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1 Introduction

Let A = {z: |z| < 1} be the open unit disc in the complex plane C, and let H(A) be the class
of all analytic functions on A. The o-Bloch space B* (0 < « < 00) is, by definition, the set
of all functions f in H(A) such that

If g = [f(O)| + sug)(l - |z|2)a Lf/(z)| < 00. (1.1)

Under the above norm, B* is a Banach space. When « =1, B! = B is the well-known Bloch
space. Let Bj denote the subspace of B, i.e.,

By ={f: (1= 12P)"|f'(2)] = 0as |z| - Lf € B*}.

This space is called the little «-Bloch space (see [1]).
Assume that p is a positive continuous function on [0, 1), having the property that there
exist positive numbers s and £, 0 < s < £, and § € [0, 1), such that

(IM_(rr))s is decreasing on [3, 1), lim (1“_(?)5 -0
(IM _(rr))t is increasing on [6, 1),}i_r>r% (IM_(rr))t >

Then w is called a normal function (see [2]).
Denote (see, e.g., [3-5])

B, = {f: Iflls, = O] + s:gp,(|z|) I (2)] < 00,f € H(A)}. (1.2)
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It is well known that B, is a Banach space with the norm || - ||, (see [4]).
Let B, o denote the subspace of B,,, i.e.,

Buo=1{f:u(lzl)|[f'(2)| = Oas|z| - 1,f € B,}.

This space is called the little Bloch-type space. When 1(r) = (1 — r?)%, the induced space
B,, becomes the «-Bloch space B*.
An f in H(A) is said to belong to the Zygmund space, denoted by Z, if

i(0+h) i(O-H)y _ 9 f( i
NGRS Gl R (AT

where the supremum is taken over all e € 9A and / > 0. By Theorem 5.3 in [6], we see
that f € Z if and only if

Ifllz = [f(0)] +[f'(0)] + sug(l - 1z1?)|f"(2)| < o0. (1.3)

It is easy to check that Z is a Banach space under the above norm. For every f € Z, by
using a result in [7], we have

If'@)| <Clflzn (1.4)

e
1— |z

Let Z, denote the subspace of Z consisting of those f € Z for which
lim (1~ 12P)|f" )] = 0.

The space Z; is called the little Zygmund space. For the corresponding n-dimensional
Zygmund space see, e.g., [8] and [9].

Let ¢ be a nonconstant analytic self-map of A, and let ¢ be an analytic function in A.
We define the linear operators

¢C,Df =d(f 0 9) =¢f' (9) and @DC,f =d(f o) =¢f (¢)¢’, forf e H(A).

They are called weighted composition followed and proceeded by differentiation opera-
tors, respectively, where C, and D are composition and differentiation operators respec-
tively. Associated with ¢ is the composition operator C,f = f o ¢ and weighted compo-
sition operator ¢C,f = ¢f o ¢ for ¢ € H(A) and f € H(A). It is interesting to provide
a function theoretic characterization for ¢ inducing a bounded or compact composition
operator, weighted composition operator and related ones on various spaces (see, e.g., [10—
19]). For example, it is well known that C, is bounded on the classical Hardy, Bloch and
Bergman spaces. Operators DC, and C,D as well as some other products of linear op-
erators were studied, for example, in [20-29] (see also the references therein). There has
been some considerable recent interest in investigation various type of operators from or
to Zygmund type spaces (see, [7, 11, 23, 30-37]).

In this paper, we investigate the operators ¢ DC, and ¢C,D from Zygmund spaces to
Bloch-type spaces and little Bloch-type spaces. Some sufficient and necessary conditions
for the boundedness and compactness of these operators are given.
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Throughout this paper, constants are denoted by C, they are positive and may differ from
one occurrence to the other. The notation A & B means that there is a positive constant C
such that g <A <CB.

2 Main results and proofs

In this section, we state and prove our main results. In order to formulate our main results,
we quote several lemmas which will be used in the proofs of the main results in this paper.
The following lemma can be proved in a standard way (see, e.g., Proposition 3.11 in [10]).
Hence we omit the details.

Lemma 2.1 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that . is normal. Then $DC,, (or ¢C,D) : Z(or Zy) — B,, is compact if and only
if pDC, (or 9C,D) : Z (or Zy) — B,, is bounded and for any bounded sequence {f,},en
in Z (or 2y) which converges to zero uniformly on compact subsets of A as n — 0o, and
l¢DCyfulls, — 0 (or $CyDfyllp, — 0) as n— oo.

