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1 Introduction
A matrix A = (a;) € R™" is called a nonnegative matrix if 4; > 0. A matrix A € R"™" is
called a nonsingular M-matrix [1] if there exist B> 0 and s > 0 such that

A=sl,—B and s> p(B),
where p(B) is a spectral radius of the nonnegative matrix B, I,, is the n x n identity matrix.
Denote by M,, the set of all 7 x n nonsingular M-matrices. The matrices in M;! := {A71:
A € M,,} are called inverse M-matrices. Let us denote

T(A) = min{ReA WS a(A)},

and o (A) denotes the spectrum of A. It is known that [2]

T(A) =

p(A™)

is a positive real eigenvalue of A € M,, and the corresponding eigenvector is nonnegative.
Indeed

7(A) =5 - p(B),

if A = sI,, — B, where s > p(B), B> 0.
For any two # x n matrices A = (a;) and B = (b;), the Hadamard product of A and B is
AoB-=(a;by).If A,B€ M,, then A o B is also an M-matrix [3].
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A matrix A is irreducible if there does not exist a permutation matrix P such that

pAPT - A A
0 Al

where A;; and A, are square matrices.
For convenience, theset {1,2,...,n} is denoted by N, where n (> 3) is any positive integer.

Let A = (a;) € R™" be a strictly diagonally dominant by row, denote

R
Ri=) lawl, di=—=, VieN;

= )
||

ki
il + gz ; |l di
Sji = i , j#iLVjeN,; s;=max{s;}, VieN;
|a| J#
,._L i £iVieN: = {ri}, VieN;
Vi = B o ]#l’ ] ’ r; = maxirjy, i >
lai| — Zk;’j,i |k J#i
lajil + D i a7
mj; = L , j#iLVYjeN,; m; = max{m;}, VieN;
|al J#i
lajil + D ki 1kl i
o 4,i 17 i . e ngs X o . .
- ) = 1lld. .
uj; j#i,VjeN; u; = max{u;}, VieN
|a/’j| Jj#i

Recently, some lower bounds for the minimum eigenvalue of the Hadamard product
of an M-matrix and an inverse M-matrix have been proposed. Let A € M,, for exam-
ple, (4 0 A™') <1 has been proven by Fiedler et al. in [4]. Subsequently, T(4 0 A7) > %
was given by Fiedler and Markham in [3], and they conjectured that (A 0 A™!) > % Song
[5], Yong [6] and Chen [7] have independently proven this conjecture. In [8], Li et al. im-
proved the conjecture t(4 0 A71) > % when A7 is a doubly stochastic matrix and gave the

following result:

L _§:R:
f(AoA‘l)Zmin{M}-
N CEDPWL

In [9], Li et al. gave the following result:

(Ao A‘l) > min{ i —miRi }

i 1+ j#i Wlﬁ
Furthermore, if ay; = az = - - - = a,,, they have obtained
: { aj; —miR; } . { aj; — SiR; }
mny —————¢ >min{ ——— 1,
i 1+ Zj#i m]’i i 1+ Z}'y’i Sjt'

i.e., under this condition, the bound of [9] is better than the one of [8].
In this paper, our motives are to improve the lower bounds for the minimum eigenvalue
7(A 0 A™!). The main ideas are based on the ones of [8] and [9].
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2 Some preliminaries and notations
In this section, we give some notations and lemmas which mainly focus on some in-
equalities for the entries of the inverse M-matrix and the strictly diagonally dominant

matrix.

Lemma 2.1 [6] Let A € R™" be a strictly diagonally dominant matrix by row, i.e.,

il > lagl, VieN.
J#i

IfA_1 = (bl’]‘), then

o

|bji| <
|ajj|

biil, j#iVj€N.

Lemma2.2 Let A € R™" be a strictly diagonally dominant M-matrix by row. If A~ = (by),
then

il + D || Mg
bji < t,:/j b; < I/tjbl‘l‘, Ji Zi,VieN.
/)

Proof Firstly, we consider A € R"*" is a strictly diagonally dominant M-matrix by row. For
ieN,let

laj| + &
ri(e) = max{ -
j#i ajj — Zk#j,i |('ljk|

and

ri(g)(zk#l' |ﬂjk| +&)+ |“1’i|
mji(s) = ’
ajj

Since A is strictly diagonally dominant, then r;; < 1 and m;; < 1. Therefore, there exists & > 0
such that 0 < r;(¢) <1and 0 < m;;(¢) < 1. Let us define one positive diagonal matrix

M;(e) = diag(my(e), ..., mi_1,(8), 1, my,i(e), ..., myi(€)).

