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1 Introduction

We begin with discrete Jensen’s inequality which is a useful tool in different parts of math-
ematics. The set of nonnegative integers and that of positive integers will be denoted by
N and N, respectively.

Theorem A (see [1]) Let C be a convex subset of a real vector space X, and let {x;,...,%,}

be a finite subset of C, where n € N, is fixed. Let ps, ..., p, be nonnegative numbers with

Z;'zlpj =1.Iff: C — R is either a convex or a mid-convex function and in the latter case

the numbers p; (1 < j < n) are rational, then

f(i:ﬁ’@) < anlﬂ;f(x;)« 1@
j=1 j=1
The function f : C — R is called convex if
f(ozx+(1—a)y)§af(x)+(1—o¢)f(y), xyeC0<a<l, 2)
and mid-convex or Jensen-convex if
1(52) = 3w+ 3700, wyec
f is strictly convex if strict inequality holds in (2) whenever x #y and 0 < & < 1.
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In recent years, a number of papers have appeared in which the authors constructed
different refinements of discrete Jensen’s inequality. See, for example, [2—8] and [9]. These
papers also contain a lot of interesting applications. The following parameter-dependent
refinement can be found in [4].

Theorem B Let C be a convex subset of a real vector space X, and let {x1,...,x,} be a finite
subset of C, where n € N, is fixed. Let ps, ..., p, be nonnegative numbers with Z]'.ilp/ =1,
and let ). > 1. Suppose that f : C — R is either a convex or a mid-convex function and in

the latter case the numbers p; (1 < j < n) and X are rational. Introduce the sets

Sk = i(il,...,in) e N

n
Zi,:k}, keN, (3)
j=1

and for k € N define the numbers

Ck()”) = Ck(xlr'n!xn;pl;nwpn;)\)

1 Ko (& S Mip;
e, 2 """"'<ZW">]<W>' @)
: RV j=1 ' Pj

Then:
(a)

f(Zp;xj) =C(M) =GN = =GR =--- < Zp;f(x;), keN.
j=1

Jj=1

(b) Suppose that X is a normed space and f is continuous. For every fixed A > 1,
lim Ci(x) = lep;f(x,»). )
=

Our aim is to present a generalization of the previous result.

The sequence (Ci(1))z2, depends on one parameter, but we allow the new sequence
(Dr(M))2, (see (7)) to depend on n parameters. We give conditions for the strict mono-
tonicity of (Dx(X))Z2, in some cases.

The proof of limit assertion (5) uses a lemma (see Lemma 15 in [4]) with a rather difficult
probability theoretical proof. Essentially, a fundamental theorem from statistics, which is
based on the multidimensional central limit theorem, has been applied. In this work, we
obtain a convergence theorem extending (5) which will be deduced from another inter-
esting lemma analogous to Lemma 15 in [4]. The proof of this lemma is simpler than the
proof of Lemma 15 in [4], although it also has probability theoretical background, namely
the strong law of large numbers is used.

The behavior of the sequence (Di(X))g2, is studied when the parameters vary. Further
refinements of discrete Jensen’s inequality can be derived from these results.

As an application, some new quasi-arithmetic means are constructed, and the mono-
tonicity and convergence of these means are investigated.
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2 The main results and some preliminary results
The main results are given by Theorem 1 and Theorem 5. In order to render the main
results as transparently as possible, we also give some preparatory lemmas and theorems.

The first result generalizes Theorem B.

Theorem 1 Let C be a convex subset of a real vector space X, and let {x, ...,x,} be a finite
subset of C, where n € N, is fixed. Let py,...,p, be nonnegative numbers with Z;’:lpj =
1, and let A; >1 (1 <i < n). Suppose that [ : C — R is either a convex or a mid-convex
function, and in the latter case, the numbers p; and L; (1 < i < n) are rational.

