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1 Introduction
In this paper we derive interior and global Holder estimates for solutions of quasilinear
elliptic equations of the form

—divA(x,u, Vi) =f(x), 1.1)

where 2 is a bounded open subsetin R”, n > 2, f(x) € Ll’%1 (2) for some g > n. Throughout
the paper, the exponent p’ is denoted as the Holder conjugate of p, 1 < p < n.

Suppose that the operator A : 2 x R x R” — R” is a Carathéodory mapping satisfying
the following assumptions:

(a) forae.xe QandallseR, & eR”,

Alos,g) £z alel,  |AGs €)= b(lsl) (k) + 1E177);

(b) fora.e.x € Qandalls € R, &,& e R”, & #&,

(A(x,s, Sl) _A(x)s’ 52)) : (Sl - 52) > O;
(c) forae.xeQ,allseR, & eR”andall A e R,

A(x,s,AE) = MAP2A(x, 5, €),

q

where « is a positive real constant, k(x) belongs to L7-1(2) for some g > n and b :
[0, +00) — (0, +00) is a continuous function.
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Definition 1.1 A function u € W* (R2) is called a weak solution of (1.1) if

loc
/ A(x,u, Vu)Vo dx = /f(x)¢ dx (1.2)
Q Q

for every ¢ € W*(R2) with compact support.

The Holder continuity estimate for solutions of nonlinear elliptic equations has always
been an important subject in the theory of differential equations and dynamical systems,
see, e.g., [1-4]. Numerous results on the Holder regularity of elliptic equations with var-
ious conditions have been obtained, see [5-12] and references therein. In this paper, we
derive interior and global Holder estimates for solutions of a class of quasilinear elliptic
equations. The key points are the choice of appropriate test functions, the method of it-
eration and the integral tests developed by Ladyzhenskaya and Ural'tseva, see [1]. Note
that we restrict the exponent 1 < p < n since for the case p > 1, the Holder estimate can be
directly obtained by the Sobolev embedding theorem.

2 Preliminary results
The theorems of the following section require some preparatory results which we group
together here.

Lemma 2.1 [9] Let f(t) be a non-negative bounded function defined for 0 < Ry <t < Rj.
Suppose that for Ry < t <t < R, we have

f(T)=A@-1)7 +B+0f(0),

where A, B, v, 0 are non-negative constants and 0 < 1. Then there exists a constant ¢ de-

pending only on y and 0 such that for every p, R, Ry < p < R < Ry, we have
f(p) <c[A(R-p)” +B].

Now we present a very useful lemma which is fundamental in the proof of our theorems,

it appears in [1] as follows.

Lemma 2.2 [1, Lemma 4.8, p.66] Suppose that the function u(x) is measurable and
bounded in some ball B, or in a portion of it Q,, = B,, N Q. Consider the balls B, and
By, where b is a fixed constant greater than 1, which are concentric with B,,,. Suppose that
for arbitrary p < b py, at least one of the following inequalities regarding u(x) is valid:

oscu < ¢ p°,
2

oscu <voscu
Qﬂ pr

for certain positive constants ¢;,& <1 and ¥ < 1. Then, for p < py,

oscu < cpy" p",
2p
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where

m = min{-log, ¥, ¢}, ¢ = b" max{wo,c105},
and

o = 0SC U.

Qo

3 Mainresults
3.1 Interior Holder estimate
Let xp € Q and £ > 0, we denote by B, the ball of radius ¢ centered at xg. For k > 0, write

Akz{er:u(x)>k}, Axt =ArNB,

and denote by B,(2,M,y,8,1/q) the class of functions u(x) in W?(Q) with essential
maxg |#| < M such that for u(x) and —u(x), the following inequalities are valid in an arbi-
trary sphere B, C Q for arbitrary o € (0,1)

J

for k > maxp, u(x) — §, where the parameters of the class M, y and § are arbitrary positive

p(1-2) 4

|VulP dx < V[
gpﬁ) q k,p

max(u — k)Y + 1:| |Ak,p|l_§ (3.1)

k,p—-ap

numbers, 1 < p < n and g > n > 2. Note that we do not exclude the case g = cc.