Lemma 2.2 [25] A closed set K of B, o is compact if and only if it is bounded and satisfied
lim sup u(|z]) [f/(z)| =0.
|Z‘—>1f€K

Theorem 2.3 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that | is normal. Then the following statements are equivalent.
(i) ¢DC, : Z — B, is bounded;
(ii) ¢DC,: Zy — B, is bounded;
(iif)

¢ (2) (¢ (2))° .

sup i) oo =
and
1 / / e
EEEM“ZD |p(2)¢" (2) + ¢'(2)¢'(2)| In lo@E <> (2.2)

Proof of Theorem 2.3 (i) = (ii). This implication is obvious.
(ii) = (iii). Assume that $DC,, : Zy — B,, is bounded, i.e., there exists a constant C such
that

l¢DCof 5, < Clifllz

for all f € Z,. Taking the functions f(z) = z € Z, and f(z) = 2> € Z, respectively, we get

suApu(IZI) |9(2)¢"(2) + ¢'(2)¢' (2)| < o0,

(2.3)
suEM(IZI) (620" (2) + ¢ ()¢ (2))0(2) + $(2) (¢ (2))] < o0.
Using these facts and the boundedness of function ¢, we have
sup 1(121)]6(2) (¢ (2))*] < oo (2.4)

zeA
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Set
1 \2
h(z) = (z- 1)|:(1 +In IT) + 1]
and
_ h(az) 1\
h,(2) = = <ln - |a|2) (2.5)

for a € A\ {0}. It is known that %, € Z (see [7]). Since

) 1\’ 1\
n(z) = (ln 1 —Zzz) (ln = |a|2) (2.6)

and

24 1 1 \*
H(2) = 1 1 , 27
) 1—zzz<n1—zzz)(n1—|a|2) @7

for (V)| > %, we have

ClgDCyll 2o, = 16DCohyi s, = 1(I21)[6()¢"(A) +¢'(2)¢(4)|In m
() PR UT YN E‘ﬂ&?; ;’“)' .
Hence
(D@0 G + G/ ) s
< CI$DC, 1203, + ZM(IAI)W 238)

Fora € A\ {0}, set

_ h(az) 1\ e
file) == (1“1_|a|2> —/olnl_(_lwdw. (2.9)

Then f, € 2. It is easy to see that

1 \? 1 \* 1
'(2) = (1 1 —ln—, '(a) =0,
Ju@) ("1—&z) ("1—|a|2> "a S

and

2 22 (1 oL + oz ) a
Z) = n n - , a)=——.
“ l-az\| 1-az 1-|al? 1-az “ 1—|al?

Therefore

900 000

AT (210)

Cll¢DC,ll 295, = I19DCofpiiollp, = 11(I7])
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From (2.8) and (2.10), we have

sup (|A])|@(R)g" (1) + ¢’ (M@’ (A)| In
le()I>3

1
W = C”d’DC ||ZO—>B/1 < Q. (211)

On the other hand, from the first inequality in (2.3), we have

A Ao (A ) In——
soup 1IP0I g e e
<supu(|Al)|@(1)e" (X) + ¢’ (1) \ln§<oo (2.12)
reA

Hence, from (2.3), (2.11), and (2.12), we obtain (2.2). Further, from (2.10), we have

I¢(k)(<p ()2 () (@' (A))20(M)]
M) —————— < 2u(r]) —————
e w) T oy = e (M) G

< Cll¢DCyll 24—, < 0©. (2.13)
On the other hand, by (2.4), we have

’ 2
wp () PRV

o)<} —le@P T o<l (1A [0 (@' ()7

W

Combining (2.13) and (2.14), (2.1) follows.
(iii) = (i). Assume that (2.1) and (2.2) hold. Then, for every f € Z, from (1.4), we have

n(1z]) [(#DCyf) (2)|
1(121) |¢' D¢’ @) (0(2)) + $D[f" (9(2) (¢' D) + 1 (9(2) " @)]|
< 1(121) [ (0(2) (¢’ @)°] + 1 (12]) [0(@)¢" @) + &' @)¢' D)]f (0 ()]