For k e N, introduce

dd)=dh,...,An): (6)

and define

Dk(x) = Dk(xlr'-~,xn;pbuwpn;)\l;ww)\n)
- 1
C(d) + D

SRR | YA lp]x}
Z ill"'inllj[()\-j—l)if (ZK P)f( ); 7)
j=1 j=1

(i1y+sin) €Sk Z} 1 1

where Si means the set in (3).
Then:

(@)

(Z p,x,> Do(A) <Dy(A) < -+~ <Dy(A) <--- < Z pflx), keN. (8

j=1

(b) Assuming X is a normed space and f is continuous, we have

lim Di() = if (x7). 9
Jlim Dy (3) ;pf(x,) (9)
The result contains Theorem B as a special case (A = A; = - -- = ;). Since f is continuous

in part (b) of the previous result, f is necessarily convex in this case.
The clue of the proof of Theorem 1(b) is the following decisive assertion, which is de-
duced from the strong law of large numbers. This result extends Lemma 15 in [4] with a

less complicated proof.

Theorem 2 Let C be a convex subset of a real normed space X, and let {xy,...,x,} be a
finite subset of C, where n € N, is fixed. Let pn, ..., p, be positive numbers with Z};PJ =1,
and let A; >1 (1 <i < n). Suppose f : C — R is a convex and continuous function. Define,
forli=1,...,n,

1 k! s 1 > plxl
Dyi= e > ———)] l.f( 1 )
(d(l) 1) ll! .. ly’! =1 ()\,} — 1)1 Z/ L 1 1

(i1+rin) €S
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Then we have
lim Dy =f(x;), 1<l<n.
k—o00

Next, we determine some of the cases of strict inequality in (8).

Theorem 3 Let C be a convex subset of a real vector space X, and let x1, . . .,x, be points of
C with at least two different elements, where either n =2 or n = 3. Let py, ..., p, be positive
numbers with Z;’:lpj =l,andlet ,; >1 (1 <i<n).Iff:C— R is strictly convex, then
every inequality is strict in (8).

Probably, the result remains true if # > 3, but the method applied in the proof of Theo-
rem 3 is getting more and more chaotic. Another treatment of the problem may be suc-
cessful.

In the proof of Theorem 3, we shall use the following well-known result (see [1]).

Theorem C Let C be a convex subset of a real vector space X, and let x1,. .., x, be points of
C with at least two different elements, where n > 2 is a fixed integer. Let p, . . ., p, be positive
numbers with 27:1 pj =L Iff : C— Ris strictly convex, then the inequality is strict in (1).

The following notations and observations may help to understand the next results, and
they will be used in their proofs. We motivate proceeding in this direction as follows: con-
sider Theorem 1, and let I := {i € {1,...,n} | p; # 0}. It is easy to see that only the restriction
of f to the convex hull of {x; | i € I} has significance.

Let C be a convex subset of a real vector space X, and let {xy,...,x,} be a finite subset of
C, where n > 2 is a fixed integer. Suppose that f : C — R is a convex function. Choose the
integers [ € {1,...,n}and1 <<l < - <, <n,wherem<n-land[;#[(i=1,...,m).

Define the convex set

G = {(tl,...,tm)e]Rm

m
tizo(izl,...,m),ztifl}»
i=1

and the function A, on G, by

,,,,, Im

hy,. b (t1y...rtm) :=f<Z Lixy, + (1 - Z t,') xl> . (10)
i=1 i=1

,,,,,

m m
iztixli + (1 - Zt,')xl eX
i=1 i=1

is the convex hull of {xy,...,x;,,%}, and hence it is a subset of C. A consequence of the

(tlwu;tm)EGm}

..........

studied in the following lemma.

Lemma 4 Let C be a convex subset of a real vector space X, and let {x,,...,x,} be a finite
subset of C, where n > 2 is a fixed integer. Suppose that f : C — R is a convex function.
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Choose the integers € {1,...,n}and 1 <l <ly<---<l, <n,where m <n-1landl; #I

(i=1,...,m). Then:

.....

.....

.....

extension hy,, 1, to Gy,.

There are some trivial cases of Theorem 1: if p; =1 foran /€ {1,...,n}, then

Di(\) =f(x;), keN,

and therefore 0 < p; <1 (1 <; < n) (thus # > 2) will be supposed in the next main result,

in which the parameter A = (44,...,A,) varies.

