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Abstract
In this article, we introduce two concepts: the (i, 0)-type Lp-mixed affine surface area
and (i, j)-type Lp-mixed affine surface area in the set of convex bodies such that
Lp-affine surface area by Lutwak et al. is proposed in its special cases. Besides, applying
these concepts, we establish the extension results of the well-known Lp-Petty affine
projection inequality, Lp-Busemann centroid inequality and its dual inequality.
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1 Introduction
Let Kn denote the set of convex bodies (compact, convex subsets with nonempty interi-
ors) in Euclidean space Rn. For the set of convex bodies, which contain the origin in their
interiors, and the set of origin-symmetric convex bodies in Kn, we write Kn

o and Kn
e , re-

spectively. Let Sno denote the set of star bodies (about the origin) in R
n, and let Sne denote

the set of origin-symmetric star bodies in Sn
o . Let Sn– denote the unit sphere in R

n, and
let V (K ) denote the n-dimensional volume of body K . If K is the standard unit ball B in
R

n, then it is denoted by ωn = V (B). Note that ωn = πn/

�(+n/) defines ωn for all non-negative
real n (not just the positive integers).
A bodyK ∈Kn is said to have a continuous ith curvature function fi(K , ·) : Sn– → [,∞)

if and only if Si(K , ·) is absolutely continuouswith respect to S and has theRadon-Nikodym
derivative (see [])

dSi(K , ·)
dS

= fi(K , ·). (.)

LetFn
i denote the subset of all bodiesKn which have a positive continuous ith curvature

function. LetFn
i,o,Fn

i,e denote the set of all bodies inKn
o ,Kn

e , respectively, and both of them
have a positive continuous ith curvature function.
A convex body K ∈ Kn

o is said to have an Lp-curvature function fp(K , ·) : Sn– → R if
its Lp-surface area measure Sp(K , ·) is absolutely continuous with respect to the spherical
Lebesgue measure S, and it has the Radon-Nikodym derivative (see [])

dSp(K , ·)
dS

= fp(K , ·). (.)
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For p≥ , K ∈Fn
o , then Lp-affine surface area �p(K ) of K by (see [–])

�p(K ) =
∫
Sn–

fp(K ,u)
n

n+p dS(u). (.)

For each K ∈ Kn and p ≥ , the Lp-projection body, �pK , of K is an origin-symmetric
convex body whose support function is given by (see [])

hp�pK (u) =


nωncn–,p

∫
Sn–

∣∣〈u, v〉∣∣p dSp(K , v), for all u ∈ Sn–, (.)

where cn,p =
ωn+p

ωωnωp–
. When p = , (.) is the notion of projection body (see []).

It is easy to show that if E is an ellipsoid which is centered at the origin, then (see [,
p.])

�∗
pE =

(
ωn

V (E)

) 
p
E. (.)

Thewell-known Lp-Petty affineprojection inequality is expressed as follows (see [–]).

Theorem A (Lp-Petty affine projection inequality) If K ,L ∈Fn
o , p≥ , then

nω
n

n+p
n V (�pK )

p
n+p ≥ �p(K ), (.)

with equality if and only if K is an ellipsoid which is centered at the origin.

Let K ∈ Sn
o , and let p ≥ , then the Lp-centroid body, �pK , of K is the origin-symmetric

convex body whose support function is given by (see [, ])

hp�pK (u) =


cn,pV (K )

∫
K

∣∣〈u,x〉∣∣p dx for all u ∈ Sn–. (.)

If E is an ellipsoid which is centered at the origin, then �pE = E. In particular, �pB = B.
The well-known Lp-Busemann-Petty centroid inequality is as follows (see []).

Theorem B (Lp-Busemann-Petty centroid inequality) If K ∈ Sno and p≥ , then

V (�pK ) ≥ V (K ), (.)

with the equality if and only if K is an ellipsoid which is centered at the origin.

Lutwak et al. introduced the concept of dual Lp-centroid bodies (see []). We give the
concept of the unusual normalization of dual Lp-centroid bodies such that �–pB = B: Let
K ∈Kn

o and real p > , then radial function of dual Lp-centroid body, �–pK , of K is defined
by

ρ
–p
�–pK (u) =


(n + p)cn,pV (K )

∫
Sn–

∣∣〈u, v〉∣∣p dSp(K , v) for all u ∈ Sn–. (.)

http://www.journalofinequalitiesandapplications.com/content/2013/1/470
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It is easy to show that if E is an ellipsoid which is centered at the origin, then

�–pE =
(
V (E)
ωn

) 
p
�∗

pE. (.)

Combined with (.) and (.), we have that �–pE = E. In particular, �–pB = B.
Si Lin gives the following dual inequality of inequality (.) (see [, p., Theorem .]).

