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1 Introduction
In this paper, we study oscillation and asymptotic behavior of a second-order nonlinear
neutral delay dynamic equation

(r@)((x(0) + pOx(n(0))*)")* + £ (6.x(g(®)) = 0 (L)

on an arbitrary time scale T, where y is a quotient of odd positive integers, r and p are
positive rd-continuous functions on T, 0 < p(£) < p; < 1. Also, we assume thatn,g: T — T
are rd-continuous, n(¢) < ¢, g(t) < t, limy_ o n(t) = lim;—,» g(t) = 00, uf(t,u) > 0 for all
u # 0, and there exists a positive rd-continuous function g defined on T such that | (¢, u)| >
q@)|ul”.

The theory of dynamic equations on time scales, which goes back to its founder Hilger
[1], has recently attracted attention of researchers. Several authors have expounded on var-
ious aspects of this new theory; see the survey paper written by Agarwal et al. [2] and the
references cited therein. The books on the subject of time scales, by Bohner and Peterson
[3, 4], present much of time scale calculus.

Since we are interested in oscillatory and asymptotic properties, we assume throughout
this paper that the given time scale T is unbounded above. We assume that ¢y € T, and it
is convenient to assume that ¢y > 0, and define the time scale interval of the form [£y, 00) 1
by [£,00) 1 := [to, 00) N T. Throughout, we use the notation z := x + px o 1. By a solution of
equation (1.1), we mean a non-trivial real-valued function x € Cid [Ty, 00), Ty € [ty,00) T
which has the property that z and r(z2)? are defined and A-differentiable for ¢ € T and
satisfies equation (1.1) on [7,,00) . The solutions vanishing in some neighborhood of

infinity will be excluded from our consideration. A solution x of equation (1.1) is said to be

©2013 Jing et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2013/1/505
mailto:zchui@sdu.edu.cn
http://creativecommons.org/licenses/by/2.0

Jing et al. Journal of Inequalities and Applications 2013, 2013:505 Page 2 of 7
http://www.journalofinequalitiesandapplications.com/content/2013/1/505

oscillatory if it is neither eventually positive nor eventually negative; otherwise, it is called
nonoscillatory.

In recent years, there has been much research activity concerning oscillation and
nonoscillation of solutions to neutral differential and dynamic equations on time scales,
we refer the reader to [5, 6] and [7-22], and the references cited therein. Han et al. [6]
studied a second-order nonlinear neutral equation

(rO|w @ W ) + qe)f (x(5))) =0, 1.2)

where u := x + px o 7, and established two results which guarantee that every solution of
equation (1.2) is oscillatory under the assumptions that

pP)=0, o@)<tt)=t-1=<t, (1.3)

and

/ T
to rl/}/ (t)
Agarwal et al. [7], Erbe et al. [8], Sahiner [9], Saker [10], Saker et al. [11], Saker and O’Regan

[12], Chen [13], Zhang and Wang [14], Wu et al. [15], Candan [17], and Li et al. [19] inves-
tigated equation (1.1) and obtained some oscillation criteria in the case

At
/t T = (1.4)

0

As yet, there are few results regarding the study of asymptotic behavior of equation (1.1)
under the assumption that

/too i < 00. (1.5)

1
o @)

In 2007, Saker et al. [11] posed an open problem as follows: How to establish oscillation
criteria for equation (1.1) when condition (1.5) holds? Assuming (1.5), Zhang et al. [21, 22]
obtained some sufficient conditions which insure that all solutions of equation (1.1) are
oscillatory.

The purpose of this paper is to present some asymptotic tests for equation (1.1) in the
case where (1.5) holds. This paper is organized as follows: In the next section, we shall
establish the main results. In Section 3, two examples are provided to illustrate the results
obtained.

In the sequel, when we write a functional inequality without specifying its domain of
validity, we assume that it holds for all sufficiently large t.

2 Main results
In what follows, we use the notation

fug(t) As/rV? (s)

82(t) :=max{0,8%(9)}, Q) :=q(t)(1 - p(g®))”, O(t,u) = f,f PWETTES

and, for sufficiently large T+, B(¢, T+) := 67 (¢, T»).
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In order to prove our main results, we will use the following result; see [8, Theorem 2.1].

