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Abstract

By using the way of weight functions and the technique of real analysis, a half-discrete
Hardy-Hilbert's inequality with two interval variables is derived. The equivalent forms,
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1 Introduction
Assuming that p > 1, % + %1 =1,f(=0) e L”(R,), g(> 0) € L1(R,),

Ifll, = {fowf”(x)dx}p >0, lglly = {/Ooog"(y)dy}q >0,

we obtain the following Hardy-Hilbert’s integral inequality (cf. [1]):

OOf‘ e
/ / x+y xdy < SnGrp) ——|Ifllpllgllys 1)

where the constant factor #ﬂp) is best possible. If a,,,b, > 0, a = {a}5, € ¥, b =
{bu}21 €19,

00 1% 00 %
lal, = {Za‘,’n} >0, [blly= {sz} >0,
n=1

m=1

then we still have the following discrete Hardy-Hilbert’s inequality with the same best

constant factor :
sm(ﬂ p)°

Yoy — e /)nanpnbnq )

m=1 n=1

Inequalities (1) and (2) are important in mathematical analysis and its applications (cf
[2—4]). In 1998, Yang [5] proved an extension of (1) (for p = g = 2) by introducing an inde-
pendent parameter A € (0, 1]. Recently, refining the results of [5], Yang [6] derived some ex-
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tensions of (1) and (2) as follows: For A >0, 7> 1, 2 + 1 =1, ¢(x) = w091 g (i) = x20-5)-1,

0 < [fllpg := {/0 pW)|f ()] dx}p <00, 0<||gllgy <o,

1
00 »
0 < llallpg = {Z¢(n)|a,,|”} <00, 0<|bllgy < oo,

n=1

we have
<[ f(x)g(y) Y
/o /0 Gt ) dxdy <B i . lg gy s 3)
by AA
2N g <8 (53 ittt "
m=1 n=1

(0 < A < 2min{r,s}), where

00 1
B(u,v) = ———dt (4,v>0
(u,v) /0 T (u,v>0)

is the beta function. Some Hilbert-type inequalities about other measurable kernels are
provided in [7-14].

Regarding the case of half-discrete Hilbert-type inequalities with non-homogeneous
kernels, Hardy, Littlewood and Polya provided some results in Theorem 351 of [1]. How-
ever, they had not proved that the constant factors in the new inequalities were best possi-
ble. Yang [15] proved some results by introducing an interval variable and that the constant
factors are best possible.

In this paper, by using the way of weight functions and the technique of real analysis, a
half-discrete Hardy-Hilbert’s inequality with the best constant factor is given as follows:

/ mf(x)ij:

a, A A
s dx<B<;,;)Ilf||p,¢llallq,¢ (0<A<s). (5)

The best extension of (5) with two interval variables, some equivalent forms, operator
expressions, some reverses as well as a few particular cases are also considered.

2 Some lemmas

Lemmal Ifr>1,1+1=1,1>0, u(x) (x € (bc), —00 < b<c<00)and v(x) (x € (no -
1,00), ng € N) are strictly increasing differential functions, and [v(x)] %’lv/(x) is decreasing
in (ng —1,00), u(b*) = v((no —1)*) = 0, u(c™) = v(c0) = 00, Ny, = {no,no +1,...}. Define two

weight functions as follows:

()]t ()

(,()(}’1) = [V(l’l)]% L m dx, ne NnO’ (6)

3 > [w(m)] 5 (n)
o= (1] Y o

x e (bc). 7)
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Then the following inequality holds:

0<B()L A)(l HA(x))<w(x)<a)(n) B(& &), (8)
rs rs

S ts*ldt 1
)= L/ (t+ 1 (mmw&’xem”' ®)

Proof Setting ¢ = % in (6), we find dt = ﬁu/(x) dx, and

[T g (P
w(n)—/(; (t+1))\ dt = B(r s)