Similarly to the proofs of Theorem 2.1 and Theorem 2.4 in [8], we can prove that the
matrix AM;(e) is also a strictly diagonally dominant M-matrix by row for any i € N. Fur-

thermore, by Lemma 2.1, we can obtain the following result:

|d1'i| + Zk—,/j,i |ﬂjk|mki(8)
mji(€)ajj

i ()b < by, j#ijeN,

il + D |kl mgi(e)
bjif & k#;:lu ! : bi;, j?’/i,jGN'
7]
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Let e — 0" to get

|ajil + D x|l mi
i 1) i e
b; < P bi <uiby, j#ijeN.
i

This proof is completed. d

Lemma 2.3 Let A = (a;) € M, be a strictly diagonally dominant matrix by row and A™ =
(bij), then we have

1 1
— <bj < —————, VieN.
aii aii — Z/;a' laij i

Proof Let B = A7l Since A is an M-matrix, then B > 0. By AB = BA = I,,, we have

n
1= Zﬂiibﬁ = a,»,»bﬁ - Z |dij|bjir VieN.
j=1 ji#i

Hence
1<a;bi, VieN,

or equivalently,

1
— <b;, VieN.
aij

Furthermore, by Lemma 2.2, we get

1=a;b; - Z |aij|bji = (ﬂii - Z |ﬂij|uji>bii; VieN,

iz iz
ie.,
1 .
bi< ———=———, VieN.
aii = 3y || wi
Thus the proof is completed. d

Lemma 2.4 [10] Let A € C"™" and x1,%3,...,x, be positive real numbers. Then all the

eigenvalues of A lie in the region

O{ZGCI|Z—&Z,’,’| §xi2%|ﬂjt|}-

1 j#i

Lemma 2.5 [11] If Alisa doubly stochastic matrix, then Ae = e, ATe = e, where e =
L1,...,1)T.
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3 Main results
In this section, we give two new lower bounds for (4 o A™!) which improve the ones in
[8] and [9].

Lemma 3.1 IfA € M, and A~ = (by) is a doubly stochastic matrix, then

1
b;>—————, VieN.
" 1+Z/.7,iu,-,»

Proof This proof is similar to the ones of Lemma 3.2 in [8] and Theorem 3.2 in [9]. O

Theorem 3.1 Let A e M, and A™' = (byj) be a doubly stochastic matrix. Then

a;; — uiR;
T(A0A™) zmin{#}.
L+ ) w

Proof Firstly, we assume that A is irreducible. By Lemma 2.5, we have

ﬂL’L’=Z|ﬂij|+1=Z|ﬂﬂ‘|+l and a;>1, i€eN.

J#i J#i
Denote
lajil + 3 kg 1k mii )
uj = max{u;} = max , JEN.
7 ajj

Since A is an irreducible matrix, we know that 0 < #; < 1. So, by Lemma 2.4, there exists
ip € N such that

1
|)\- - aioiobi0i0| = Uj, Z ; |ﬂji0bji0 |)
J7io

or equivalently,

1
Al = @igiobigiy — Uiy E ;|ﬂjiobjio|
j#io
1
= Ajyi biOiO — Uj, E ; |6Zjl'0 |Mjbioi0 (by Lemma 2.2)
j#io
> (ﬂioio — U, E |ﬂji0|>bi0i0
Jj#io
= (aioi() - uioRig)bioio
Aigip — uioRio
1+ Zj;a‘o Uji

. { ai; — uiR; }
> miny ———1-
i 1+Zﬁa"‘/’i

(by Lemma 3.1)
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Secondly, if A is reducible, without loss of generality, we may assume that A has the
following block upper triangular form:

An Ap - A
0 Ay -~ A

Ao 22 % |
0O 0 - ...

0 0 0 Axx

where A; € M,, is an irreducible diagonal block matrix, i =1,2,...,K. Obviously, (4 o
A1) = min; t(4; oA;l). Thus the reducible case is converted into the irreducible case. This
proof is completed. 0

Theorem 3.2 IfA = (a;) € M, is a strictly diagonally dominant by row, then

min{ ai; — uiR; }>min{ ai; — SiR; }
i 1+Zj¢i1’ljl’ T 1+Zj;(isl'i

Proof Since A is strictly diagonally dominant by row, for any j # i, we have

lajil + 3 kgl Nl + 3k lajiclri

dj — lel' =
ajj ajj
=) Y gl
ajj
>0,
or equivalently,
d;>mj, j#i,VjeN. @)

So, we can obtain

L lajil + 3 iy 1@k M - |ajil + 3 iy 1| i
ji = =

= Sji, j#iL,VjeN, (2)
ajj ajj

and

u; <s;, VYieN.