Theorem 5 Let C be a convex subset of a real vector space X, and let {x1,...,x,} be a finite
subset of C, where n > 2 is a fixed integer. Let ps, ..., p, be nonnegative numbers such that
pi<1(Q<j<n)and ] pj=1,andlet);>1 (1 <i<n). Suppose thatf:C — Risa
convex function. Choose l € {1,...,n}. Then, for every fixed 1; (1 <i <n, i #1) and for each
fixed k e N,:

(a)

l1m Di(2) f(Zp,x,)

j=1

(by) In the case p; = 0

lim Dy(A) = 1
im Dy —_—r
A—00 - 1)\ o+ D
7l
k! " 1 Z, 1 }p] j
. n A 11
, Z ilz..-inln(x»-l)v<z ’p’)f( S A ) .
(i1,00in) €Sk j=1 " j=1 j=1 lpl
ij=0

(by) In the case 0 < p; (< 1), there exists an integer 1 <m < n — 1 such that m elements of
, P belong to the open interval 10,1[, and n—1— m members

the sequence py,...,pi_1,Pisls---
- <lyy < nandthey are different

are 0. We can assume that py,, .. ,plm €]0,1{(1 < 11 < 12 <-

have
) 1
lim Dy(A) = ———7F—— (12)
Aj—>00 (ZE:] 177 %
Jj#
K& 1 Y b
X Z’\il’/ Skl (13)
& il iy (A -1)4 S A
(11,00 €Sk j=1 j=1%j Pj
i1=0

" k " k
1 1
+ph1 ,,,,, m(o )<< +1) _( ) ))’
- ]Z:;A,-—l ]Z:;x,—l


http://www.journalofinequalitiesandapplications.com/content/2013/1/551

Horvéth Journal of Inequalities and Applications 2013, 2013:551 Page 6 of 16
http://www journalofinequalitiesandapplications.com/content/2013/1/551

By (8), the limits in (11) and (13) also refine discrete Jensen’s inequality. It should be
mentioned that in Theorem 1 the topology on X is needed in showing (b), but Theorem 5
is true without any topology on X.

3 Applications
As an application we can now extend the quasi-arithmetic means introduced in [4] (about
means, see [10]).

Definition 6 Let/ C Rbeaninterval,x; € I (1 <j <n),p,...,p, be nonnegative numbers
such that 27:11’/ =1,andlet A; >1 (1 <j<n). Let ¢, : I — R be continuous and strictly
monotone functions. We define the quasi-arithmetic means with respect to (7) by

A 4 1 k! " 1 - i
My, (k) == <—(d(l) TOF Z PIRTR [1[ -1 (Z ij/)

= 1 -
(81 i) €Sk j=1

'(Wotp )(Z}l 1171‘/’961 >)’ keN. (14)
Z}l j 1

We study the monotonicity and convergence of the new means. For this, the next mean
is also needed.

Definition 7 Let I C R be an interval, x; € I (1 <j < n), pi,..., p, be nonnegative num-
bers such that Z;lq p; = 1. For a continuous and strictly monotone function z: I — R, we
introduce the following mean:

=z! (Zp,»z(x,)) . (15)
1

We now prove the monotonicity of the means (14) and give limit formulas.

Proposition 8 Let I C R be an interval, x; € I (1 <j <n), p,...,p, be nonnegative num-
bers such that 27=1P/ =1,and let ,;>1 (1 <j<n). Let ¢, : I — R be continuous and
strictly monotone functions. Then:

(a)
M, =My ,(0)<--- <M (k) <--- <My, keN,

if either yr o @7\ is convex and  is increasing or ¥ o 971 is concave and yr is
decreasing.

(b)
My =M, (0)>-->=M) (k)=-->M,, keN,

if either v o @7\ is convex and r is decreasing or \r o ¢\ is concave and \r is
increasing.
(c) Moreover, in both cases

lim Mx oK) =My

k—00
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Proof Theorem 1(a) can be applied to the function ¥ o ¢! if it is convex (- o ¢! if it is
concave) and to the n-tuples (¢(x1),...,9(x,)), then upon taking !, we get (a) and (b).
(c) Comes from Theorem 1(b). O

As an illustration, we consider the following special case.