For any x € (a, b), in view of the fact that

m [v»] %711/()/) (y € (1o - 1,00))

is strictly decreasing, we find

oo

X 1
@ (%) < [u(x)]" /no—l (u(x) + v(y)

t=v(y)/u(x) & t%_l dt A A
= = B -y = = a)(}’[),
o (E+1)* s'r

L[> 1 A
> [u]” [ e bl 0

£=v()/u(x) / 1 51 gy
Hlrg) (¢+1)*

:B(ii)p-emm} xe(b,0),
v(ng)

u(x)
0 <0;(
<O ) / (t+ 1)A

~ s (v(no))%
B2, 2\ ulx)

o] Vo) dy

£57Vdt

Hence, we have (8) and (9). O

Lemma 2 Let the assumptions of Lemma 1 be fulfilled and, additionally, p >0 (p #1
++-=1,a,>0,n>ngy (neN),f(x) isa non-negative measurable function in (b, c). Then

p
(i) For p > 1, we have the following inequalities:

= V) A ak
= [Z 12 [/h (u(x) + v(m))* dx} ]

n=no [V(n)]

(1-%)-1
(x)]? (10)

AN u ,
=[G o e
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@l ww[ S a1
= d
" {b ()% [Z (u(x)+v(n)>*} ’“}

N A K

(ii) For 0 < p < 1, we have the reverses of (10) and (11).

Proof (i) By Holder’s inequality with weight (cf [16]) and (8), it follows that

[ / A, dx}"
» (u(x) +v(n))*

:[ / 1 [[u<x>]< R0 f(x)}[[vm)]ﬂ-iw [u’(x)]“q] dx}l“
b

((x) + v(m)* [ [y ()] 0-5)p [0/ ()]Ve [u(x)]O-a [V (m)]VP

¢ Vim [a4()] 10D
<) @

%) + VI [y ()] [/ ()]~

y { / u' () [v(n)]0-5)@D dxrl
() + V) [1()] 7 [V (m)] 9
{a)(n)[v(n)]q 1}” ! / V)fP(x)  [u)]0 0D dy
- [v/(m)]a-! b @) + v [y(m)]5 [ ()P

[B(%, %)) / V)fP(x) ()] —Wld
) E W ) Jo @) + VOO ()] [ ()]

P(x) dx

Then, by the Lebesgue term-by-term integration theorem (cf. [17]), we obtain
V(n fP [1(x)] 09D
] [ iy e
ANTE[ S v @)D dy |
-|B(%,Z2
[ (r SH {/b ,g)(u(x)wm))A ()]~ [ (x) P

NN s z
=|B| -, - ———fP(x)dx{ ,
[ (r s)} {/b 7 e I x}
and (10) follows.
Still, by Holder’s inequality, we have

0 q
an
AR O A A CLO N I AC %/q v ()"

< i 1 @)D v |
T @@ +vm) s W)
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)DL

) ,;) (u(x) + v(n))* [u(x)]l‘% [V/(n)]a-! ay

UG Z () @) )1

o @) (x) (u(x) + v(n))* [v/(m)]at %

Then, by the Lebesgue term-by-term integration theorem, we have

{/ (u(x)] *lu/(x)[v(n)] [V(n)]q(l—%)—l az dx} %

(u(x) + v(m))* [v/ ()]t

_ s 3 c [u(x)]%*lu/(x) [V(ﬂ)]q(l_%)_l %
= {Z[[v(n)] () + v(n)) dx] O ﬂZ}

n=ng

{i o) [v(n)]q }

n=ng

and then, in view of (8), inequality (11) follows.
(ii) By reverse Holder’s inequality (¢f. [16]) and in the same way, for g < 0, we can obtain
the reverses of (10) and (11). O

3 Mainresults

We set ®(x) := [ﬂfﬁ D) := (1 - 6, (1) D) (x € (b,¢)), and
[v(m))20=5)
\I’(}’Z) = W (I’lzl’lo,l’leN)

(65.(x) is indicated by (9)), wherefrom

[d)(x)]l—q u/(x) [‘Ij(n)]l—p _ V/(ﬂ)

u@)]-% v(m)]-%

Theorem 3 Let the assumptions of Lemma 1 be fulfilled and, additionally, p > 1, - + é =1,
f#x)=0(x€(b0),an=0(n=ng,neN),f€Lpolbc),a={an2,, €lgv,