Lemma3.1[1, Lemma 6.2, p.85] There exists a positive number s such that for an arbitrary
ball B, belonging to Q together with the ball By, concentric with it and for an arbitrary
Sfunction u(x) in B,(2,M,y,8,1/q), at least one of the following two inequalities holds:

1-z
oscu<2’p 4,
By

1
oscu<|1- osc u.
Bp 2S—1 B4p

To prove the interior Holder continuity, firstly, by choosing an appropriate test function
and making full use of fundamental inequalities, together with Lemma 2.1, we can obtain
the following result.

Theorem 3.2 Letl<p <nandf(x) € L (2) for some q > n. Suppose that u is a bounded
solution of (1.1), then u € B,(Q,M,y,8,1/q).

Proof Let By € 2 and 0 < Ry < 7 <t < Ry be arbitrarily fixed. Let n be a cutoff function
such that

2
UGCSO(B:), 0<n<i, nlg, =1, |V77|§:-

Set M > 0 satisfies |u| < M. For every k > 0, let & > M + k and take

¢ = Ty(n(u - k)*) = max{~h, min{h, n(u - k)" }}
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as a test function in (1.2) and obtain

ST (n(u - k) dx

Apt
_ /Q ST~ )" dx
, /Q A1, Vi)V Ty (e~ K)*) dx
_ /A Al VT o~ 0)d
_ /A Al VOV () d

:/ Ax, u, Vu)Vudx+/ Alx, u,Vu)((u—k)Vn + r]Vu) dx.
A, A\ Ak,

Then, by applying the structure conditions of mapping A, (3.2) yields

ST (n(u - k) dx

At

za/ |VulP dx—b (k(x)+ |Vu|”‘1)|(u—k)Vn+nVu|dx,
Akr Akt \ Ak

thus

P d. — d.
a/Aka “/Ak,zwxw”(u K| dx

+b (k(x)+ |Vu|p_1)|(u—k)Vn +nVu|dx,
Akt \Akr

where b = maxjo 1 b(|s|). Hence it follows from (3.3) and Young’s inequality that

a/ |Vu|pdx§£/ (u— kY dx+clpe) [f|p,dx
Ak Ak

Agt

+ bs/ (k(x) + |Vu|p’1)p/ dx
Akt \Ak,e

+ be(n, €) |(w—k)Vn +nVul” dx
Akt \Ak,z
<c(b,&,p) |Vulf dx + c(b,p)s/ |VulP dx
Akt \ Ak Akt \Ak,r

+c(n,e,b,p)(t - r)’p/

Akt \Ak,r

(u—k)”dx+s/ (u - k)Y dx

At

v [ 11 dxtclbrep) k() |” dx.

Akt Akt \Ap,r

(3.2)

(3.3)

(3.4)
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Since p’ < 1% for some g > n > p > 1, by applying Holder’s inequality, we have estimates
for the last two integrals on the right-hand side of (3.4)

=< ILfIIL, Al 3.5)

-1’

b
I dx < A7 |F 117

At 1Ak

"a

and

f kI dx < / kI dx
Apt\ Ak, At

)2
1-2 =i
< Akl qllkllil, < ||k||

‘-&\"’c
sl

_p
VT (3.6)

Since |supp(u — k)*| = |Ak| < ”””pﬂ’ then there is ko > 0 such that for k > kg, we have
|[Ax| < 2|Bt|, then we get (u — k)* € W(B;) and | supp(u — k)*| < %|Bt|.
Take 71 = n when p < 1, and 7 to be any real number satisfying n < 71 < ¢ when p = n. Let

D= %, then

N np
ﬁ_ pn = _pnn p<n’
n-p ﬂ(1<2nn<n p), pP=n.