19(2)(¢' (2))?|
D v

x1 |wnﬂmb (2.15)

Ifllz + (lz) Clp(2)¢" (2) + ¢ (2)¢' (2)|

Taking the supremum in (2.15) for z € A, and employing (2.1) and (2.2), we deduce that
¢DC, : Z — B, is bounded. The proof of Theorem 2.3 is completed. O

Theorem 2.4 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that | is normal. Then the following statements are equivalent.
(i) ¢DC, : Z — B, is compact;
(ii) ¢DC,: Zo — By, is compact;
(iii) ¢DC, : Z — By, is bounded,

2
u(12]) ¢>( )(¢'(2))"]

|¢(z)\—>1 —le@)> (2.16)

Page 5 of 12
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and

. p L, e
|¢<1§)\Hi1“(|z|) |$(2)¢" (2) + ¢ ()¢ (z)| In @R - 0. (2.17)
Proof of Theorem 2.4 (i) = (ii). This implication is clear.

(ii) = (iii). Assume that ¢DC, : Zy — B,, is compact. Then it is clear that ¢DC,, : Z; —
B, is bounded. By Theorem 2.3 we know that ¢ DC,, : Z — B,, is bounded. Let (z,),ecn be
a sequence in A such that |¢(z,)] — 1 as n — oo and ¢(z,,) # 0, n € N (if such a sequence
does not exist then (2.16) and (2.17) are vacuously satisfied). Set

_ h(e(z4)2) 1 )‘1
h,(z) = m <ln T loGE) neN. (2.18)

Then from the proof of Theorem 2.3, we see that /1, € Z, for each n € N. Moreover /,, — 0
uniformly on compact subsets of A as n — 0o and

1 2¢(z,)

S e A S S e

Since ¢DC, : Z9 — B,, is compact, by Lemma 2.1, we have
lim |¢DCyhylp, = 0.
n— o0

On the other hand, similar to the proof of Theorem 2.3, we have

l¢DCyhnllz, = |21(124)

LA I I |)‘
1= lp(n)P "

X ¢(2n)@" (zn) + ¢'(24)¢' (z,) |In

’

1- |§0(Zn)|2

which implies that

|(z) (@' (21))* [ l9(20)|

Tim 21(|z,l)

1- |(,0(Zy,)|2
= lim pu(|2l)[6(20)0" (2n) + @' (2n) @' (za) | In TG (2.19)
if one of these two limits exists.
Next, set
h(p(z,)2) ( 1 )1
1 (2) = 1
Jni2) @(z4) - lo(z,) |2
z 1 1 -2

— n® —do(ln——— . 2.20
/o " 1-¢(z)w w<n1—|<ﬂ(zn)|2> (2:20)

Then f, € Z, and f, converges to 0 uniformly on compact subsets of A as n — oo (see [7]).
Since

1 2 1 -1 1 3 1 -2
(2) =1 1 —1 1 ,
5@ <n1—¢(zn)z> (“1—|¢(zn)|2) (nl—w(zn)z> (“1—|¢(zn)|2)
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we have f,(¢(z,)) = 0, for every n € N and

(zn)

SO =

By using these facts, since 9 DC,, : Z, — B,, is compact, and from Lemma 2.1, we find that

19(2) (¢ (21))? 10 (20)]

0< nler;Ou(lznl) = lim [[¢DCofulls, = 0.

1- |<P(Zn)|2
Therefore
. l¢(za) (@' ()] . 9(2) (@ (z0)* 0 (2a)|
A e o e S
which implies (2.16). From this and (2.19), we have
Tim p1(|2l) |6 (z)¢" (zn) + ¢ (2n) ' (z) | In m =0. (2.21)

From (2.21), it follows that limy,_, o0 t(|241)|¢(21)@" (21) + @' (24)¢' (2,1)| = 0, which altogether
imply (2.17).

(iii) = (i). Suppose that DC,, : Z — B, is bounded and conditions (2.16) and (2.17)
hold. From Theorem 2.3, it follows that

Gy =sup 1(lzl)|p(2)e" (2) + ¢’ (2)¢' (2)| < o0,

2 (2.22)
Cy, = sugu(lzl)|¢(z)(¢/(z)) | <oo.
By the assumption, for every ¢ > 0, there is a § € (0,1), such that
’ 2
ﬂWDM <e and
—lp(2)] (2:23)
1(I2)[¢(2)¢" (@) + ¢'(@)¢'(2)| In wﬁ 7

whenever 8 < |p(z)] < 1.