Example 9 IfI:=]0,00[, ¥ := In and ¢(x) := x (x €]0, 00l), then by Proposition 8(b), we
have the following sharpened version of the weighted arithmetic mean - geometric mean
inequality: forevery x;>0 (1 <j<n),A;>1(1<j<n)and k e N,,

i 1 k! n 1 n G
1_[ (Z- 1 M Tpj%; ) @)k At LG @ p)
Z]}il Aip;

n
E pjxj =
j=1

(i1 y.0in) €Sk

4 Proofs and some auxiliary results
Before giving the proof of the main result, we introduce some preliminary lemmas. First,

a simple inequality is established.
Lemma 10 Ifx,y> 1, then

In(y) xlIn(x)
yTl Cox-1

<0.

Proof We shall show that

1 1
Gy *n@ et
y-1 x—-1

The left inequality is well known, and the right inequality is equivalent to

1
ux)=Inx)-1+->0, x>1.
x

Since
-1
u'(x) = x_2 >0, x>1,
x
u is strictly increasing on [1, 00), hence u(x) > (1) = 0 (x > 1). a

In the second lemma, the measurability of some functions is studied.

Lemma 11 Let (2, A) be a measurable space, and let X be a real normed space. BB denotes
the o -algebra of Borel setsin X. If A € A, v: A — R is measurable, and x € X is fixed, then
the function

w—vix, weA (16)

is A — B measurable.

Page 7 of 16
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Proof Since X is a normed space, the mapping p : R — X, p(c) = cx is continuous. Now

the result follows from the fact that function (16) can be written as p o v. (]
After these preparations, we can now prove Theorem 2.

Proof of Theorem 2 We can obviously suppose that n > 2 and [ = 1.
Let

Al 1

9

S @w e,y E

= An + D -1

Then g; >0 (1 <j <n)and Z}il g;j = 1, that is, we have a discrete distribution.
Let (€2, A, P) be a probability space, and let

xc:Q—> R, keN,
be identically distributed and independent random variables such that
P(xk=j)=gqj, 1<j<mkeN,.

Define the random variables

k
Yier= Y Iy 1<j<nkeN,

t=1

where 14 : Q@ — R means the characteristic function of the set A C Q2. The joint distribu-

tion of the vector random variable (Yi,..., Y,x) is a multinomial distribution

P(Yix = i1y, Yok = i) = ql-qn, (v, in) €S 17)

il iyl

for every k € N,.
Lemma 11 and the continuity of f imply that the function Z; : 2 — R,

n 4 Yk
pypy P;;)) KeN,

Zk :=f o ( Y,
ik
27:1 }‘j] pj

is measurable, and therefore it is also a random variable. By applying Lemma 4 with /; := i
(1<i<n-1),f isbounded on the convex hull of the set {x;,...,x,}. It follows that (Z;)?2,
is also bounded, and thus Z; (k € N,) is P-integrable. By (17),

E(Zy) = / ZrdP =Dy, keN,.
Q
It is a consequence of Lebesgue’s convergence theorem that

lim Dy = / lim Z; dP. (18)
k— 00 Q

k—00

Page 8 of 16


http://www.journalofinequalitiesandapplications.com/content/2013/1/551

Horvéth Journal of Inequalities and Applications 2013, 2013:551 Page9of 16
http://www journalofinequalitiesandapplications.com/content/2013/1/551

By the strong law of large numbers,

Y .
hm ——=¢q; P-ae,1<j=<n
S0 k
Therefore, by Lemma 10,

. Vi Yik
Jim (% In(x;) - - 1n(x1))
=¢g;In(A) - q1In(A;) <0 P-ae,2<j<wn,

and this leads to

) ) Y. Y
i - b = lim b exp(k(—lk In(x;) — L 111()»1)))
k—o0 M 1kp1 k=00 p1 k k

=0 P-ae,2<j<n.
Consequently, we get from (18) that
lim le :f(xl).
k— o0
The proof is now complete. O

The following lemma extends Lemma 14 in [4].