Theorem C (Dual Lp-Busemann-Petty centroid inequality) If K ∈Kn
o and p≥ , then

V (�–pK ) ≤ V (K ), (.)

with equality if and only if K is an ellipsoid which is centered at the origin.

Liu et al. [], Lu andWang [], Ma and Liu [, ] independently proposed the notion
of Lp-mixed curvature function: Let p ≥ , i = , , . . . ,n – , a convex body K ∈ Kn

o is said
to have an Lp-mixed curvature function fp,i(K , ·) : Sn– → R, if its Lp-mixed surface area
measure Sp,i(K , ·) is absolutely continuous with respect to spherical Lebesgue measure S
and has the Radon-Nikodym derivative

dSp,i(K , ·)
dS

= fp,i(K , ·). (.)

If themixed surface areameasure Si(K , ·) is absolutely continuous with respect to spher-
ical Lebesgue measure S, we have

fp,i(K ,u) = fi(K ,u)h(K ,u)–p. (.)

According to the concept of Lp-mixed curvature function of convex body, Lu andWang
[] and Ma introduce the concept of Lp-mixed curvature image of convex body as fol-
lows: For each K ∈ Fn

i,o (i = , , . . . ,n – ) and real p ≥ , define �p,iK ∈ Sn
o , the Lp-mixed

curvature image of K , by

ρ(�p,iK , ·)n+p–i = W̃i(�p,iK )
ωn

fp,i(K , ·). (.)

If i =  in (.), then �p,K = �pK . The unusual normalization of definition (.) is
chosen so that for the unit ball B, we have �p,iB = B. For K ∈Fn

i,o, n – i 
= p≥ , λ > ,

�p,iλK = λ
n–p–i

p �p,iK . (.)

Let Cn
i,o denote the set of Lp-mixed curvature images of convex bodies in Fn

i,o. That is,

Cn
i,o =

{
Q =�p,iL : L ∈Fn

i,o
}
.

Because the Lp-mixed curvature image belongs to star bodies, thus, Cn
i,o ⊆ Sn

o .

http://www.journalofinequalitiesandapplications.com/content/2013/1/470
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For each K ∈ Kn, real p ≥  and i = , , . . . ,n – , the Lp-mixed projection body, �p,iK ,
of K is an origin-symmetric convex body whose support function is given by (see [])

hp�p,iK (u) =


nωncn–,p

∫
Sn–

∣∣〈u, v〉∣∣p dSp,i(K , v), for all u ∈ Sn–, (.)

where Sp,i(K , ·) (i = , , . . . ,n – ) is Lp-mixed surface area measure. Obviously, �p,K =
�pK , and for the standard unit ball B, we have �p,iB = B. For K ∈ Kn, λ > , p ≥  and
 ≤ i < n, then

�p,i(λK ) = λ
n–i–p

p �p,iK . (.)

Let K ∈ Sn
o , real p≥  and i be arbitrary real numbers, then the Lp-mixed centroid body,

�p,iK , of K is the origin-symmetric convex body whose support function is given by (see
[])

hp�p,iK (u) =


(n + p)cn,pW̃i(K )

∫
Sn–

∣∣〈u, v〉∣∣pρn+p–i
K (v)dS(v) for all u ∈ Sn–. (.)

Obviously, �p,K = �pK , and for the standard unit ball B, we have �p,iB = B.
Ma introduced the concept of dual Lp-mixed centroid body (see []). Further, we intro-

duced the concept of the unusual normalization of dual Lp-mixed centroid body �–p,iK
as follows: Let K ∈ Kn

o , p > , i = , , . . . ,n – , then the dual Lp-mixed centroid bodies,
�–p,iK , of K are defined by:

ρ
–p
�–p,iK (u) =


(n + p)cn,pWi(K )

∫
Sn–

∣∣〈u, v〉∣∣p dSp,i(K , v) for all u ∈ Sn–. (.)

Obviously, �–p,K = �–pK , and for the standard unit ball B, we have �–p,iB = B.
In this article, we will first introduce the concept of (i, )-type Lp-mixed affine surface

area of convex body as follows.

Definition . For K ∈ Fn
i,o, i = , , . . . ,n –  and p ≥ , the (i, )-type Lp-mixed affine

surface area, �(i)
p (K ), of K is defined by

�(i)
p (K ) =

∫
Sn–

fp,i(K ,u)
n–i

n+p–i dS(u). (.)

Next, we have established an extension of Lp-Petty affine projection inequality (.) as
follows.

Theorem . Let K ∈Fn
i,o, i = , , . . . ,n –  and p≥ , then

nω
n–i

n+p–i
n Wi(�p,iK )

p
n+p–i ≥ �(i)

p (K ), (.)

with equality in inequality (.) for  < i < n –  if and only if K is a ball which is centered
at the origin; for i =  if and only if K is an ellipsoid which is centered at the origin.