1

0 < fllpe = {/b ®(x)f? (x) dx}p <00

and 0 < |lallgw = {ZZ‘;HO \I/(n)aZ}% < 00. Then the following equivalent inequalities hold:

a,f x) dx anf(x)dx
! ‘Z/ () + V() / () + V()

A A
<B<;, ;)Hf”p,cb”ﬂ”q,xp, (12)
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o0 LI f ak
,;zlz[w)]”[/b mdx] }

<B(5,5)uf||,,,¢, (13)
r s
1 )q
o 1-q
b {/b o) [Z T+ 7 } - }
<B<iﬁ)nauq,¢, 14)
r s

where the constant factor B(%, %) is best possible.
Proof By the Lebesgue term-by-term integration theorem, there are two expressions for

Iin (12). In view of (8) and (10), we obtain (13).
By Holder’s inequality, we have

1= Z[ fM][w%(”)“"]5/||ﬂllq,w. 5)

= () + v(m))?

Then, by (13), we have (12). On the other hand, assuming that (12) is valid, we set

i f 7
ol [ vt -z

then it follows that J7~! = ||al| ,u. By (10), we find J < 0c. If J = 0, then (13) is trivially valid;
if ] > 0, then, by (12), we have

AA
lallgy =77 :1<B<;, ;) I llp.o lallgws

A A
-1
”allz,\p :]<B(;) ;)”_f”p,d)r

and thus we get (13), which is equivalent to (12).
In view of (8) and (11), we have (14).
By Holder’s inequality, we find

¢ 1 - ay
I= /b [q”’ (x)f(x)] |:(D r (x),;;) m] dx < |[fllpeL. (16)

Then, by (14), we have (12). On the other hand, assuming that (12) is valid, we set

gq-1
f(x):= [d)(x)]l q[z m} , x€(bo),
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then it follows that L4 = ||f| p,a- By (11), we find L < 0o. If L = 0, then (14) is trivially valid;
if L > 0, then, by (12), we have

A A
IfIE g =L9=1 <B<;, ;) fllpo 1l g,
1 A A
Il =L < B(;, ;) lallg.e,

and we have (14), which is equivalent to (12).
Hence inequalities (12), (13) and (14) are equivalent.
There exists a unified constant d € (b, c) satisfying u(d) =1. For 0 < ¢ < %, setting

—£

"), xeldo),

f@):=0, xe®d;  fx):=[uw]

4, = [v(n)] %75?71v’(n), n > ny, if there exists a positive number k (< B(%, %)) such that (12)

is valid when replacing B(%, 2) by k, then, in particular, we have
1:= dx <k
/ Z e ))Af(x) < kI[P o Il 0

:k@’; {[V(no)]_g_ll’,(no) w3 o] ’(n)}

n=ngp+1

<k<%>%{[v(no)]_s_lv’(n0)+/no V)] V) y}}l

k
=~ {elvm)] V) + [vlm)] 7.

Sl

17)

A_g 4 ,

In view of the decreasing property of X" _v0)

W, we ﬁnd

~

[ it [vm)* " (n)
= fd [(x)] u(x)Z—(u T dx

n=ng

sl [ O
—/d[”(x)] ”(x)[fn (ulx) + V()" ]dx

0

c o0 £1
=) u(2) el £574
= ——dt|d
/d[u(x)] u(x)[/m L :| x
_&_1 % 3

£ Wng)  h_e_y
¢ —e-1 i dy ww) tsT4 T dt
:/d (1] ”(x)[/o A+ ’/0 A+ oy }d’“

- _B<_ -5 0 -) - Ax), (18)

V(no) A
S

Ax) = /d [u()]” " (x )[ / ﬁdt} dsx.

Page 7 of 13
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Since we find

¢ v(ng)
0<A(x) < u(x) 7871u’(x) o 5707 gt | d
f [4@)]
d 0

A
s

)l

TE-9Ery

Qo

then it follows that
A(x) =0(Q) (s — O*).