Assume that (fi)ren is a sequence in Z such that sup,p |[fkllz < L and f; converges to 0
uniformly on compact subsets of A as k — co. Let K = {z € A : |p(2)| < 8}. Then by (1.4),
(2.22), and (2.23), we have

sugu(|z|) |(@DCyfi) (2)|
_ SUEM(|Z|) |#'(2)¢' @ (0(2) + D[ (¢(2) (¢ @) + i (#(2) 9" 2]

< supu(l2l)|6(2)(¢' @)1 (0(2) | + sup e (12]) [#(2)¢" (@) + &' @) D)]f (0(2)) |

zeA zeA
< sup 1(121) |6@) (¢’ @) (9(2)) | + sup 1(12)|[¢(2)¢" (2) + ¢'(2)¢' (2) | (¢(2))|

+ sup u(l2l)|0@)(¢' @) (¢@)]

ZEA\K
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+ sup u(lzl)|[¢(2)e" (@) + ¢'(2)¢' (D ]f (0(2))]

ZEA\K

< sup 1(121) |6@) (¢' @) (9(2)) | + sup n(12)|[¢(2)¢" (2) + ¢'(2)¢' 2)]f (¢ (2))]

/ 2
+ sup M(Iz|)|¢>(Z)(<p (2))]

Wil =
Z€A\K 1-]o(2)?

1 / ! €
+ CZ:IAJI\)KM(IZI) |p(2)¢" (2) + ¢ (2)¢' ()| In Clo@E fell z

<G sup | ()| +C |31‘1p5[fk’(w)| +(C+ellfill =,

|w|<38

i.e. we obtain
I@DCyfillz, < Ca sup |fy ()| + C1 sup |fi ()]
lw|<8 |ow|<8

+(C+Delfellz +|00)] [ (£(0)||¢(0)]. (2.24)

Since f; converges to 0 uniformly on compact subsets of A as k — oo, from Cauchy’s
estimate, it follows that ff — 0 and f;’ — 0 as k — 0o on compact subsets of A. Hence,
letting k — o0 in (2.24), and using the fact that ¢ is an arbitrary positive number, we obtain

lim [|¢DCpfill5, = 0.
k—o0

By combining this with Lemma 2.1 the result easily follows. The proof of Theorem 2.4 is
completed. d

Theorem 2.5 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that y is normal. Then DC, : Zg — B, is bounded if and only if pDC, : Zy —
B,, is bounded and

é{linl“('z')|¢(Z)(‘/"<Z>)2‘:O and ll‘iinlu(IZI)|¢(Z)¢’/(Z)+¢’(Z)<p’(2)|=0- (2.25)

Proof of Theorem 2.5 Assume that ¢DC, : Zy — B, is bounded. Then, it is clear that
#DC, : Zy — B, is bounded. Taking the test functions f(z) = z and f(z) = z* respectively,
we obtain (2.25).

Conversely, assume that $DC,, : Z; — B,, is bounded and (2.25) holds. Then for each
polynomial p, we have

(12l)|(@DCyp) (2)]

< 1(121)[¢@)(¢' ()P (0(2) | + 1(I2]) | [6(2D¢" (2) + ¢ (D)0’ @]V (0(2)|.  (2.26)

In view of the facts
sup|p” ()| < oo, sup |p/(w)] < oo,
weA wEA

from (2.25) and (2.26), it follows that ¢DC,p € B, . Since the set of all polynomials is
dense in Z, (see [23]), it follows that for every f € Z, there is a sequence of polynomials
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(Pn)nen such that ||f — p,llz — 0 as n — oo. Hence

l¢DCof = dDCypulls, = 1¢DCyllzy—5, If —pullz — 0

as n — 00. Since the operator ¢DC,, : Zy — B,, is bounded, we have ¢ DC,(Z,) C B, 0,
which implies the boundedness of $DC,, : Z9 — B, 0. g