Theorem 2.1 Let (1.4) hold. Suppose that there exists a positive A-differentiable function
8 such that for all sufficiently large T- and for g(T) > T+,

limsup/t(ﬂ( T.)8(s)Q(s) — M)m: 0. @2.1)

tooo JT (y + 1)r+187(

Then every solution x of equation (1.1) is oscillatory.

Theorem 2.2 Let (1.5) hold. Assume that there exists a positive A-differentiable function
8 such that for all sufficiently large T- and for g(T) > T+, one has (2.1). If

*© 1 © Ay \Y 1y
I, ([ o ’(f ) M) s (2:2)

then every solution x of equation (1.1) is oscillatory or lim;_, o x(¢) = 0

Proof Let x be a nonoscillatory solution of equation (1.1). Without loss of generality, we
assume that x(z) > 0, x(n(¢)) > 0, and x(g(¢)) > 0 for t € [£y,00) 1. Then z(t) > 0 for ¢ €
[£0,00) 7. In view of (1.1), we get

(r0)(z*()")® < —q(6) (g(8)) <0, ¢t € [t9,00) 7. (2.3)

Therefore, r(z*)? is strictly decreasing, and there exists a t; € [ty, 00) 1 such that z2(¢) > 0
or z2(¢) < 0 for t € [t;,00) 1. We consider each of two cases separately.

Case 1. Assume that z*(¢) > 0 for £ € [t),00) 1. As in the proof of [8, Theorem 2.1], we
can obtain a contradiction to (2.1).

Case 2. Assume that z2(¢) < 0 for ¢ € [t;,00) 1. Then, there exists a finite limit

lim z(£) = [,

t—00

where [ > 0. Now, we claim that [ = 0. If not, then for any € > 0, we have [ < z(t) < [ + ¢,
eventually. Take 0 < € < I(1 — p1)/p1. We calculate

x(t) = 2(8) — p(O)x(n(t)) > [ — prz(n(t)) > 1 - pr(L + €) = m(l + €) > mz(2), (2.4)
where
m'—i— l(l—Pl)—€P1>0
Tlie P17 l+¢ '

Since r(z*)” is strictly decreasing,

Y (£)z2(¢)
iy (s) ’

Z%(s) <

se [t,OO)T.

Integrating the inequality above from ¢ to / and letting / — 0o, we have by (2.3) that

z(t) > rI/V(t)zA(t)/ 1/;/( ) > g )ZA(tl)/ W(S) k/t —rlizs)’ (2.5)
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where k := —r'/7 (t;)z% (t;) > 0. Combining (2.4) and (2.5), we get

x(¢(0)) = mz(g(®)) = mk / ﬁs

Then by (2.3), we obtain

~a *© As \’
(r)(-z2®)") z(mk)yQ(t)( /g © rlT(s)> '

Integrating the inequality above from ¢, (t; € [£;,00) 1) to ¢, we have
A Y A Y k) ! * Au 4
t)(—z~ (L >r(t)(—z" (& — ] A
HO(-22 @) = rt) (-2 (1) + (k) L‘””(/g(s) ) B

t [ele] A V4
- / 4(s) ( /g ) —rwz‘u)) As,

which implies that

mk © Au \’ Yy
22t < - W(t)(/ q()(/(s —rl/y(u)> As) .

Integrating the latter inequality from %, to ¢, we get

) Y 17y
A =) ’”kfz W()(/ a )(/ ) )

which yields lim;_, » z(£) = —00, this is a contradiction. Hence, lim;_, o z(t) = 0. By virtue
of 0 < x(t) < z(¢), lim;_, o, x(¢) = 0. The proof is complete. O

Next, we establish another criterion which improves Theorem 2.2.

Theorem 2.3 Let (1.5) hold. Suppose that there exists a positive A-differentiable function
8 such that for all sufficiently large T« and for g(T) > T+, one has (2.1). If

0 1 s 1/y
/ro (@ /to Q(u)Au) As = 00, (2.6)

then every solution x of equation (1.1) is oscillatory or lim;_, o x(¢) = 0

Proof Let x be a nonoscillatory solution of equation (1.1). Without loss of generality, we
assume that x(z) > 0, x(n(z)) > 0, and x(g(¢)) > 0 for ¢ € [£y,00) . Then z(¢) > 0 for ¢ €
[to, 00) 1. In view of (1.1), we get (2.3). Thus, r(z2)” is strictly decreasing, and there exists
at € [ty,00) such that z2(£) > 0 or z2(£) < 0 for t € [t;,00) 7. We consider each of two
cases separately.

