k=1

o 1r
€ LN bl L2 (s [0 w0

= P w(2kQ)

=C Z ”Dab||BM0(W)W(5C)Mr,w(f)(5€)~

|a|=m

Thus

L =C Y |07 o0 W @Meu () &).

|o|=m
These complete the proof of Theorem 1. O

Proof of Theorem 2 It suffices to prove for f € C{°(R") and some constant Cj that the
following inequality holds:

1/n
<IQI/ T - Col" ) =€ 3 100l WMD),
|

o|=m
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Fix a cube Q = Q(xp,d) and ¥ € Q. Similar to the proof of Theorem 1, we have, for f; :fxé
and f, =fXR”\Q’

1/n
(| 3 / |T2() () - Tb<fz><xo>|”dx>

m(bxt ! Y
<C<|Q|/‘ ( PR ) dx)
(x— D"

+C<IQ|/’ ( | ﬁ)

|t|=m

1/n
dx)

+c<i/|T'3(f)(x)-T'3(f)(x )\"dx)lm
12 Jo 2 2)(Xo

=h+h+/s.

For J; and /5, by using the same argument as in the proof of Theorem 1, we get

|Rin(B %, 9)|
~ /g
<Cli—y" Y IQIW( f |DB(2) [Tl (z)’””'dz)
ler|=m Qlwy,
- » 1/r
<Cle—y" Y. |Q|-”q< /Q ( )|Dab(z)|’w(z)1-fdz>
jal=m 5y

(r-q)/rq
“ ( f ()20 dz)
Q)

< Clx _y|m Z |Q|—l/q||Dotb||LipB(W)W(Q)ﬁ/n+l/r|é|(r—q)/rq

|o|=m

1 . )(rq)/rq
0 d
(IQ(x, ) / don

< Clx _y|m Z ”Dolb Lipﬂ(w)|Q|—1/qw(é)f3/}’l+l/r|Q|l/q—l/r

la|=m

1 (r=1)/r
( f w(z) dz)
1Q@, )| Jaey)

<Clx _ylm Z ”DabHLipﬂ(W)|él—l/qw(é)ﬂ/nﬂlr|é|1/q—l/rw(é)l—1/r|é|1/r—1

|ot|=m
(Q)ﬂ/n+1
<C| | ——
xX—=Y ‘(;n” Llpﬂ |Q|
< Cle=y" 3 |DB| 0y MQ "W).
|a|=m
Thus
1/s
h=C Y [0, (W w@IQI “S( / i) dx)

loe|=m

< C Z ||Dab||Lipﬁ(w)w(é)ﬂ/nw(5c)|Q|_1/s

lee|=m
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1/r (r—s)/rs
r —s/(r-s)
X < /(:2 [f(x)| w(x) dx) < /(:2 w(x) dx)

o O 0OVLr 1 r ur
<C Z |D b||Lipﬂ(W)W(x)|Q| w(Q) (W/Q[f(xﬂ w(x)dx)

|la|=m
y (i f W) 109 dx)(”)m( ! / w(x)dx)l/r|é|”3w(é)”’
1Ql Ja 1Q|
<Cy [ D%l 0 WM ()
|la|=m

h<CY — a / |D*b(x) = (D*b) o | W)™ [f () [ ()" dx

la|=m

v 1/r
SC |Q| (/| (D*b(x) - (DD ) )| W) dx) (/@[f(x)rw(x)dx)

la|=m

DY AW\BIn+/r AW 1r-Bin 1 , Ur
<0 T Tl @ @ (i [ s

la|=m

o S L IR OYA T

el = ' 1Ql
= ¢ Z ”Dab||Ltpﬁ(w)w(&:)Mﬂv’”’W(f)(&)'
lae|=m

For /3, we have

|Rin(B; %,) = Rin(B; %0, )|

<C Y > lmmol" My [Deb],,, , wEW(2'Q)

[y |<m |a|=m

and

|Ru(Bix,y)| <C Y =0l [, WEIW(2'Q).

la|=m

Thus, for1<p<oowithl/p+1/q+1/r=1and r < p] <00, 1< s, <00 with 1/p; + 1/q +
1/r+1/sy=1and 1/q + 1/r + 1/s5 =1, we obtain

I T2(5) (%) — T () (xo) |
K x,y)|

/|Rm(bx,y) R,, bxo;)/)’

+
R"

)| dy

Kxy)  Kxo,)

;Rm(z;;xo,yﬂ 150)| dy

Ix—yl’” oo — y|™
K@) —y)*  K(xo,y)(x0 = )" ‘ N
D“b )| d
- ma' =1 e A
<CZ”D0¢ |Llp W(X)Z 2k+1Q Bin | — x| [f()/)| y