Theorem 2.6 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that | is normal. Then the following statements are equivalent.
(i) ¢DC,: Z — B, is compact;
(ii) ¢DC,: 2o — By, is compact;
(iif)
¢(2)(¢'(2))*]

tim w(12) o O 227)

and

lim 1(12)|¢(2)¢" (2) + ¢'(2)¢'(2)| In =0. (2.28)

e
1-lo(2)?
Proof of Theorem 2.6 (i) = (ii). This implication is trivial.
(ii) = (iii). Assume that ¢DC, : Zy — B, is compact. Then ¢DC, : Zy — B, is
bounded. From the proof of Theorem 2.5, we have
lim u(j21)[¢(@)¢"(@) + ¢ (@)¢ ()| = 0 (2.29)
and

lim p1(12)|#(@) (¢ @)°| = 0. (2.30)

Hence, if [|¢]loo < 1, from (2.29) and (2.30), we obtain

. 19(2)(¢'(2))?| . N2l
i 1) T or = T A (e e @ @) ] =0

and

. ” / / ¢
tim 1 (121)[$(2)e" () + 9/ @' @) 10 1

<t lim (2|9 @) + @) (2)] = 0

from which the result follows in this case.
Now assume that ||¢||« = 1. Let (zx)xen be a sequence such that |¢(zx)| — 1 as k — oo.
Since ¢DC, : Zy — B, is compact, by Theorem 2.4, we have

/ 2
lim (1) PRE@PT

2.31
lp(z)i—1 1-p(2)? 230

Page 9 of 12
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and

lim pu(j2])|¢(2)¢" (@) + ¢' ()¢ (2)] In———~5

e
9 “le@)P (232)

From (2. 30) and (2.31), it follows that for every ¢ > 0, there exists an r € (0,1) such
that u(|z) & 1 o (z()|)2) < &, when r < |¢(z)] < 1, and there exists a ¢ € (0,1) such that

w(|z)) |92 (¢ (2))?] < e(1-7?), when o < |z| < 1. Therefore, when o < |z| <1and 7 < |p(2)] <
1, we have

/ 2
(I21) |6(2)(¢'(2))° e

- e@P 233
On the other hand, if o < |z| <1 and |¢(z)| < r, we obtain
/ 2 2
(1) l9(2)(¢'(2))°] <u(2)) l9(2)(¢'(2)"] (2.34)

_r2

1-|e(2)?

Inequality (2.33) together with (2.34) gives the (2.27). Similarly, (2.29) and (2.32) imply
(2.28).
(iii) = (i). Let f € Z. Then we have

n(121)|(@DCyf) (2)|

/ 2
< C[M(|Z|) | (2)(¢'(2)) I

e e @+ @ @] |2]|lf||z

Taking the supremum in this inequality over all f € Z such that ||[f||z <1, then letting
|z| = 1, and using (2.27) and (2.28), we obtain

lim sup /L(|z|)’(¢DC¢,f)’(z)‘ =0

=Lz <1
From Lemma 2.2 it follows that the operator ¢DC,, : Z — B, ¢ is compact. g

Similarly to the proofs of Theorems 2.3-2.6, we can get the following results; we omit
the proof.

Theorem 2.7 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that | is normal. Then the following statements are equivalent.
(i) ¢CyD: Z — B, is bounded,;
(ii) ¢C,D: 2y — B, is bounded;
(iif)

sup a(12[) lp(2)¢' (2)|
i (e WD

and

/ ¢
sup i (J2])|'(2) [ In 3 Tov < 00

Page 10 of 12
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Theorem 2.8 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that | is normal. Then the following statements are equivalent.
(i) ¢C,D: Z — B, is compact;
(ii) ¢C,D: 2y — B, is compact;
(i) ¢CyD: Z — By, is bounded,

( Z|) |p(2)¢’ (2)] -0

lp(2)|—1 1-|op(2)]2 -
and
lim u(|z|)|¢/(z)|ln4 =0
lp(@)]—1 1-]o(2)|?

Theorem 2.9 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that p is normal. Then $C,D : Zy — B, is bounded if and only if pC,D : Zy —
B, is bounded and

lgglu(IZI)|¢(Z)¢’(Z)|=0 and ‘}Jliglu(IZI)|¢/(Z)|:0.

Theorem 2.10 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that | is normal. Then the following statements are equivalent.

(i) ¢C,D: Z — B, is compact;

(ii) ¢CpD: 2y — B, is compact;

(iii)
. l¢(2)¢'(2)]
fim 402 e =
and
. ! # =
fim (2Dl @) =0
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