Lemma 12 Let k € Nand (iy,...,i,) € Sks1 be fixed. If we set
2(iy,...rin) = {l€{L,...,n} | i #0},

then

Z k! 1 1
aleipa i = Dlipa! - i g =10 (g = 1)

lez(i1,e.min)
1 1 1 1\ (k+1) li[ 1
(= D" Q=11 Qo =1y dy=1)  ibeeigt 2 Gy =1

Proof The lowest common denominator is #;!- - -i,!. Combined with Z;’zl ij = k +1, the

result follows. O
We can now prove the first main result.

Proof of Theorem 1 (a) The proof is divided into three steps.
1. Since Sy = {(0,...,0)},

DoO»)—(Z ) (il inx/):f<2n:pjxj).
j=1 1 P j=1


http://www.journalofinequalitiesandapplications.com/content/2013/1/551

Horvéth Journal of Inequalities and Applications 2013, 2013:551
http://www journalofinequalitiesandapplications.com/content/2013/1/551

I1. Next, we prove that Di(A) < Dy,1(X) (k € N).
It is not hard to see that for every (i1, ..., i) € Sk,

Z, 1 ]ijj B 1 i( 1 Z/ 1 ,P;% + (A - 1)}»;1191961
Z/:l )‘j pj d()+1 I=1 A1 Zj:l )‘/ pj+ (- 1))\§1Pl
+ (x DA
Lk /; - l‘”’). (19)
j=1 1
According to Theorem A, this yields that
f(Z,1 ,p,x,>< 1 i( 1 ]P;+()»z DA/ pi
Zj:l )»]«p, dd)+1 I=1 M-l Z] 1 / pj
f(Z, 1 ,p;x; l)klpm)) 20)
Z, 1)\ 17} + (A= )}\1101
Consequently,
1 K & 1 &K1
DiA) < ——— - -
A= @)+ )k m%esk<zlz...zn! Oy - Dy Z(A[—l
" i i Z px + ()\1 I)Ailplxl
: <Z,\j’pj + (x,—1)x/p,>/< L p > : (21)
j=1 Z/ 1 ] _1))\1191

Bringing in Lemma 12, we find that the right-hand side of (21) can be written in the form

1 k+1)! & 1 21111”1"/)
TR <i1!-~~in!!._—1[(k;—1>”(;A’p’>f< Sip /)

(81 y--rin) €Skes1

which is just Dy,1(A).
II1. Finally, we prove that

D) <Y pf), keN,. (22)

It follows from Theorem A that

1 k! n 1 n i
Di(A) < d) + Dk .2&9 (hl”'in! [1[ (0 — 1)/ jzl)»jpzf(xj)> (23)
k! 1 1
(d()») (d() + 1k Z( ,.%;esk Wi gD (o — 1)
A 1 1 )
=1 G =1y Gy 1y P9 KSR (24)

Page 10 of 16
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The multinomial theorem shows that

Z k! 1 1
i!--- ln‘ ()\1 - l)il ()\j—l — l)il'*1

A/ 1 1 (
(=17 Gyt =D (= Din ~

hence (24) implies (22).
(b) It is enough to confirm that for [ =1,...,n,

1
li S
ks P @) + )f
k! 0T 1 YaMp
Z il...il)‘lln(k,_l)i,f< lnl ]/11) pif (%)
(i)ese e 2P

This is evident if p; = 0. If p; > 0, then we have it from Theorem 2.
The proof is complete. O

Proof of Theorem 3 It is enough to prove that there is strict inequality for a fixed
(i1,...,in) € Sk (k € N) in (20) and in (23), respectively.

The treatment of inequality (23) is pretty immediate. Under the conditions of the theo-
rem,

f<Z;1 ;P;x,> ZA pf ), (ir,..erin) € Si (k €N)
Zj:l )‘jl’/ Z, 1)‘; bj j=1

by Theorem C. It follows that the last inequality in (8) is strict (this is true for every n > 2).
It remains to study (20). Let k € N be fixed, and let

(i1,-.-»1n) = (k,0,...,0) € S.
Under the hypotheses, the coefficients of the vectors

Y ]p,x, + (O = DA py
Z) 1 lp] + ()"l I)A;lpl

I<mn (25)

are positive in (19), and therefore by Theorem C, it is enough to prove that there exist two
different vectors in (25).
We begin with the case n = 2. Then x; # x,, and (25) consists of two vectors, namely

e M P+ paxs b Mpix1 + hapax
1= ’ 2= .
MYpL+ps Ap1+ dops

Elementary considerations show that v; = v, implies that

Mpipa = Mra)xs = M pips(1 = Aiho)xa,

and thus x; = x,, which is a contradiction.