T _ |+l
o k+1Q\2kQ |JCO _)/|
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1/q
- + In
£€ T 10 @[ IKten =Kol

la|=m

1/r ’ 1/p
r d vlr g
e 09) ([0 )

oo

e Z Z/ lx — xo] ID*by) - (Dab)2k+1é|[f()/)|dy

k+1Q\2kQ |x0 _y|n+1

la|=m k=0
e — ol
¢ —— 7 | (D"D) g — (D¥b) 5 d
' |o;nko/k“é\2kélxo—y|””|( )Zle ( )QW(Y)| ly
q Va 1/r
¢ K(x,y) — K(x0,9)|" d ) d
1€ 5 5[l o) ([ 0w

1/s1

lp1
X ( / |D*by) - (Dab)2k+1é|plw(y)l_p1 dy> ( / ) w(y)Wr-1ps dy)
2k+1Q 2k+1Q

00 1/q 1/r
*C 2 Z( / |1<<x’y)—1<<xo,y)l"dy> ( /2 kHQV(y)I’w(y)dy)

o= k=0 241 Q\2Q
1/s
X |(DFB) gy - (D"b)él( f2 "0 Sﬂ’dy)
/ 1/r
<Ccy ||DabHLw w(x)Zk de __(24Q) ﬂ(/ o) W(y)dx>

lat|=m

1 —1/(r—1)d )(r—l r< 1 / d )lr k2 ke o\ —1/r
* (Izkél " g 20 L " em('Q)

1/r
O Il 0 S ) [ o v

la|=m

1 D! Up+lir _Ur
-plr k p
X(|2k<§| WW@) dy) <|2ké| zk@w(y)dy> G

, , 1Y
+CY Z (2kd)n+l (/zko|Dab(y)_ (D) g | WO dy)

la|=m k=1

<(. Lf(y>|*w(y>dy)w

1/r
€ 3 Dbl 00 G w0 [0 w00 )

la|=m

1 Wr-1p)) 1/s1 1 1/r-1/p}
x > w(y)~4r=ten dy) ( = w(y) dy)
(IZ"QI fzké 12KQ] J2#q

% |2/(@‘1/s1+1/r—1/piW(Zké)—l/rﬂ/pi

1/r
€ T 10y AGQ w20 ([ 0 o)

lee|=m

1 v _ 1/s9+1/r -1/r
[ d sg/rd k 2 k
g (|2le o Y ) <2le/ o ) Q™ way
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<CZ||D"‘b|LLp w(x)Zk Cr+275)

|a|=m
1/r
* (W/ F o) W(y)dx)
: (2Q)
+C ) |p°b],,, (W)Zk Tqu
la|=m

1 r 1/r
) (W /21<Qlf(y)| w(y) dx)

<C Y070 @M (NG

|oe|=m

This completes the proof of Theorem 2. O

Proof of Theorem 3 Choose 1 < r < u in Theorem 1 and notice w!™* € A;, then we have, by
Lemmas 3 and 4,

” Tb(f) ”Lu(wl-u) = ||M,,(Tb(f)) L#(wl-u)

= C 2 Db pyso 1M

lae|=m

=C Z ”Dab“BMO(w) ”MV'W(f)HL”(w)

lor|=m

< Clam(1(f)

|| L (wl-#)

Lu(Wl—u)

=C Z ”Dub”BMO(W)”f”L”(w)

|l|=m

This completes the proof of Theorem 3. d

Proof of Theorem 4 Choose 1 < r < u in Theorem 1 and notice w!™* € A;, then we have, by
Lemmas 5 and 6,

[ T2 g iy < IV (TP | s < CIME(TP ) | i
=C |¥ 1B sasoun 1 Mraw | g -
=C HZ= 128 oo |7 )| o
<C HZ 1D°B sasoy I e
alom
This completes the proof of Theorem 4. O

Proof of Theorem 5 Choose 1 < r < u in Theorem 2 and notice w!™ € A;, then we have, by
Lemmas 3 and 4,

1T(f)

Lv(wl—v) S ||Mr](Tb(f)) LV(wl vy =

=C Z HDab”LipB(w) ”WMﬂmW(f)

lae|=m

= ClM(1°¢)

Lv(wl—v)

Lv(wl—v)
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=C Z ||Dab||Lip5(w) ”Mﬂ,nW(f)|

lae|=m

=C) ||Dab”Lipﬁ(w)|l.f||Lu(W)-

let|=m

Lv(w)

This completes the proof of Theorem 5. O

Proof of Theorem 6 Choose 1 < r < u in Theorem 2 and notice w!™" € A;, then we have, by

Lemmas 5 and 6,

[ 72O iy < 1M (TP O sy < CIMTPO) | i iy

= ¢ Z ||DabHLipﬂ(W) ||WM5:V:W(f)| LV (wl=v)
|a|=m

=C Z ||DabHLipﬂ(W) ||Mﬂver(f)||Lv,¢7(W)
|o|=m

=C Z ”Dab“szﬂ(w)”f”L“"”(W)'
|a|=m

This completes the proof of Theorem 6. 0
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