n—

2n—n

According to the Sobolev imbedding inequality, we obtain

(/ |(u—k)+|ﬁdx>§5c(n,p)(/ |v((u—k)+)|"dx>’_’
Bt By

= c(n,p)(/ |Vu|1”dx);.
Akt

It then follows from Holder’s inequality that

/ (u-k)ﬁdx:/|(u—k)+|""§-1dx
Agt By

4

5</Bt(” k)de) B

< c(n,p)|Bt|l_% / |Vul? dx. (3.7)
Ayt
By substituting (3.5)-(3.7) into (3.4), we see that for k > ko,

a/ |Vu|”dx§c1/ |Vu|pdx+c(b,p)8/ |VulP dx
Ak Akt \ Ak Akt \Ak,r

v clmebp)(t-1)7 f (= K dx + c(m,p)| B
At \ Ak,

x/ |Vul? dx
At

=t - e
+ BN g Akl ™+ clb e P)IKI oAl (3.8)

‘»&\"w
s
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where ¢; = ¢(b, ¢, p). Adding to (3.8) both sides

a / |Vul? dx,
Ak,r

we obtain
c c(b,p)e
/ < |Vul? dx + (b.p) / |Vul? dx
Agr A +C1Jay, a+C Jag g,
Ig,b’
+ u(t — )P max(u — kY| Ap|
oa+q B:
ec(n, p)
+ |Bt| |VulP dx
o+ Akt
c(b,e,p) = r
+ (W17 e+ Ikl e ) Akl 9. (3.9)
o+ =y -1

For k > ko, we can choose R; and ¢ sufficiently small such that for t < R;, we get

C(b,p)8+( p)e 1‘ o

1B, 7 < (3.10)
o+ o +C 2 a+a
and
_r P p P )
kel = 1Akal "™ 1Akal T < 1Awel' ™7 1Bl T = |Agel 4 - 674 (3.11)
By substituting (3.10)-(3.11) into (3.9), we obtain that
/ |Vul? dx < 9/ |Vul? dx
Agr At
+y [(t 7). £ n};ax(u — kY + 1] |Ak,t|1_§, (3.12)
L

where 6 = ( a +c1)/(a + ¢1) < 1. Thus, let p, R be arbitrarily fixed with Ry < p < R < Ry, we

obtain

/ |Vul? dx < 9/ |Vul? dx
Akr Akt

+y [(t —7)? R rréix(u — kY + 1] IAk,R|1_§. (3.13)

Therefore we have deduced that for every ¢ and t such that Ry < p <7<t <R <R,

inequality (3.13) holds. Therefore we have from Lemma 2.1 that
/ |Vul? dx < C[(R -p)? R rrjlsax(u — kY + 1] |A/(,R|1_§. (3.14)
Ag 0 R

Since u is a solution to equation (1.1), we have that —u is a solution to the equation

—divA(x, v, Vv) =f(x)

Page 6 of 16
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where A(x, v, Vv) = A(x, —v, ~Vv). And the operator A satisfies the same structure condi-
tions (a)-(c), hence the same inequality (3.14) holds with u replaced by —u. Therefore we
get that the function u € B,(2,M, y,8,1/q). O

Remark Especially, if g = 00, i.e., f(x), k(x) € L>°(£2), then condition (a) of A simplifies into
|A(x, u, Vu)| < b(M)|VulP~L + b(M). Proceeding the process of the proof in Theorem 3.2,
we finally have

/ |Vu|pdx§9/ |VulPdx + (t —7)7 (u— k)P dx + |Argl.
Ak,r

Akt Ak

Therefore we have from Lemma 2.1 that

/ |VulP dx < C((R—,o)‘p (= k)Y dx + |AI<,R|>'
Ay

AR

Similarly, we get that the same inequality holds with u replaced by —u, hence the function
u e B,(Q,M,y,8,0).

Then, by applying Lemma 3.1 and Lemma 2.2, we obtain, for arbitrary p < po, that

m 1z
oscu§4m(£) (oscu+2sp0 q),
Bp Lo Bpy

where m = min{-log,(1- 2%_1), 1- g}. Choosing p = po/5, we have the following oscillation
estimate which is important and fundamental in our main results.

