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1 Introduction
The polynomials defined by Catalan, for # > 0, as follows

Fpio(x) = xF, 0 (%) + F,(x); Fx)=1, Fy(x)=x 1@

are called Fibonacci polynomials and denoted by F,(x), [1]. The Fibonacci-type polyno-
mials G, (x), n > 0, are defined by

Gn+2 (x) = xGn+1 (x) + Gn (x)¢ (2)

where Gy(x) and G;(x) are seed polynomials. There are several studies about the prop-
erties of zeros of polynomials G,(x). However, there are no general formulas for zeros
of Fibonacci-type polynomials. In [2, 3], the authors studied the limiting behavior of the
maximal real roots of polynomials G,(x) with the initial values Go(x) = -1, G1(x) =x — 1.
In [4], the authors generalized Moore’s result for these polynomials. They considered the
initial values Gy (x) = 4, G1(x) = x + b, where a and b are integer numbers. In [5], the au-
thor determined the absolute values of complex zeros of these polynomials. In [6], Ricci
studied this problem in the case 2 =1 and b = 1. In [7], Tewodros investigated the conver-

gence of maximal real roots of different Fibonacci-type polynomials given by the following

relation:
GY,(x) =G (x) + G¥(x), n>0, 3)
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where k is a positive integer number. The initial values of the recursive relation (3) are
ng)(x) = -1 and Gik)(x) = x — 1. In this study, firstly, we investigate some fundamental
properties of Fibonacci-type polynomials. We give some combinatorial identities related
to equation (3). Then, we investigate the limit of maximal real roots of these polynomials.
We notice that Tewodros [7] studied a special case a = 1 of the polynomials we investigate.

2 Some fundamental properties of polynomials G (x)
In this section, we give some fundamental properties of polynomials quk) (x), for n > 0,
defined by the recursive formula as follows:

GO (0 =#G¥ (0 + P  CPw=-¢s P =x-a (4)

n+l

The characteristic equation for (4) is £ — xX¢ — 1 = 0 and its roots are

Cd Va4

a(x) 5

ak — Va2 + 4

Bl = ——

Note that a(x)B(x) = -1, a(x) + B(x) = x* and a(x) — B(x) = v/«2k + 4. For relation (4), the

Binet formula is

GP(x) = A" (%) + B(x)B" (), (5)
where
A) 2(x — a) + ax’ — av/x?k + 4 B) —2(x — a) — ax® — av/x2k + 4 ©)
x) = , x) = .
2v/x%k + 4 23/ x%k + 4
Proposition 2.1 For n > 0, the generating function for polynomials GO(x) is
6P w)+6, @)t
— 5 =12,3,..
®) _ ®) (x4 — ke T heS
H,"(x, ) Z Gn”(x)t tHax* +x-a) r=0 &
n20 1-akt—2 B
Proof Let H®(x, 1) be the generating function for polynomials G, (x). So, we write
HO@,1) =" G (", (8)

n>0
If we multiply both sides of equation (8) by x*¢ and #2, respectively, then we can get
*KtH® (x,2) = K GW () + ka(rlfr)l () + kaﬁka @)+ +ak Gilfr)n_l(x)t” +oe
and

tszk) (%, t) = Gﬁk)(x)t2 + Gi’:)l(x)te' + Ggi)Z(x)t4 +o+GW

r+n—2(x)tn LI
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The last two equations give us the following equation:

HO 1) — K tH® (6, 0) - 2HO (x,1) = GP )1 + (G2, () - G ()t

+ (G ) -G (@) - GO W) + -

r+2 r+l

+ (G(k)

n+r

) -G (%) - G® 2@)) "+

n+r-1 n+r—

If we use the recurrence relation and simplify it, we write

Hﬁk) (x,8) — xktHﬁk) (x,£) — tszk) (x, 1) = Gﬁk) (x)t° + (G(,]i)1 (x) — kay‘) (x))t,

i.e.,
Gﬁk)(x)+G(rli)1(x)t -1.23
H¥x,t) = 12 T=1129
L t) = L
t(ax" +x—a) r=0
1-ake—2 7 -
Thus, the proof is completed. 0

Let us give the well-known formula, which is called the Cassini-like formula, without
proof.