By (17) and (18), we have

A e A &
B(———,—+—> -e0(1)
s qr g

N

<k{e[v(n0)] 7 (no) + [v(n) |},

and then B %, %) <k (¢ - 0%). Hence k = B %, ’Sl) is the best possible constant factor of
(12).

We conform that the constant factor B(%, %) in (13) ((14)) is best possible. Otherwise,
we would reach a contradiction by (15) ((16)) that the constant factor in (12) is not best
possible. d

Remark 1 We set two weight normed spaces as follows:
Lp,@(b’ )= {f; ”f||p,<1> < OO}’ lq,\ll = {61 = {ﬂn};ino; llallgw < OO}

(i) Define a half-discrete Hilbert’s operator as follows: T : Ly,¢(b,c) — 1, g1-p, for f €
Ly,,a(b, ), there exists a unified representation Tf € [, y1-» satisfying

W
100= [ o sy 4 "2

Then, by (12), it follows that
A A
1 ZF 1l pogrr < B(—, —) I llpes
rs
and then T is bounded with

AA
ITI<B{——)
r-s

Since the constant factor in (13) is best possible, we have || T|| = B(%, % .
(ii) Define a half-discrete Hilbert’s operator as follows:

T :lyy — Lygia(b,0),

Page 8 of 13
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for a € [y, there exists a unified representation Tae L, o1-4(b, ) satisfying

(Ta)(x) = x € (b,c).

a,
n;} (u(x) + v(n)*’

Then, by (13) it follows that

1 a < B —y, — a y
q.(I)l q q,‘-[l

and then T is bounded with

~ A A
ITI<B{ - =)
r’s

Since the constant factor in (14) is best possible, we have || %II = B(%, %
In the following theorem, for 0 < p <1, we still use the formal symbols of ||f|, 3 and
llallgw et al.

Theorem 4 Let the assumptions of Lemma 1 be fulfilled and, additionally, 0 < p < 1,
—+——1f(x >0(xe (b)) a,>0(n=>ny,neN),

0<fll,3 = {/b (1= 6, (%)) D()f? () dx}” <00

1
and 0 < ||allgw = {Z:o:no W(n)all1 < co. Other conditions are similar to those in Theo-

rem 3, then we have the following equivalent inequalities:

a,lfx)dx x) dx
! _Z/ () + V() / x)+v(n))k

>B(§7§)ltf||p,ananq,w, "~

o . 1-p &d ]p »

. {§[w< IR —

>B< )|tf||p¢, o)
c 00 4 q %

- S R

L !/b [Px)] [};} (u(x)+v(n))/\:| x}

>B(&’é)||a||q_\p. o
r s

Moreover, if there exists a constant §y > 0 such that for any § € [0,5), [v(y)]s §ro-1 V(y) is
decreasing in (ny — 1,00), then the constant factor B(%, ’Sl) in the above inequalities is best
possible.

Page9of 13
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Proof In view of (8) and the reverse of (10), for

zzr(x)>B(% &>(1 Bk(x))

we have (20).
By reverse Holder’s inequality, we obtain

oo

-1 ¢ f(x)dx } 1
I= Vi [ ———— [[YI(n)a,
Yo [ v i

> Jllallgw. (22)
Then, by (20), we have (19). On the other hand, assuming that (19) is valid, we set a,, as in

Theorem 3, then it follows that J#~! = llallw. By the reverse of (10), we find J > 0. If ] = oo,
then (20) is trivially valid; if J < oo, then, by (19), we have

A A
lallgy =77 :1>B<;, ;) 1,3 lallgws

A A
-1
lall} =/>B(;, ;) 11,55

and we have (20), which is equivalent to (19).
In view of (8) and the reverse of (11), for

1-¢
[w(x)]l_q > [B(%,%)(l—@,\(x))} (g<0),

we have (21).
By reverse Holder’s inequality, we have

> I ,5L. (23)

Then, by (21), we have (19). On the other hand, assuming that (19) is valid, setting

q-1
fx) = [@(x)]l q[z m} , x€(bc),

thenZ9! = = |Ifll,,3- By the reverse of (11), we find L>0.IfL = 0o, then (21) is trivially valid;
if I < 0o, then, by (19), we have

~ A A
P _Tq_ -
Ilf ||p,5> =L1 —1>B(;, ;) |lf||p,<1>||6l||q,w,

~ A A
ibs=1> (;;;)”ﬂ”q,\u,

and we have (21), which is equivalent to (19).