Proposition 3.3 Suppose that u(x) € W/lif (2) is a bounded weak solution of (1.1), then

oscu <yoscu+ CR" (3.15)
BE Bpr
5

holds for any ball By C 2, wherey = y(n,q,s) € (0,1), and C is a positive constant depend-
ingonn, qands.

The oscillation estimate Proposition 3.3 can be used to obtain the following interior
Holder estimate by the method of iteration.

Theorem 3.4 Suppose that u(x) € W&f: (2) is a bounded weak solution of (1.1), then

oscu <5 (1—’;> oscu + Cr* (3.16)

r Br

for any ball By C Q2 and 0 < r < R < 0o, where k € (0,1) depends on n, q and s, and C =
C(n,q,s, Q).

Proof Let 0 < p <R, Bg C €2, then Proposition 3.3 yields

oscu <yoscu+ C,ol_g. (3.17)
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Let po =R, p, =57 pg for t = 0,1,2,... and take b = YT” € (0,1). Let w, = oscp, u, where

spheres B,, are concentric with B, and
) b n
k =minjlogs —,1 - —¢.
v q
Then we have 0 <« <1, 5y < b. Moreover, denote ¢; = 5° - CRl_g.

Observe that (3.17) implies that

1-z
osc u<y oscu+Cp,_". (3.18)
b1 Pi—1
5

From the notations above, we can get from (3.18) that

n

W, < Yyw_1+ Cptliq. (3.19)
Write y, = 5 w,, then we have from (3.19) that
Y. <by_1+ab57". (3.20)
We obtain

Y, <by1+a5"
<b(bya+a5)+a5"
=D’y s +bci5 + 57"
<...

<Db'yy + (b"l +--+b+ 1)015"‘

< + — 5
C .
=%o 1-¢ 1

Thus we have

e\ 1 o\
=yo(—‘) + —615""<—‘) : (3.21)
Po 1-b Po
For arbitrary 0 < 7 < R = py < 00, there exists 1y > 1 such that p,, <7 < p,,_;. We obtain

oscu < 0OSC u
By B/’LO—I

K —K K 1 K K
= Y05 Py Py + T551P0 Py

K —K 1 —K K
<500y 1" + Eclpo r
r\* 1 -1
=5 =) oscu+—=5-CR 4R r"
R Br 1-b
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K
r ny_
< SK(E) oscu + CRY @)«

Br

K
< 5% r oscu + Cr*,
R Br

where C = C(n, q,s, Q2). O

Asan important application of Theorem 3.4, we investigate the global Holder continuity

of weak solutions of (1.1), which is the main result of the paper.

Theorem 3.5 Suppose that u(x) € C(Q) N VV&;’Z(Q) is a weak solution of (1.1). If there are
constants L > 0 and 0 < § <1 such that

|u(x) — u(xo)| < LIx — x0° (3.22)
forall x € Q and xy € 9Q, then there exist constants Ly > 0 and 0 < §; <1 such that

|u(x) — u(y)| < Lilx -y (3.23)
forallx,y e Q.

Proof For arbitrary x,y € Q, we discuss the following three cases:
(A) x€0Q,yeQorxeQ,yecd:
We have by (3.22) that (3.23) holds with §; =8, and L; = L.
(B) x,y €0
For x € <2, there exists {x;} C 2 such that x4 — x as k — 00. Since u € C(RQ), we

have u(xx) — u(x) and |xx — y|* — |x — y|° as k — oo. Then we get

|u(x) — u()| < ulx) — ulxe)| + [ulx) — u(y)|
< |u(x) = ulxi)| + Llxk - y1°.
Let k — 00, then (3.23) is obtained with §; =8 and L; = L.
(C) x,ye
For case (C), we consider two cases (I) and (II):
D jx—yl < % dist(x, 0€2).
Choose x € 92 such that |xo — x| = dist(x, 3<2) = r. Then, for arbitrary z € B% (%),
|u(z) — u(x)| < |u2) — ulxo)| + |ulxo) — u(x)|
< Llz—x0|® + L|xo —x|°