Further, we obtain the following generalized Lp-Busemann-Petty centroid inequality.
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Theorem . Suppose that K ∈ Cn
i,o ⊆ Sn

o , i = , , . . . ,n –  and p≥ , then

Wi(�p,iK )≥ W̃i(K ), (.)

with equality in inequality (.) for  < i < n–  if and only if K is a ball which is centered
at the origin; for i =  if and only if K is an ellipsoid which is centered at the origin.

Finally, we get the following dual inequality of the inequality (.).

Theorem . Suppose that K ∈Kn
o . If �–p,iK ∈ Cn

i,o ⊆ Sn
o , i = , , . . . ,n –  and p≥ , then

W̃i(�–p,iK ) ≤Wi(K ), (.)

with equality in inequality (.) for  < i < n–  if and only if K is a ball which is centered
at the origin; for i =  if and only if K is an ellipsoid which is centered at the origin.

2 Preliminaries
2.1 Support function, radial function and polar of convex body
If K ∈Kn, then its support function, hK = h(K , ·) :Rn → (,∞), is defined by (see [, ])

h(K ,x) =max
{〈x, y〉 : y ∈ K

}
, x ∈ R

n.

Obviously, if K ∈Kn, λ is a positive constant, x ∈R
n, then h(λK ,x) = λh(K ,x).

If K is a compact star-shaped (about the origin) in R
n, its radial function, ρK = ρ(K , ·) :

R
n \ {} → [,∞), is defined by (see [, ])

ρ(K ,x) =max{λ ≥  : λx ∈ K}, x ∈R
n\{}.

When ρK is positive and continuous,K is called a star body (about the origin). Obviously, if
K ∈ Sn

o , α > , x ∈R
n, then ρ(K ,αx) = α–ρ(K ,x) and ρ(αK ,x) = αρ(K ,x). Two star bodies

K and L are said to be dilates (of one another) if ρK (u)/ρL(u) is independent on u ∈ Sn–.
For K ∈Kn

o , the polar body, K∗, of K is defined by (see [, ])

K∗ =
{
x ∈R

n : 〈x, y〉 ≤ , y ∈ K
}
.

Obviously, we have (K∗)∗ = K . If λ > , then

(λK )∗ = λ–K∗. (.)

If K ∈ Kn
o , then the support and radial function of the polar body K∗, of K are defined

respectively by (see [, ])

hK∗ (u) =


ρK (u)
and ρK∗ (u) =


hK (u)

(.)

for all u ∈ Sn–.

http://www.journalofinequalitiesandapplications.com/content/2013/1/470


Ma Journal of Inequalities and Applications 2013, 2013:470 Page 6 of 16
http://www.journalofinequalitiesandapplications.com/content/2013/1/470

2.2 The quermassintegrals, Lp-mixed quermassintegrals and Lp-mixed volume
For K ∈ Kn and i = , , . . . ,n – , the quermassintegrals, Wi(K ), of K are defined by (see
[, ])

Wi(K ) =

n

∫
Sn–

h(K ,u)dSi(K ,u). (.)

From (.), we easily see that

W(K ) = V (K ). (.)

For p ≥ , K ,L ∈ Kn
o and ε > , the Firey Lp-combination K +p ε · L ∈ Kn

o is defined by
(see [])

h(K +p ε · L, ·)p = h(K , ·)p + εh(L, ·)p,

where ‘·’ in ε · L denotes the Firey scalar multiplication.
For K ,L ∈Kn

o , ε >  and real p≥ , the Lp-mixed quermassintegrals,Wp,i(K ,L), of K and
L (i = , , . . . ,n – ) are defined by (see [])

n – i
p

Wp,i(K ,L) = lim
ε→+

Wi(K +p ε · L) –Wi(K )
ε

. (.)

Obviously, for p = , W,i(K ,L) is just the classical mixed quermassintegral Wi(K ,L).
For i = , the Lp-mixed quermassintegralWp,(K ,L) is just the Lp-mixed volume Vp(K ,L),
namely,

Wp,(K ,L) = Vp(K ,L). (.)

For p≥ , i = , , . . . ,n– and eachK ∈Kn
o , there exists a positive Borelmeasure Sp,i(K , ·)

on Sn– such that the Lp-mixed quermassintegralWp,i(K ,L) has the following integral rep-
resentation (see []):

Wp,i(K ,L) =

n

∫
Sn–

hpL(v)dSp,i(K , v) (.)

for all L ∈Kn
o . It turns out that the measure Sp,i(K , ·) (i = , , . . . ,n–) on Sn– is absolutely

continuous with respect to Si(K , ·) and has the Radon-Nikodym derivative

dSp,i(K , ·)
dSi(K , ·) = h–p(K , ·). (.)