Case 1. Assume that z2(¢) > 0 for £ € [t;,00) 1. Similarly to the proof of [8, Theorem 2.1],
we can obtain a contradiction to (2.1).

Case 2. Assume that z*(£) < 0 for ¢ € [¢,00) 1. Then there exists a finite limit

lim z(¢) = 1,

t—00
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where [ > 0. Next, we claim that / = 0. If not, then for any € > 0, we have [ < z(t) < [ + ¢,
eventually. Take 0 < € < I(1 — p;1)/p1. Then we have (2.4). It follows from (2.3), (2.4), and
z(g(¢)) > I that

(rOE*©))" < —qe) (g(0) < —m” q(t)z" (g(t)) < ~(m)" q(t).

Integrating the inequality above from ¢, (£, € [£1,00) 1) to £, we get

r(®)(z2(1)" = r(t2) (2% (2))” < —(ml)” f q(s)As,

17}

which yields

1 t 1y
22t < —ml(m /tz q(s)As) .

Integrating the latter inequality from £, to ¢, we have

t s 1y
z(t)fz(tg)—ml/ (%/ q(u)Au) As,

which implies that lim,_, » z(£) = —00, this is a contradiction. Hence, lim;_, o, z(t) = 0. By
0 < x(t) < z(t), lim;_, o, x(£) = 0. This completes the proof. a

Remark 2.1 When T =R, Theorems 2.2 and 2.3 improve results of Han et al. [6, Theo-
rems 2.1 and 2.2] since our results do not require condition (1.3).

Remark 2.2 The results obtained in this paper complement the recent results given in
[7-19] in the sense that these results can be applied to case (1.5).

3 Applications
In this section, we give two examples to illustrate applications of results in the previous
section.

Example 3.1 For ¢ € [1,00) 1, consider a second-order neutral delay dynamic equation

1 1 AN A
(to(t) (x(t)+§x(n(t))) ) +q(t)x(g(t) =0, (3.1

where ¢(t) > B > 0 satisfying flt(q(u)/g(u))Au >o(t), nt) <t g(t) <t and lim; o n(t) =
lim;_, o g(¢t) = 00. Let y =1 and r(£) = 1/(¢to (¢)). Then, we have

/00 At _foo At
w @) te@®) 7

that is, (1.5) holds. Note that Q(£) = ¢(¢)/2, and for every constant k € (0,1) and for ¢t €

[tk,OO)']I‘,
11y, o
,3(’«3T*)=(T1 g(lt)> :Lg(t) T > k>0.
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Choose §(¢) = 1. It is not difficult to verify that (2.1) holds. On the other hand,

oo 1 s Ay 14 1y © Ag
/to 7 (s) (/ ‘““’(fg(u) rwv)) A”) ASZ/I F

Thus, we have by Theorem 2.2 that every solution x of (3.1) is oscillatory or lim;_, o, x(£) =
0.

Example 3.2 For ¢ € [1,00) 1, consider a second-order neutral delay dynamic equation

1 1 A\ 7\ A
((tcr(t))V((x(t)+§x(77(t))> ) ) + gt (g(0) =0, (3.2)

where ¢(¢) > B > 0 satisfying flt qu)Au > o (t), n(t) <t, g(t) <t and lim;, o n(t) =
lim;_, o g(t) = 00. Let r(£) = 1/(to (¢£))”. Then we have

/°° At /°° At 1
w @)L o)
that is, (1.5) holds. Note that Q(t) = ¢(¢)/2", and for every constant k € (0,1) and for ¢ €

[tk’ OO) T»

1

11y Y
(T @\ _ [t g&)-T
per)- () - (i) =ee0

* t

Choose §(¢) = 1. It is easy to verify that (2.1) holds. On the other hand,

/:Y% /t:q(u)Au>1/yAs > /1.00 % = 00.

Hence, by Theorem 2.3, every solution x of (3.2) is oscillatory or lim,_, » x(¢) = 0.
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