B
< L(lz—x| + |x—x0|) + Llxo —x|°
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therefore we have, for all z;, 2z, € B% (%),

|u(z1) - u(z)| < |u(z1) — u(@)| + [u(x) — u(z)|

<5Ls°,

Therefore we obtain oscg,, () u < 5Lr’. Since x,y € B(x, |x—y|) C B 5 (x) C Q, it follows from
2
(3.16) that

|u(x)—u(y)|§ 0SC U= O0SC U
B(x,|x—y) B(x,lx—yl)

lx—y1\"
<5 osc u+ Clx—y|¢
h ( r/2 Bg(x)u =]

< 50L|x — y|“r*™ + Clx —y|*. (3.24)

To estimate (3.24), we consider two cases (i) and (ii).
(i) If 8 <k, then § = min{8,k} 2 8;. Since ¥ — 8 >0 and |x — y| < 7/2 < r < diam &, thus
lx — y*~% < #7% and |x — y|~° < (diam Q)“~°. Then we obtain

|u(x) — u(y)| < 50LIx - y|™ + C(diam Q) [x — y|. (3.25)

(i) If 8 >k, then x = min{8,x} £ 8;. Since § — k > 0 and r = dist(x, 92) < diam €, thus
r®=* < (diam ). Then we obtain

|u(x) — u(y)| < 50L(diam 2)*~' |x — y|™* + Clx - y|*. (3.26)

Therefore we have the estimate for case (I) by substituting (3.25) and (3.26) into (3.24)
so that
|u(x) - u(y)|
< (50L max(1, (diam ©)°~*") + C max (1, (diam ©)* ™)) - |x — y|**. (3.27)
Next, we estimate case (II) of case (C).
(I1) |x - y| > 3 dist(x, 9).
Choose x € Q2 such that |xg — x| = dist(x, 32) = r. Then we have
|u(x) - u(y)| < |ulx) — ulxo)| + |u(xo) — u(y)|
< Llx—xo|® + Llxo — yI°
< Lix— o/’ +L(jxo — ] + x — y1)’
< L2%|x —y|® + L3%|x — y|° < 5L|x — y/°. (3.28)

Similarly, to estimate (3.28), we consider two cases (iii) and (iv).
(iii) If 8 < «, then § = min{6,«} = 8;. Then we obtain

‘u(x) - u(y)’ <5L|x—y|*. (3.29)
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(iv) If 8§ > k, then 8; = «, thus we have

le =y = |x—y|% - |x — 9> < (diam £2)°7% - |x — y|%. Then we obtain
|u(x) — u(y)| < 5L(diam )°~" - |x — y|*. (3.30)

Therefore we have the estimate for case (II) by substituting (3.29) and (3.30) into (3.28)
so that

|u(x) - u(y)| <5L max(l, (diam Q)‘Hl) P —y|51. (3.31)
Finally, combined with (3.27) and (3.31), we have the estimate for case (C)

|u(x) - u(y)|
< (50L max(l, (diam Q)‘Hl) + Cmax(l, (diam Q)K"Sl)) o — )L (3.32)

Therefore the theorem follows with
8 = min{é,«} € (0,1]
and
Ly = 50L max(1, (diam ©)°~") + C max(1, (diam £)*~*). O

3.2 Global Holder estimate
In order to extend the above results to a global Holder estimate, we need to place an ad-
ditional constraint on €.

Definition 3.6 [1] We shall say that the boundary 92 of  satisfies condition (A) if there
exist two positive numbers 4 and 6 such that for an arbitrary ball B, with center on 9€2
of radius p < ay and for an arbitrary component ﬁp of B, N &, the inequality

1Q,] < (1-60)IB,|
holds.
Now let
Q,=QNB, Qi = AN,

and let Bp(ﬁ, M, y,8,1/q) be the class of functions u(x) in B,($2, M, y,§,1/g) that, together
with their negatives, satisfy inequality (3.1) for the balls B, with B, N Q2 # #, the integration
region € ,, and for k > maxg, u(x) — 8 and k > maxg,naq u(x).