From (.) and (.), it follows immediately that for each K ∈Kn
o ,

Wp,i(K ,K ) =Wi(K ). (.)

If K ,L ∈ Kn
o , p ≥ , by definition (.), then formula (.) of the Lp-mixed quermassin-

tegral can be rewritten as follows:

Wp,i(K ,L) =

n

∫
Sn–

h(L,u)pfp,i(K ,u)dS(u). (.)

http://www.journalofinequalitiesandapplications.com/content/2013/1/470
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We shall require the Minkowski inequality for the Lp-mixed quermassintegrals Wp,i as
follows (see []): For K ,L ∈Kn

o , and p≥ ,  ≤ i < n, then

Wp,i(K ,L)n–i ≥Wi(K )n–i–pWi(L)p, (.)

with equality for p =  and ≤ i < n–  if and only if K and L are homothetic; for p >  and
 ≤ i ≤ n –  if and only if K and L are dilates. For p =  and i = n – , inequality (.) is
identical.

2.3 Dual quermassintegrals and Lp-dual mixed quermassintegrals
For K ∈ Sno and any real i, the dual quermassintegrals, W̃i(K ), of K are defined by (see [,
])

W̃i(K ) =

n

∫
Sn–

ρn–i
K (u)dS(u). (.)

Obviously,

W̃(K ) = V (K ). (.)

For K ,L ∈ Sno , p ≥  and ε > , the Lp-harmonic radial combination K +–p ε · L ∈ Sno is
defined by (see [, , ])

ρ(K +–p ε · L, ·)–p = ρ(K , ·)–p + ερ(L, ·)–p.

Note that here ‘ε · L’ is different from ‘ε · L’ in the Firey Lp-combination.
For K ,L ∈ Sno , ε > , p ≥  and real i 
= n, the Lp-dual mixed quermassintegrals,

W̃–p,i(K ,L), of K and L are defined by []

n – i
–p

W̃–p,i(K ,L) = lim
ε→+

W̃i(K +–p ε · L) – W̃i(K )
ε

. (.)

If i = , we easily see that definition (.) is just the definition of Lp-dual mixed volume,
namely,

W̃–p,(K ,L) = Ṽ–p(K ,L). (.)

From definition (.), the integral representation of the Lp-dual mixed quermassinte-
grals is given by (see []): If K ,L ∈ Sno , p ≥ , and real i 
= n, i 
= n + p, then

W̃–p,i(K ,L) =

n

∫
Sn–

ρ
n+p–i
K (u)ρ–p

L (u)dS(u). (.)

Together with (.) and (.), for K ∈ Sno , p≥ , and i 
= n,n + p, we get

W̃–p,i(K ,K ) = W̃i(K ). (.)

http://www.journalofinequalitiesandapplications.com/content/2013/1/470
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Analog of the Minkowski inequality for Lp-dual mixed quermassintegrals is as follows
(see []): If K ,L ∈ Sno , p ≥ , then for i < n or i > n + p,

W̃–p,i(K ,L)n–i ≥ W̃i(K )n+p–iW̃i(L)–p. (.)

For n < i < n + p, inequality (.) is reversed. With equality in every inequality if and only
if K and L are dilates.

3 The (i, j)-type Lp-mixed affine surface area
In this section, we further propose the concept of (i, j)-type Lp-mixed affine surface area
as follows.

Definition . ForK ∈Fn
i,o, i = , , . . . ,n–, j ∈ R and p ≥ , the (i, j)-type Lp-mixed affine

surface area, �(i)
p,j(K ), of K is defined by

�
(i)
p,j(K ) =

∫
Sn–

fp,i(K ,u)
n–i–j
n+p–i dS(u). (.)

Obviously, �()
p (K ) = �p(K ) and �

(i)
p,(K ) = �

(i)
p (K ).

Next, we introduce the concept of (i, )-type Lp-mixed affine surface area of the convex
bodies K,K, . . . ,Kn–i as follows.

Definition . For p ≥ , i = , , . . . ,n – , the (i, )-type Lp-mixed affine surface area,
�

(i)
p (K, . . . ,Kn–i), of K, . . . ,Kn–i ∈Fn

i,o is defined by

�(i)
p (K, . . . ,Kn–i) =

∫
Sn–

[
fp,i(K,u) · · · fp,i(Kn–i,u)

] 
n+p–i dS(u). (.)

Let K = · · · = Kn–i–j = K and Kn–i–j+ = · · · = Kn–i = L (j = , . . . ,n– i), we define �
(i)
p,j(K ,L) =

�
(i)
p (K , . . . ,K ,L, . . . ,L) with n – i – j copies of K and j copies of L. From this, if j is any real

number, we can define the following.