Page 11 of 16
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Now, we continue with the case # = 3. Then the following three vectors belong to (25):

AT pian + paxs + paxs A pix1 + Aopaxs + paxs
vi: k+1 ’ vy i= k
AMUpL+Pp2+ps AP1 + Aapa + p3
pa e Alplxl + paxy + A3p3x3
3=

)\1171 + )‘-ZPZ + )\.3p3

Suppose v; = v, = v3. A simple but troublesome calculation confirms that

A pipa (O = 1) (01 — x2) + Afpip3(Aiks — 1)(x) — x3)

+pap3(Az —1)(x —x3) = 0
and

A P12 (s — 1)1 — 22) + Afpips(Ag — 1) (1 —x3)

+pop3(l - Aa)(x2 —x3) = 0.
Therefore, recalling that
X1 —x3 = (01— x2) + (02 — x3),

we have a homogeneous system of two linear equations with solutions x; —x; and x; — x3.
A few easy calculations yield that the determinant of the matrix of this system is

A p1paps (A p1 + pa + p3) (M + Aa + A3 — Aihaks — 2). (26)
A >1(i=1,2,3) implies that
M+ A+ A3 —AAA3 —2<0,
and hence (26) is negative (it is only important that different from 0). From this we get
X1 — Xy =%y —x3 =0,

that is, &1 = x, = x3, which is also a contradiction.
The proof is complete. 0

Proof of Lemma 4 (a) It is well known (see [11]) that a convex function on an open convex
set in R is continuous.

(b) hy, .., is bounded above since discrete Jensen’s inequality shows

..... vk (1 < ) f(ZL‘xl + <1 th)xz)

m
i=1
m

gzmj S +<1 Zt)j

i=1

< max(f(xll),...,f(xlm),f(xl)), (t1,.. ., tm) € Gy

Page 12 of 16
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Let (s1,...,8,) € int(G,,) be fixed. Since hy,, _;,, is convex, there is a linear functional L on
R™ (a support of f at (s, ...,S,)) such that

hh ..... lm(tlr'n:tm)zhll ,,,,, lm(slr'uysm)

+ Lt =81, .t —Sm)y  (t1,...,tn) €10t(Gy,), (27)

and therefore the continuity of L on the compact set (sy,...,s,,) + G, yields that /1., is
bounded below on int(G,,). It is easy to check that inequality (27) holds for every boundary
point of G, too

(c) Because G, is a polytope, this follows from (b) (see [12]).

The proof is complete. O

Proof of Theorem 5 (a) We can obviously suppose that [ = n.
An elementary calculation gives

1 1
li :
aLe (V) + D !—1[ (n —1)¥

n

1
= lim _
A1—>1+ (A + ZP 1 )L )l]
r7
1 ifi, =k,

- (i1, .. ,in) € Sk. (28)
0 ifi,€{0,....,k-1},

If p,, = 0, then for every (iy,...,ix) € S,

i kpx- kpx
Jim (Zk’ (2 ”)=(Z>»,p,)f(z”l ~).
n— n ij
! YAy ’ 2 b

J=1

and therefore, by (28)

n-1
l1m Dk (x) f(Zp,x}),

j=1

which we wanted.

In the rest of the proof, 0 < p, < 1. From this, the existence of an integer 1 <m <n -1
such that m elements of the sequence py,...,p,_1 belong to the open interval ]0,1[ and
n —1— m members are 0 follows. We can assume that py,...,p,, €]0,1[ and p;,41 = -+ =
Pn-1=0.

Consider the function /1

Fix (i,...,i,) € S. Then

.« defined in (10).