Lemma 3.7 [1, Lemma 7.1, p.92] If 92 satisfies condition (A) and if the function u(x) in
B,(2,M,y,8,1/q) satisfies on IQ a Holder condition, more precisely, if

<LpS, 0, 3.33
35w =L € .33
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for balls B, (Where p < ay) with centers on 02, then there exists a positive number s such
that for an arbitrary ball B,, for a ball B,, (where 4p < imin{ao, 1}) with center on 92
that is concentric with it, at least one of the following inequalities holds:

1)

1
oscu<|1- osc u.
Q) 2571 ],

The number s is determined by the parameters of the class By, by the numbers € and L in
(3.33), and by the numbers ay and 0y in condition (A).

. n
oscu < 2°p9, €1=m1n{1——,6},
Y q

Analogously, we proceed the proof basically the same [10] as Theorem 3.2, and we can
prove that u € Bp(ﬁ,M, ¥,68,1/q). By applying Lemma 3.7 and Lemma 2.2, for

1
pP=po=7 min{ao, 1},

we obtain that

m
oscu§4m(p) (oscu+2sp51>,
Qp Lo Lp

where €¢; = min{l — g,e}, m = min{-log, (1 - 2%_1),61} and € is in (3.33). Choosing p = po/5,
we have the following oscillation estimate.

Proposition 3.8 Suppose that u(x) € W/ﬁ){f (2) is a bounded weak solution of (1.1), then

oscu <y oscu+ CRY,
Qpr QR
5

where y € (0,1) and C are positive constants depending on n, q, s and € in (3.33), holds.

Proceeding completely analogously to the proof of Theorem 3.4, we obtain the follow-
ing.

Theorem 3.9 Suppose that u(x) € Wltf (2) is a bounded weak solution of (1.1), then

K
r
oscu < 5"(—) oscu + Cr*
Qr R QR

(3.34)

for any ball B and 0 <r < R < pg, where k € (0,1) and C > 0 depends on n, q, s and €.

We now have the following global Holder estimate based on the boundary Holder con-
tinuity.

Theorem 3.10 Suppose that Q2 is bounded and satisfies condition (A). Let u(x) € C(2) N
WP (Q) is a weak solution of (1.1). If there are constants M > 0 and 0 <y <1 such that

|u(x) — u(y)| < Mlx—y|” (3.35)
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for all x,y € 9K, then there exist constants My > 0 and y, > 0 such that

|u(x) — u(y)| < Mi|x - yI"

forall x,y € Q.

(3.36)

Proof 1Tt is clear that we just need to prove (3.22) according to Theorem 3.5. For all x €

and x, € d€2, we consider the following two cases:

(i) If 7 = |x — x| < 1, then there exists ry such that r = |x — xg| < 7o < 1. The boundary

Holder estimate (3.34) with R = rs yields
|u(x) - u(xo)| < osc u
QNB(x0)

LS
<Cr2 osc u+Cr-.
QNBg(xo)

Since u(x) € C(R) and € is bounded, we have

sup |u| < C; < o0.
Q

Therefore we get by substituting (3.38) into (3.37) that

|u(x) —ulxo)| < osc u
QNBy(x0)

< C2Ci|x — x0|2 + Clx — x0|*

< CQC; +1)|x —x0|2.
(ii) If r = |[x — x| > 1, then

|u(x) — (o) | < 2supu| < 2Cifx - %o 5
Combining (3.39) and (3.40), we have

|u(x) — u(xo) | < My |x —xo|2
with

M; =max(C2C; + C,2C,).
Therefore the theorem follows from Theorem 3.5.