Definition . For K ,L ∈ Fn
i,o, i = , . . . ,n – , p ≥ , j ∈ R, the (i, j)-type Lp-mixed affine

surface area, �(i)
p,j(K ,L), of K , L is defined by

�
(i)
p,j(K ,L) =

∫
Sn–

fp,i(K ,u)
n–i–j
n+p–i fp,i(L,u)

j
n+p–i dS(u). (.)

Specially for the case j = –p, we have that

�(i)
p,–p(K ,L) =

∫
Sn–

fp,i(K ,u)fp,i(L,u)
–p

n+p–i dS(u). (.)

Take L = B in (.) and write

�
(i)
p,j(K ) := �

(i)
p,j(K ,B). (.)

http://www.journalofinequalitiesandapplications.com/content/2013/1/470
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Because for u ∈ Sn–, Si(B,u) = S, h(B,u) = , so by (.) and (.), we get fp,i(B,u) = . This
together with (.) and (.) yields

�
(i)
p,j(K ) =

∫
Sn–

fp,i(K ,u)
n–i–j
n+p–i dS(u), (.)

and �
(i)
p,j(K ) is called the (i, j)-type Lp-mixed affine surface area of K ∈ Fn

i,o. In particular,
�

(o)
p,j (K ) = �p,j(K ) is called the jth Lp-mixed affine surface area of K ∈Fn

o (see []).

Next, we give some propositions of Lp-mixed curvature image and (i, j)-type Lp-mixed
affine surface area.

Proposition . Let K ∈Fn
i,o, i = , , . . . ,n – , j ∈ R. Then

�
(i)
p,j(K ) = n

(
ωn

W̃i(�p,iK )

) n–i–j
n+p–i

W̃i+j(�p,iK ). (.)

In particular, take j =  in (.), then

�(i)
p (K ) = nω

n–i
n+p–i
n W̃i(�p,iK )

p
n+p–i . (.)

Proof From (.), (.) and (.), we have

�
(i)
p,j(K ) =

∫
Sn–

fp,i(K ,u)
n–i–j
n+p–i dS(u)

=
(

ωn

W̃i(�p,iK )

) n–i–j
n+p–i

∫
Sn–

ρ(�p,iK ,u)n–i–j dS(u)

=
(

ωn

W̃i(�p,iK )

) n–i–j
n+p–i

W̃i+j(�p,iK ). �

Proposition . Let p ≥ , K ∈Fn
i,o and i = , , . . . ,n – . Then

Wp,i
(
K ,Q∗) = ωn

W̃i(�p,iK )
W̃–p,i(�p,iK ,Q) (.)

for each Q ∈Kn
o .

Proof For each Q ∈Kn
o , from (.), (.), (.) and (.), we have

Wp,i
(
K ,Q∗) = 

n

∫
Sn–

ρ–p(Q,u)fp,i(K ,u)dS(u)

=
ωn

nW̃i(�p,iK )

∫
Sn–

ρ(Q,u)–pρ(�p,iK ,u)n+p–i dS(u)

=
ωn

W̃i(�p,iK )
W̃–p,i(�p,iK ,Q). �

http://www.journalofinequalitiesandapplications.com/content/2013/1/470
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Proposition . If p≥ , L ∈Fn
i,o, then

�(i)
p (L)

n+p–i ≤ nn+p–iWp,i
(
L,K∗)n–iW̃i(K )p (.)

for all K ∈ Sn
o with equality if and only if K and �p,iL are dilates.

Proof Let L ∈ Fn
i,o and each K ∈ Sn

o , then from (.), (.), (.), (.) and Hölder’s in-
equality, we have

�(i)
p (L)

n+p–i =
[∫

Sn–
fp,i(L,u)

n–i
n+p–i dS(u)

]n+p–i

=
[∫

Sn–

(
ρ(K ,u)–pfp,i(L,u)

) n–i
n+p–i

(
ρ(K ,u)n–i

) p
n+p–i dS(u)

]n+p–i

≤ nn+p–i
(

n

∫
Sn–

ρ(K ,u)–pfp,i(L,u)dS(u)
)n–i( 

n

∫
Sn–

ρ(K ,u)n–i dS(u)
)p

= nn+p–iWp,i
(
L,K∗)n–iW̃i(K )p.

From this, we immediately get (.).
According to the condition of equality to hold in the Hölder inequality, we know that

equality holds in (.) if and only if

ρ(K ,u)–pfp,i(L,u)
ρ(K ,u)n–i

= c

for any u ∈ Sn–, where c is a constant. Combinedwith the definition of Lp-mixed curvature
image, for any u ∈ Sn–, we have

ρ(�p,iL,u)n+p–i

ρ(K ,u)n+p–i
=
cW̃i(�p,iL)

ωn
,

this shows that K and �p,iL are dilates. Therefore, the equality holds in inequality (.) if
and only if K and �p,iL are dilates. The proof is complete. �

Now, according to Proposition ., we can give an expansion of the definition of the
(i, )-type Lp-mixed affine surface area of K ∈Kn

o as follows.