,,,,,

i )‘p/ . .
)sz 7>0 ifl1<j<m,
i .
lim —~— = lim Zﬂ/"’”””
An—1+ Ap—>1+ oy
" aAp p7>0 ifj=n,

Z] 1 k] pjtbPn
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which shows that

lim ( M it >=< M Mt Dom )
n . i IERES] i
hn Z; 1)‘, 17} Z, 1 , bj Z;L }\/]Pj +Pn Z;y:l )‘j/Pi * Pn

is an interior point of G,,. In light of the continuity of 4;,_,, on int(G,,) (see Lemma 4),

.....

this implies that

X
lim <Z )/< =1 ;P/ 1)
n—>1+
Z} 1 1
)\il }le
:xhn} (Zk i+ )J”p,,) < 1191 . Pm )
e Z/ =1 / pj Z/ 1 / pj
m i il )\’[m -
- (Z)\/Pj+l7n)h< M p— 1 > (29)
j=1 Z} 1 ]p1+pﬂ Z} 1 ]p] +pn
The limit relations (28) and (29) entail
. 1 z 1 P p/"/
lim 1_[ , (ZA p)f( 1%
—1+ k 1)y
=1+ (d(X) +1) i (A —1)4 Z/ ) 1

f(zjmzlp,-xj +pux,)  ifi, =k,
0 ifi, €0,....k -1},

(il,...,in) € Sk,

which gives the result.
We begin the proof of the second part of the result with some limit formulas.
It is obvious that

1 1
lim 30
r—oo (d(A) + DF a5 x Lk (30)
j7
It is also easy to calculate that for each (i1, ..., i,) € Sk,

ﬁ : (Z> Ll“ - (31)
lim —_— Api ] = . 31
- _ 1 j &7 P i #0.
Aj—>00 ()\- 1)/ H’;:I()‘j’l)l} 17'/

j#l

(b;) The expression

f<21 1 ,p,x,) (32)
Z]l j bj

does not depend on A; for each (i, ..., iy) € Sk, from which we have (11) by (30) and (31).
(by) If i; = 0, then (32) is independent of A;, hence we can have the coefficient in (12) and
the first member in the sum (13) from (30) and (31).
Suppose (i, ...,i,) € Sk such that i; # 0.
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By using (31), it remains to study the existence of the limit of (32) as A; — oco. Under the

conditions on the zero elements of the sequence py, ...

, Pn» We have to consider

(33)

)

iy

lim hy, 4, ( ll ph )Ll 2l
Aj— Lyews

e Z] lklpll-'—)\‘pl Z}l)"lpl]+)"pl

Since
i i
Al b A pi

. L Fa I £tm

lim : ey =(0,.
)»laoo( m ll}' i ) (

Zj:l )\l/ py+ A
and

ill ilm
)"11 by )\’lm b,

(

is an interior point of the domain G,, of &,
the limit (33) exists and it is }_111,.“,1,“ (o,...,

)

i. . [ i. .
m J Ui m / i
Zj:l )“1, b+ A pl Z;=1 )‘1, Py + A pi

.....

i. .
m j i
Z,‘:l )L[/ b+ )\1 pi

1, for every A; > 1, Lemma 4(c) implies that
0). According to this and (31)

n n 1
1 ) X h 0,.
lim Hi(ZA P)f(z’ - ’p} ]> - Pl l 9,
=00t (A —1)7 le P H/l _1)1
showing that
. k! - 1 p plxl
(i1,-0in) €Sk = VY j=1 Z/ 1 1 pj
ii#0
_ k! 1
=pih o,...,0
(i1, ) ESk i
170 #
k=i +1)- ok
= pihy, 1,,(0,...,0) - 2(7@!
i=1
Z (k—i)! 1 )
ity gy ik ll‘ e il—1!i1+1! e ln‘ l_[7=1()\,] - 1)11
j71
k k—iy
_ k 1
=pih o,...,0 —
o ()2 )
i=1 j=1
j#
n k n k
_ 1 1
=pih o,...,0 1] - e .
pihuy,..,,( )(( )\j_1+ ) (Z)»;—l) )
j=1 j=1

j#

We have got the second sum in (13).
The proof is complete.

j#
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