4 Application

(3.37)

(3.38)

(3.39)

(3.40)

We conclude this paper with an application of Theorem 3.10 in a simple case of (1.1). We

consider the following equation:

—D;(a”(x)Dju) = £ (x),

(4.1)
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where f(x) € L3 (Q) for some q > n, and the coefficients @’ (i,j = 1,...,#n) are assumed to

be measurable functions on 2, and there exist positive constants A and A such that
al(x)EE > ME®, Vxe Q& eR” (4.2)
and
s|ai(0)]* < A2 (4.3)
Let
Ai(x,Vu) = a‘j(x)D,»u,
then we can easily prove that the operator A satisfies the structural assumption (a)-(c).
To apply Theorem 3.10 for (4.1), we put a more general constraint on 2 to obtain the

Holder continuity up to boundary.

Definition 4.1 [13] We shall say that 2 satisfies an exterior cone condition at a point x, €

0% if there exists a finite right circular cone V = V., with vertex x, such that an Vio = %0-
Definition 4.2 [13] Let us say that € satisfies a uniform exterior cone condition on 92 if
€2 satisfies an exterior cone condition at every x, € 92 and the cones V, are all congruent
to some fixed cone V.

We now have the following Holder estimate at the boundary.

Theorem 4.3 [13] Suppose that u(x) is a W"*(Q2) solution of (4.1) in Q and Q satisfies an

exterior cone condition at a point xy € Q2. We have, forany 0 <r < p,

r K
0sC u< C[(—) sup ul+7-A7Yfll ¢+  osc u:|, (4.4)
QNBr(xg) 1% Qme(xO) L2(Q) 3QQBM(9€0)

where C = C(m, A, A, g, p, Vi), k =k (m, A, A, q, V) are positive constants.
Theorem 4.4 Suppose that Q2 is bounded and satisfies the uniform exterior cone condition.
Let u(x) € C(Q) N WY(Q) be a weak solution of (4.1). If there are constants M > 0 and
0 <y <1such that

|u(x) — u(y)| < Mlx—y|” (4.5)
for all x,y € 9K2, then there exist constants My > 0 and y, > 0 such that

|u(x) — u(y)| < Milx -y (4.6)

forallx,y e Q.
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Proof 1t is clear that we just need to prove (3.22) according to Theorem 3.5. For all x € Q
and x¢ € €2, we consider the following two cases:

(i) If r = |x — xo| < 1, then there exists ro such that » = |x — x¢| < o < 1. The boundary
Holder estimate (4.4) with p = ra yields

’u(x)—u(xo)‘< osC U

- QNBy(xg)
< CI:V% sup Ju| + < A7t 7+ OSsC u] 4.7
- meI()xo) lul ”f”Lg () sQnB %(xo) (47)
Since u(x) € C(Q) and € is bounded, we have
sup |u| < C; < o0, (4.8)
Q
and for all z;,z0 € 0Q N B 3 we have from (4.5) that
re(xo
|u(z1) — u(z2)| < Mz — 20]”
< M(|z1 - %ol + |22 — %0l)”
< 2Mriv. (4.9)
Thus (4.9) yields that
osc  u<2Mriv, (4.10)
9QNB 3 (x0)
ra
Therefore we get by substituting (4.8) and (4.10) into (4.7) that
|u(x) - u(xo)| < osc u
QNBr(x0)
K 3
< CGilx—xo|2 + CI[fIIL%(Q)Ix—xOIK + CM|x — xo| %7
_ 4!
=< Cmax(Cl, ”f“L%(Q)’M)Lx x0| ’ (4'11)
where y; = min(3, %y).
(ii) If » = |x — x9| > 1, then
|u(x) — ulxo)| < 2sup |u| < 2C;|x —xo|". (4.12)
Q

Combining (4.11) and (4.12), we have
|u(x) — (o) | < My |x — x0]"
with

M, =max(CC,, T CM,2G)
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and

(kK 3
=min| —, -y |.
21 ) 47/

Therefore the theorem follows from Theorem 3.5. O
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