Definition . If K ∈ Kn
o , p ≥ , then the (i, )-type Lp-mixed affine surface area, �(i)

p (K ),
of K is defined by

n–
p
n–i �(i)

p (K )
n+p–i
n–i = inf

{
nWp,i

(
K ,Q∗)W̃i(Q)

p
n–i :Q ∈ Sn

o
}
. (.)

For i = , the definition is just the definition of Lp-affine surface area by Lutwak proposed
in [].

4 Generalized Lp-Petty affine projection inequality
In this section, we complete the proof of Theorem . in the introduction. In fact, we prove
the following more general conclusion.
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Theorem . Let K ∈Kn
o , L ∈Fn

i,o, p≥ , ≤ i < n – , then

nω
n–i

n+p–i
n Wp,i(L,�p,iK )

n–i
n+p–i ≥ �(i)

p (L)Wi(K )
n–i–p
n–i+p , (.)

with equality in inequality (.) for  < i < n –  if and only if K and L are balls of dilates
which are centered at the origin; for i =  if and only if K and L are ellipsoids of dilates
which are centered at the origin.

In order to prove the theorems above, we first give the following three lemmas.

Lemma . (See []) Suppose that K ∈Kn
o , i ∈R and  ≤ i < n, then

W̃i(K )≤ ω
i
n
n V (K )

n–i
n , (.)

with the equality for  < i < n if and only if K is a ball which is centered at the origin. If
i = , then (.) is identical.

Lemma . (See []) Suppose that K ∈ Kn
o , p >  and  < i < n – , i is a positive integer,

then

ω
i
n
n Wi(K )

n–i–p
p V

(
�∗

p,iK
) n–i

n ≤ ω
n–i
p

n , (.)

with equality if and only if K is a ball which is centered at the origin.

Remark . The conditions of inequality (.) can be relaxed to p ≥  and  ≤ i < n – ,
while the conditions of the equality that holds can be given separately. For  < i < n– and
p = , the inequality (.) is proved by Lutwak with the equality holding if and only if K
is a ball (see []). For i =  and p > , inequality (.) is proved by Lutwak et al. with the
equality that holds if and only if K is an ellipsoid which is centered at the origin (see []).
For i =  and p = , then (.) is the famous Petty projection inequality (see []), with the
equality that holds if and only if K is an ellipsoid.

Lemma . If K ,L ∈Kn
o , p ≥ , i = , , . . . ,n – , then

Wp,i(L,�p,iK ) =Wp,i(K ,�p,iL). (.)

Proof From (.), (.) and the Fubini theorem, it is easy to prove Lemma .. �

Proof of Theorem . For L ∈Fn
i,o and any Q ∈Kn

o , by inequality (.) and Lemma ., we
have

�(i)
p (L)

n+p–i ≤ nn+p–iω
pi
n
n Wp,i(L,Q)n–iV

(
Q∗) p(n–i)

n , (.)

with equality for  < i ≤ n –  if and only if �p,iL and Q∗ are centered balls of dilates; for
i =  if and only if �p,iL and Q∗ are dilates.
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Take Q =�p,iK with K ∈Kn
o in (.), then

�(i)
p (L)

n+p–i ≤ nn+p–iω
pi
n
n Wp,i(L,�p,iK )n–iV

(
�∗

p,iK
) p(n–i)

n , (.)

with equality for  < i ≤ n –  if and only if �p,iL and �∗
p,iK are centered balls of dilates;

for i =  if and only if �pL and �∗
pK are dilates.

Combining with inequalities (.) and (.), we give

�(i)
p (L)

n+p–iWi(K )n–i–p

≤ nn+p–iω
pi
n
n Wp,i(L,�p,iK )n–iWi(K )n–i–pV

(
�∗

p,iK
) p(n–i)

n

≤ nn+p–iWp,i(L,�p,iK )n–iωn–i
n ,

which implies that inequality (.) holds.
Next, we discuss the conditions of equality that holds in inequality (.).
According to the condition of the equality that holds in inequality (.) and inequality

(.) with Remark ., the four steps will be given.
() For the case p >  and  < i < n – , the equality holds in (.) if and only if �∗

p,iK and
�p,iL are balls of dilates which are centered at the origin, and K is a ball which is centered
at the origin. Together with �p,iB = B and �p,iB = B, we know that K and L are balls of
dilates which are centered at the origin.
() For the case p =  and  < i < n – , the equality holds in (.) if and only if �∗

,iK and
�,iL are balls of dilates which are centered at the origin, and K is a ball. By using �p,iB =
B and (.), it is obtained that �∗