Proposition 2.2 (Cassini-like) For n > 0, we have
GY 0GY (0 - [P )] = (-1 [ABW)], 9)

where

(x—a) + ax* — av/x% + 4
2%k 4 4

A(x) = 2

and

—2(x —a) — ax* —av/x** + 4
22k + 4 ‘

In the following propositions, we give some sums formulas related to polynomials
(k)
G (%)

B(x) =

Proposition 2.3 For N > 0, we have

2a —x —axk + G}@l(x) + Gﬁ\l,()(x)

N
HP(x,1) - Hip (61) = Y GP(w) =

(10)
k
r=0 x
Proof Proof of formula (10) follows now immediately from (7). O
Proposition 2.4 For N > 0, we have the following sum formulas:
N K+l k(o k (k) (k)
= —ax (" — 1) — Gyp (%) + Gopryn (%)
Gy = R (1)
x
r=0
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and

a * — G (0) + Gy (@)
Z G2r+1( 2N+1xzk 2N+3 (12)
r=0

Proof From the Binet formula, we can write

N
E:G%()—(x fj;ﬂ>§:a”—<f%%i§g)zgﬁ”, (13)

r=0

where @ = a(x), 8 = B(x). If we substitute the equations

N N

o 1 — g2N+2 ﬂzr _ 1- g2N+2
Z —a? Z _ B2
r=0 l-«a r=0 1 '8

and

(1)1~ ) -

into equation (13), then we can get
ZG x—a+af\1-a®N*?  (x—a+aa1l-pN*?
& o-p 1—a2 a-p ) 1-p2°

If we rearrange the last equation, then we have

N 2 2 3 3
W) = —He=B) + x-a)e® - B*) +ale’ - B°)
2,5 (I-a?)1-F)a—p)
x—a+ aB)a®™N? — (x —a + aa) BN
1-a?)(1-p*)(a-B)
B2 (x—a+aP)e®™N - (x —a+ aw) 2]

1-a?)(1-p*) (- B)

By taking aid of the Binet formula, we can write

N
W, —a+@—a)a+p)+ala®+apf+p)
2 G- 1-a?)1- )

(21;\)1 (*) 2N+2(x)

Ta-e)I-pY)  Q-a?)1-p2)

If we substitute o + 8 = 2%, af = -1, (1 — @?)(1 - %) = —x*F into the last equation, we obtain
the following equation:

N L gk 4 ax?k - G(Zk]\),+2(x) + G(ZI;),(x)
Z GZV () = _x2k :
r=0

Thus, the proof is completed. Similarly, the second part of the proposition can be seen.
O
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3 Asymptotic behaviors of the maximal roots for polynomials G'(x)
In this section, firstly for k = 2, we investigate the roots of polynomials G® (x). After that,
we generalize the obtained results for all positive real numbers k. When k = 2, we write

G, (x) = 22G (0) + G (), (14)
where

Gg)(x) =—a, G;z)(x) =x—-a
and a is a positive real number. Now, we can give the following lemma to be used the later.

Lemma 3.1 If r is a maximal root of a function f with positive leading coefficient, then
f(x) >0 forall x > r. Conversely, if f(x) >0 forall x > t, then r < t. If f(s) < O , then s < r [2].

Lemma 3.2 Forn>2, Gg,z)(x) has at least one real root on the interval (a,a +1) and g, €
(a,a + 1), where g, is the maximal root of polynomial G (x).

Proof Some of polynomials G (x) are as follows:

ng)(x)zxs—axz—a,
G3 (x) 2 —ax* —ax® +x—a,

)
GP(x) =« — ax® — ax* + 24° - 2ax* — a,

Note that polynomials G (x) are monic polynomials with degree n and constant term —a.
If we write for x = 4, then we have

D(a) =
GP(a)=-a<0,
G3 (a) —a -azG (a) <0,

G4 (@)=-a’-a<-a°=a° 63 (a)<0

For k > 2, if we suppose G,((z) (a) < aZGf(Z_)l(a) < 0, then by using the recursive relation (14),
we get

G1(<2+)1(“) = aZGf)(a) + Gf(z_)l(a) <0

Thus, for x = a, we get fo)(x) < 0. Similarly, when x = a + 1, we have quz)(x) > 0. Therefore,
G;Z)(x) has at least one real root on the interval (a, 4 + 1), and we write g, € (a,a + 1) for the
maximal root of GE,Z)(x), which results easily from Lemma 3.1 and the recursive relation
for GE,Z)(x). (|
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Let g, denote the maximal root of polynomial G? (%) for every n € N. Then we can give
the following proposition to illustrate the monotonicity of {g,_1} and {g2,}.