Page 10 0of 13
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Page 11 0f 13

Hence inequalities (19), (20) and (21) are equivalent

ForO<e< mm{@, lq180}, settingf(x) =0,x € (b,d);
L&

F@) = [u®)] P u ), xeldo),

G = [v(m)] 7!

V'(n), n > ny, if there exists a positive number k (> B(
is still valid when replacing B(%

) such that (19)
have

%) by k, then, in particular, for ¢ < 0, in view of (9), we

d 7 ~
I / Z(uf,f)ff)(’;y > KIF 1,1 g0

c 1 e / % S e, %

n=ng

n=np+1
>k ——O }

o] o+ [ o] ’wy}
——{ 1-¢0Q1 }

S

-k ——o { ) (o) + i [V(n)]”/(n)}q
{

e[vin

]V 00 + [vlng)] ). (24)
In view of the decreasing property of %, we find
e[ )] T ()
T [ o] 2 vy *
N Il 2GRl 4¢))
< [ Tue) (x)[ / o ]dx
t=v)lu@) [ el o0 4551
= ‘/d [u(x)] u'(x) |:/0 o dt] dx
1 (A & A 8)
] (25)
e \s qgr ¢q
By (24) and (25), we have
(k g A s)
B(Z-Z2Z
s qr 4q

> k{l - 80(1)}}’ {e[v(no)]

and then

A A .

A A
Hence k = B(%, %

&\»—‘

W o) + [ving)] 1,

) is the best possible constant factor of (19)
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We conform that the constant factor B(%, %) in (20) ((21)) is best possible. Otherwise,
we would reach a contradiction by (22) ((23)) that the constant factor in (19) is not best
possible. O

Remark 2 (i) If @ >0, u(x) =x%, b =0, c = 00, v(n) = n*, ng = 1, in view of [v(x)] %’lv’(x) =
ax%‘l is decreasing, then we have 0 < oA <sandfora =1,0 <X <s, u(x) = x (x € (0,00)),
v(n) = n (n € N)in (12), (13) and (14), we have (5) and the following equivalent inequalities:

o[ (%W AL
(S ([ ]| o2

n

oo @_ q % )\’
[t o] ol

(ii) For u(x) = Inx, b =1,c =00, v(n) =Inn, ng = 2,0 < A <sin (12), (13) and (14), we have
the following half-discrete Mulholland’s inequality and its equivalent forms:

/ f()Z o dx<B(k >|Lf||,,,a||a||q,,,7, (28)

St (PR LE A
iz n [ﬁ (In 7220)* dx] } <B<;’;>Hf”p,¢, (29)

n=2

i~ )2 1
{/1‘ (lnxx [Z (lnnx)A:| dx} <B< >||ﬂ||q1/f’ (30)

where ¢(x) = (Inx)?= 21471 and ¥ (1) = (In )20 51071,
(iii) For x = 1, g(£) = £*~2(3) in (5), (26) and (27), we can obtain the following equivalent
inequalities with non-homogeneous kernel and the best constant factor B(%, %):

fo g()Z —dt < B( A)||g||,g,1,,||a||,,,¢,, (31)

— o[ [ @) P
iZn 1[/0 (1+m)kdt:| } <B(;,;)||g||p,,/,, (32)

n=1

0o o q %I
ﬂ_l ay A A
s Bl —,— b
i/(; ‘ |:n=1 (1+tn)k:| dt] ) <r S>”a”qﬂ/ (33)

In fact, we can show that (31), (32) and (33) are respectively equivalent to (5), (26) and
(27), and then it follows that (31), (32) and (33) are equivalent with the same best constant
factor B( %, %
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