,i(λB) = λ+i–n�∗
,pB = λ+i–nB (λ > ) is a ball which is

centered at the origin. Because �∗
,iK and �,iL are balls of dilates which are centered at

the origin, then �,iL is a ball of dilates which are centered at the origin, and together with
�p,iB = B and (.), L is a ball which is centered at the origin. However, K is a ball, so the
equality holds in (.) if and only if K and L are balls of dilates which are centered at the
origin.
() For the case p >  and i = , the equality holds in (.) if and only if �∗

pK and �pL
are dilates and K is an ellipsoid which is centered at the origin. Let K = E be an ellipsoid
which is centered at the origin, from (.), we know that�∗

pE = (ωn/V (E))

p E is an ellipsoid

which is centered at the origin. Other, from the literature [], we know that L is an ellipsoid
E which is centered at the origin if and only if �pL are dilates of polar body E∗ of this E.
So we know that the equality holds in (.) if and only if L and K are ellipsoids which are
centered at the origin and both are dilates.
() For the case p =  and i = , the equality holds in (.) if and only if �L and �∗

K
are dilates, and K is an ellipsoid. Suppose that K = λE + x with λ > , x ∈R

n, and E is an
ellipsoid which is centered at the origin, noting that S(λE+x, ·) = S(λE, ·) = λn–S(E, ·) (see
[]), this together with (.) �∗

K = �∗
 (λE + x) = �∗

λE = λ–n�∗
E = λ–n(ωn/V (E))E is

an ellipsoid which is centered at the origin. Because �L and �∗
K are dilates, then �L

is an ellipsoid which is centered at the origin. However, from [], we know that L is an
ellipsoid E which is centered at the origin if and only if �L are dilates of polar body E∗

of this E. Therefore, the equality holds in (.) if and only if K and L are ellipsoids of the
dilates which are centered at the origin.
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To sum up, the equality holds in (.) for p≥  and  < i < n–  if and only if K and L are
balls of the dilates which are centered at the origin; for p ≥  and i =  if and only if K and
L are ellipsoids of the dilates which are centered at the origin. The proof is complete. �

Proof of Theorem . Exchange K and L in inequality (.), we have for L ∈ Kn
o , K ∈ Fn

i,o,
p≥ , ≤ i < n – 

nω
n–i

n+p–i
n Wp,i(K ,�p,iL)

n–i
n+p–i ≥ �(i)

p (K )Wi(L)
n–i–p
n–i+p . (.)

By using Lemmas . and (.), we have

nω
n–i

n+p–i
n Wp,i(L,�p,iK )

n–i
n+p–i = nω

n–i
n+p–i
n Wp,i(K ,�p,iL)

n–i
n+p–i

≥ �(i)
p (K )Wi(L)

n–i–p
n–i+p .

Taking L = �p,iK in the inequality above, we immediately obtain inequality (.). The
proof is complete. �

Combining with Theorem . and (.), we immediately obtain the following.

Corollary . If K ∈Fn
i,o, i = , , . . . ,n –  and p ≥ , then

Wi(�p,iK ) ≥ W̃i(�p,iK ), (.)

with the equality in inequality (.) for  < i < n– if and only if K is a ball which is centered
at the origin; for i =  if and only if K is an ellipsoid which is centered at the origin.

Further, we have established the following results.

Theorem . Let K ,L ∈Fn
i,o, ≤ i < n – , p ≥ , then

nω
n–i

n+p–i
n Wp,i(�p,iK ,�p,iL)

p
n+p–i ≥ �(i)

p (K )
n–p–i
n–i �(i)

p (L)
p
n–i , (.)

with the equality in inequality (.) for  < i < n– if and only if K and L are balls of dilates
which are centered at the origin; for i =  if and only if K and L are ellipsoids of dilates which
are centered at the origin.

Proof From inequality (.), we know that for Q ∈Kn
o , L ∈Fn

i,o, p ≥ ,  ≤ i≤ n – ,

nω
n–i

n+p–i
n Wp,i(L,�p,iQ)

n–i
n+p–i ≥ �(i)

p (L)Wi(Q)
n–i–p
n–i+p . (.)

Take Q =�p,iK in (.), and using Corollary . and Lemma ., we have

�(i)
p (L)W̃i(�p,iK )

n–i–p
n–i+p ≤ �(i)

p (L)Wi(�p,iK )
n–i–p
n–i+p

≤ nω
n–i

n+p–i
n Wp,i(L,�p,i�p,iK )

n–i
n+p–i

= nω
n–i

n+p–i
n Wp,i(�p,iK ,�p,iL)

n–i
n+p–i . (.)
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Combining inequality (.) with (.), we immediately obtain inequality (.). According
to the condition of the equality holding in inequalities (.) and (.), the condition of the
equality that holds in inequality (.) is easily obtained. The proof is complete. �

5 Generalized Lp-Busemann-Petty centroid inequality and dual inequality
In this section, we give the extension of the well-known Lp-Busemann-Petty centroid in-
equality (.). Namely, we complete the proof of Theorem . and Theorem . (i.e., dual
inequality of Theorem .) in the introduction.