Proposition 3.3 The sequence {g2,_1} is a monotonically increasing sequence and the se-
quence {ga,} is a monotonically decreasing sequence.

Proof Firstly, we consider polynomials G (x) with odd indices. By a direct computation,

we get G(gz)(a) =—a’< 0,g3>a,a=g.Assumethat g < g3 <gs <--- < gok_3 < gok-1. We can
write Gg()_g(gzk_l) > 0. Thus, it can be easily seen that

Gh(e) = (DG (@), (15)
By using equation (15), we can write

G (@2k-1) = g1y (@2k1) = ~Giog_yy_»(€2k-1) = ~Gop3 (g21). (16)
So, from equation (16) we write

GO (gn1) < 0. (17)
Therefore, polynomials G(22,3+1(x) must have a root greater than gy;_;. So, we get

&2k+1 > 2k-1- (18)

After that we consider polynomials Gﬁ,z) (x) with even indices. From the recursive rela-
tion (14), we can obtain

G 1 (@2k-1) = 81 G (@) + Gy (gak)- (19)
Since ngk)_l(gzk_l) =0, by using Lemma 3.1, we can get G(221()+1(g2k_1) < 0. Thus, we get

Dok-1 < L2k- (20)
Again, by using Lemma 3.1, we can write

GY) (gn) > 0. (21)
From the recursive relation (14), we can write

G(22k) (&) = g%kG(zzk)—l (&) + ngk)—Z (g2x)- (22)
From equation (22), we can get

_gng(;k)—l(ng) = ng)—z(ng) <0.

So, we have gy < gox—2. Thus, {g2,-1} is a monotonically increasing sequence and bounded
above by the number a + 1. Similarly, {g>,} is a monotonically decreasing sequence and
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bounded below by the number a. If we denote the lim,_, oo g2,-1 by godada and lim,_, o, g2, by
Zeven, then we can write goqd = Zeven- O
(2)
2n

Proposition 3.4 For polynomials G(Zzn)_l(x) and G5, (x), the sequences {g2,-1} and {g,,} con-

verge to the following number ¢:

V(A =a2)?+8a% - (1-a?)
¢ - . (23)

B 2a

Proof Using the Binet formula of relation (14), for all [a,a + 1], we can see that a(x) >
a(a) >1and |B(x)| = ﬁ < -L.. Thus, we get

— afa)”

lim a”(x) = +o0; lim B"(x) = 0. (24)

n—00 n—00

If we write n = 2k — 1 and x = gox_; in equation (5), then we have

A(gak-1)0** 7 (ga-1) + B(ga-1) B> (gak-1) = 0. (25)
And from equation (25) we write

ﬁZk_l(gzkfl) ) (26)

o 2k-1 (ng—l )

Algox1) = —B(gzk—l)(

A(x) and B(x) are continuous on the interval [a,a + 1], this implies that |A(x)| and |B(x)|

are bounded below and above on [a,4 + 1]. So, since a > 1, we get
kli)noloA(gzm) = A(godd) = 0. (27)
From Binet formula (5), we have

1-a2)*+8a% - (1-a?)

li o= . 28
om &2k-1 % (28)

Also, by the aid of similar discussion, if we take n = 2k and x = gy, then we find that

(1-a2)? +8a2 - (1-a?)

li =
kgrolong 2z
That is,
JA=a2)?+8a2 - (1-4a?)
= . (29)

2a

Notice that if we take a = 1 in equation (29), then our result coincides with the result of
Tewodros [7]. O

For ¢ numbers in equation (23), from Proposition 3.4 we can deduce the following result.
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Corollary 3.5 For every positive integer a, we have
a<l<a+l. (30)

Now, we give a proposition for the maximal real roots of G® (x) without proof.
Proposition 3.6 The maximal real roots of G® (x) provide the following equation:
g-2a+ag-a’d =0, (31)
where the numbers g = g, = g,(k) are the maximal real roots of G® (%), that is,
ag, =a® - g>™* + 2ag" 7k, (32)
which implies

a a

———<gyk)—a< ,
1+a(a+ 1) &) 1+ak

whenever k > 2.

a-1 2a - g,(2)
ala +1) < ag,(2)

1
=g,(2) - _—
&) a<a+1

and
lim g,(k) = a,
k— o0
whenever a > 1 for every n € N.

Proof The proof can be easily seen as being similar to the proof of Proposition 3.4 O
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