Therefore, it is easy to obtain that

A — Wil; a; — Sik;
1+ Zj;zi wii — 1+ Zj#i Sji

, YieN.

Obviously, we have the desired result

min{ ai; — uR; }>min{ ai; — SiR; }
i 1+Zj¢i”ji T 1+Zj#,'5ﬁ

This proof is completed. g
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Theorem 3.3 If A = (a;) € M,, is strictly diagonally dominant by row, then

min{ ai; — uR; }>min{ aj; — mR; }
ALY ) T L+ Y my

Proof Since A is strictly diagonally dominant by row, for any j # i, we have

B |ﬂji| + Zk;’/,i |ﬂjk|ri
ajj

ri— M =T

ri — laji| - Zk#i |ajk|
ajj
rilay = 3 kg i) = lail
ajj
Wi = D ki 1] (r |aji )

ajj ajj — Zk#j,i lajk|

1

201

ri>mj, j#i,VjeN. 3)

So, we can obtain

il + 3 s lailme  apl + D4 lalr
Wi = #.i < #i =my, jAiLVjEN, (4)
ajj ajj

and
u;<m; VieN.

Therefore, it is easy to obtain that

aj; — wiRk; ai; — MR,
VD — 1+ 3 mj

, VYieN.

Obviously, we have the desired result

min{ ai; — wiR; } - min{ ai; — MR, }
i 1+Zj#uﬁ i 1+Zj#mﬁ

Remark 3.1 According to inequalities (1) and (3), it is easy to know that

|dji| + Zk?’j,i |ajk|mki - |aji| + Zk;/j,i |“jk|dk
i < i <
ajj ajj

by, VieN.

and

lajil + D lajlmu |ajil + > gz |l
bji < 7 by < 7 b;, VieN.
ajj ajj
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That is to say, the result of Lemma 2.2 is sharper than the ones of Theorem 2.1 in [8] and
Lemma 2.2 in [9]. Moreover, the results of Theorem 3.2 and Theorem 3.3 are sharper than
the ones of Theorem 3.1 in [8] and Theorem 3.3 in [9], respectively.

Theorem 3.4 IfA € M, is strictly diagonally dominant by row, then
T(AoA™) > rnin{l 1 Z |ar,~|ur,«},
T i
J#i
Proof This proof is similar to the one of Theorem 3.5 in [8]. O

Remark 3.2 According to inequalities (2) and (4), we get
1 1
1-— Z lajilwji = 1 - — Z |ajilsjis
"o "o
and
1 1
1-— Z lajilwji =1 - — Z |aji|mj;.
i i it
That is to say, the bound of Theorem 3.4 is sharper than the ones of Theorem 3.5 in [8]

and Theorem 3.4 in [9], respectively.

Remark 3.3 Using the above similar ideas, we can obtain similar inequalities of the strictly

diagonally M-matrix by column.

4 Example
For convenience, we consider the M-matrix A is the same as the matrix of [8]. Define the

M-matrix A as follows:

-2 5 -1 -1
A=

0o -2 4 -1

-1 -1 -1 4

1. Estimate the upper bounds for entries of A~} = (by). Firstly, by Lemma 2.2(2) in [9],

we have

1 0.5833 0.5000 0.5000 by by bz bas
1 0.6667 1 0.5000 0.5000 by by bsz bus
[e]

~ 105000 0.6667 1 0.5000 by by bsz bas
0.5833 0.5833 0.5000 1 by by bsz bus

By Lemma 2.2, we have

1 0.5625 0.5000 0.5000 biu by b3z b

1 0.6167 1 0.5000 0.5000 b by b3z bag
0.4792 0.6458 1 0.5000 b by b3z bay
0.5417 0.5625 0.5000 1 by by bsz bag
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By Lemma 2.3 and Theorem 3.1 in [9], we get

0.3637 < by; <0.4430, 0.3530 < by, <0.3870,

0.4000 < b33 < 0.4000, 0.4000 < bys < 0.4000.

By Lemma 2.3 and Lemma 3.1, we get

0.3791 < by; <0.4233, 0.3609 < by, <0.3750,

0.4000 < b33 < 0.4000, 0.4000 < byq < 0.4000.

2. Lower bounds for t(4 o A™1).
By Theorem 3.2 in [9], we obtain

0.9755=1(A0A™") > 0.8000.

By Theorem 3.1, we obtain

0.9755=1(A0A™") > 0.8250.
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