Lemma . If K ∈Fn
i,o,  = , , . . . ,n – , p≥ , then

�p,iK = �p,i�p,iK . (.)

Proof Using definition (.) of Lp-mixed projection body anddefinition (.) of Lp-mixed
curvature image, it is easy to prove (.). �

Lemma . If K ∈Kn
o , L ∈ Sn

o , p ≥ , i = , , . . . ,n – , then

Wp,i(K ,�p,iL)
Wi(K )

=
W̃–p,i(L,�–p,iK )

W̃i(L)
. (.)

Proof By (.), (.), (.), (.), (.) and (.), it is easy to prove (.). �

Proof of Theorem . For L ∈Fn
i,o, using (.) and Corollary ., we have

Wi(�p,i�p,iL) =Wi(�p,iL) ≥ W̃i(�p,iL),

taking K =�p,iL in the inequality above, we immediately get inequality (.).
According to the condition of the equality that holds in inequalities (.) and (.), and

noting that �p,iB = B and (.), we know with the equality in inequality (.) for p ≥ 
and  < i < n–  if and only if K is a ball which is centered at the origin; for p ≥  and i = 
if and only if K is an ellipsoid which is centered at the origin. �

Proof of Theorem . Take L = �–p,iK in (.), we have

Wi(K ) =Wp,i(K ,�p,i�–p,iK ).

Using the Minkowski inequality (.) of the Lp-mixed quermassintegrals, we have

Wi(K )≥Wi(K )
n–i–p
n–i Wi(�p,i�–p,iK )

p
n–i . (.)

Together with inequality (.), we can get

Wi(K )≥Wi(�p,i�–p,iK ) ≥ W̃i(�–p,iK ),

from this, we can get inequality (.).
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According to the condition of the equality that holds in inequalities (.) and (.), we
discuss the conditions of the equality that holds in (.) in the following four cases:
() For the case p >  and  < i < n – , the equality holds in (.) if and only if K and

�p,i�–p,iK are dilates, and�–p,iK is a ball which is centered at the origin. Because�–p,iB = B,
then�–p,iK is a ball which is centered at the origin if and only ifK is a ball which is centered
at the origin. Therefore, K is a ball which is centered at the origin. While the equality
�p,iB = B shows that �–p,iK is a ball which is centered at the origin if and only if �p,i�–p,iK
is a ball which is centered at the origin. From this, for p >  and  < i < n –  the equality
holds in inequality (.) if and only if K is a ball which is centered at the origin.
() For the case p >  and i = , the equality holds in (.) if and only ifK and�p�–pK are

dilates and�–pK is an ellipsoidwhich is centered at the origin. Because�–pK is an ellipsoid
which is centered at the origin, and together with (.),K is an origin-symmetric ellipsoid
E if and only if �–pK is an origin-symmetric ellipsoid. On the other hand, the literature
[] tells us that if E is an ellipsoid which is centered at the origin, then �pE = E. From this,
�p�–pK is an ellipsoid which is centered at the origin. Therefore, for p >  and i = , the
equality holds in inequality (.) if and only if K is an ellipsoid which is centered at the
origin.
() For the case p =  and  < i < n – , the equality holds in (.) if and only if K and

�,i�–,iK are homothetic, and�–,iK is a ball which is centered at the origin. From�–p,iB =
B, we know that �–,iB = B, then K is a ball which is centered at the origin. This �–,iB = B
together with �,iB = B, then �,i�–,iK is a ball which is centered at the origin. Therefore,
for p =  and  < i < n – , the equality holds in inequality (.) if and only if K is a ball
which is centered at the origin.
() For the case p =  and i = , the equality holds in (.) if K and ��–K are homo-

thetic, and �–K is an ellipsoid which is centered at the origin. Because �–K is an origin-
symmetric ellipsoid E if and only if K is an origin-symmetric ellipsoid. On the other hand,
from �–pE = E, we know that �–K is an ellipsoid which is centered at the origin if and
only if ��–K is an ellipsoid which is centered at the origin. Therefore, for p =  and i = ,
the equality holds in inequality (.) if and only if K is an ellipsoid which is centered at
the origin.
To sum up, the equality holds in (.) for p ≥  and  < i < n–  if and only if K is a ball

which is centered at the origin; for p ≥  and i =  if and only if K is an ellipsoid which is
centered at the origin. The proof is complete. �
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